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EXISTENCE OF POSITIVE GLOBAL SOLUTIONS OF
MIXED SUBLINEAR-SUPERLINEAR PROBLEMS

W. ALLEGRETTO AND Y. X. HUANG

1. Introduction. Consider the elliptic quasilinear problem:

(D ) = f(x, u, Vu)

in R", n = 3, where
ly(u) = —2 Dy(a;Du).

We are interested in establishing sufficient conditions on f for the
existence of positive solutions u(x) with specified behaviour at co. Of
special interest to us are criteria which guarantee that u(x) decays at least
as fast as |x|~* for some a = 0, given below, in the case f(x, u, Vu)
contains terms of type

p(x)u’ + g(x)® with0 <y <1 < 8.

That is: f is of mixed sublinear-superlinear type. OQur main result is
Theorem 3 below which explicitly states sufficient conditions for the
existence of such solutions.

The variational prototype of this problem is the equation:

a* —=Au = pu’

where p:R"” — R is continuous. The existence of positive solutions for (1*)
has been established by many authors under various conditions. For
example, the critical case (y = (n + 2)/(n — 2)) is studied by Ni, [24],
and Ding and Ni, [6]; the singular case (y < 0) by Kusano and Swanson,
[20]; the sublinear case (0 < y < 1) by Fukagai, [8], and Kusano and
Swanson, [21]; the superlinear case (1 < y < (n + 2)/(n — 2)) by
Fukagai et al, [9]; Gidas and Spruck, [11]; and Joseph and Lundgren, [15].
See also the mini-survey paper, [27], by Swanson. Even though bifurcation
methods, [6], and variational methods, [25], [26], are also used, radial
arguments (i.e., ordinary differential equations) and sub- and super-
solutions play an important role in these investigations and the statements
of the theorems obtained. More specifically, Ni, [24], proved the existence
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of infinitely many bounded positive solutions for f = p(x)u’ (y = 1) if
lp) | = e/lxl, 1> 2.1

P = o(ix) and [ re(ridr < oo

similar results have been established by Kawano [16] and Kusano and
Oharu [18] for

f = px)urlog(l + u))®

with y and § satisfying one of the following: (i)y > land § = 0; (ii)) y = 1
and § # 0; (iii) y < 1, y # 0 and § arbitrary. Fukagai [8] showed the
existence of entire positive solution with specific behavior at oo for
f=pu,0 <y <1, p(x) as above. Kusano and Trench [22] proved the
existence of decaying positive solution for the following mixed sublinear-
superlinear equation:

—Au + (x| + (x|t =0

in R” with 0 < A < 1 < p, while the case of nonradial ¢ and ¢ was given
as an open problem in their paper. There are considerably fewer results
along these lines in the literature dealing with the quasilinear case. We
mention, however, that Furusho, [10], recently obtained criteria for the
existence of positive solutions for mixed problems under integrability
conditions for radial majorants of the coefficients. The case where ¢, ¢
may not admit such radial majorants was left open, and is the case on
which we focus in this paper. Earlier, in [21], Kusano and Swanson proved
the existence of decaying positive entire solution for f depending on u and
Vu sublinearly. Usami [28] established the existence of bounded positive
solutions which are bounded away from zero, and Kusano and Oharu [19]
further gave the existence of infinitely many such solutions, both for f
depending on u and Vu either sublinearly or superlinearly. Again, radial
ideas and strong sub- and supersolution methods were extensively used.

Our method originates from the procedures employed in [1], and
consists of a combination of a-priori estimates and of sub-supersolution
arguments. Since we do not use radial arguments nor variational
techniques, it is possible for us to deal with some problems which are not
amenable to such procedures. Another feature of our method is that
relevant constants can be estimated. This is the key step in answering the
open question mentioned at the end of the paper by Kusano and Trench,
[22], for the cases not covered by [10].

Our procedure is as follows: Our methods begin with Theorem 2 which
shows, under suitable conditions, the existence of a weak supersolution to
(1). Theorem 2 can be viewed as a nonlinear perturbation result about
positive constant solutions of a linear elliptic equation. As we illustrate
below, see e.g. Example 4, in some cases the existence of positive solutions
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to (1) follows immediately from Theorem 2. However, an immediate con-
sequence of the maximum principle shows that

—Au = f(x,u,Vu) = 0

cannot have positive solutions which decay to zero at infinity. Since the
existence conditions in Theorem 2 only require f to be small in some
norm, they are not sufficient for the existence of a decaying solution by
the above observation. Consequently, simple spectral estimates are intro-
duced in the proof of Theorem 3 to construct a nonnegative nontrivial
weak subsolution of small L* norm. This spectral procedure is motivated
by the nature of the previous results to which we wish to refer, and only
requires a local structure condition on f at a point of R” X R X R”". The
final part of the proof of Theorem 3 follows from the recall of a global
weak sub- and supersolution method. This procedure, with a long history,
has been extended to unbounded domains by several authors. See, e.g., the
articles by Hess, [13], Boccardo et al., [3], Donato and Giachetti, [7],
Fukagai, [8], Noussair and Swanson, [25], and the references therein. We
wish to consider classical solutions but, as is apparent below, it is
convenient for us to allow weak sub- and supersolutions which belong
only to local Sobolev Spaces. Theorem 5.3 of [7] gives a result very close to
the one we need, and for convenience, we explicitly state the modified
result which we require in this paper. We conclude the paper by giving
several examples which explicitly show the connection of our results to
some earlier work, and by obtaining estimates for the critical constants
which appear in our existence criteria.

The key steps in our arguments involve a-priori Ly, estimates for u
and |Vu|. Such estimates are a well-known important part of existence
results for a bounded domain €2, see e.g. [4] and [5]. The proof of Theorem
2, however, follows the more classical method of estimates based on the
linear part of (1) rather than estimates which also involve the nonlinear
structure of (1) as in [4], [S]. Our estimates are thus not as sharp, but they
do imply that the constants involved can be estimated with a reasonable
amount of effort. In any case, if € = R” then the absence of a finite
boundary makes calculations easier, since only interior estimates need be
used. Our procedure, however, requires that — X D,(a;Du) satisfy an
explicit Hardy inequality. Alternatively put, — > D,(a;Du) needs to be
subcritical or satisfy the A-property or admit a Green’s function (see e.g.
[2] for clarification of these ideas). In particular, these restrictions mean
that we can consider —A only for n = 3. The restrictions on (a,-j) are more
complicated since the structure of linear critical operators 1s not well
known. In any case, this is only a difficulty in R"” and not in any proper
subdomain of R”. We again refer the interested reader to [2] for proofs and
discussion of these ideas. In practice, we obtain the needed explicit Hardy
inequality either directly or from Sobolev’s inequalities. Heuristically, this
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can be viewed as a bound on Green’s function. In cases where Green’s func-
tion can be found, such estimates may be obtained more easily directly.

In conclusion, we remark that some of these results were recently
presented at the Canadian Mathematics Society 1987 Winter Meeting
in Vancouver.

2. Preliminaries. We briefly recall for convenience some of the defini-
tions and notations of [1]. For any given function 0 < t € C®(R") we
denote by L7(D) the associated weighted L? space in the domain D with
norm

llellfsp) = /; tlel”.

For any x € R" we define
B(x) = {yl |y — x| <i} and
N(e, g, 1, D) = sup [ llellagp xp)-

By 1 we denote the vector (1,...,1) and vector inequalities are under-
stood componentwise. A functlon v € HIOC(R") is a weak supersolution
of (1), if

R > a,]-Diijtp = - flx, v, W)e

for any ¢ € C;(R"), ¢ = 0. A weak subsolution is defined accordingly.
For convenience, we always assume that

a; = a; € Clt"(R") with &I = (a,) = &1

for some positive constants &, &,. While the differentiability assumption
can be relaxed to e.g. a;; i € L™ for some results, it is sometimes needed in
our methods as we mdlcate below.

Finally, assume f(x, u, .E) satisfies the Nagumo condition: for (x, u, g) IS
R"” X R X R” we have:

- -
@ o u O 1= b(lul)h(x) + k€]
with b: RT — R" nondecreasing,
be L2RY), k €RY, he L2R.
We state:

THEOREM 1. Let [ satisfy (2) and be locally Holder continuous with
exponent p € (0, 1). Suppose w, v € Hll(;‘go(R”) form a weak sub-
supersolution pair with w = v and w = 0 = v near co. Then (1) has a
solution u € C*(R™) withw = u = v.

This is contained in Theorem 5.3 of [7] except for the regularity of u
which can easily be established by bootstrap arguments. We remark that
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assumption (2) is only needed when sub-supersolution arguments are
used, but for simplicity is assumed everywhere. Similarly, / need not be
Holder continuous if we wish to deal with generalized solutions.
Let A be a smooth positive function with
0< A ! e "R

and set 1 = (1 + |x|%. The specific choices of A will depend on the
problem considered, as we indicate below. Let g denote a positive number,
n < g, fixed in the sequel. Consider the space S C LI (R") equipped
with norm

“s”S = N(S, q, 2, Rn)

and observe that {S, || ||g} is a Banach Space. We form 4 = L’ns
with norm

lully, = llull g, + lulls
and & = L} N S with norm

lullg = ellull 2gny + lullg

where e is a positive constant, explicitly chosen below. Observe that
since ! & L™XR") it is possible to find a function u € C®° N L¥(R")
such that u € Ltz(R") and yet u & L>2\(R") for any A such that
o<ixle L”/Z(R" ). We thank A. Meir for showing us an elegant proof of
a more general version of this result (which is to appear elsewhere).
Conversely, it is possible to select A and u € C*° N L(R") such thatu €
Li(R") and yet u & LIZ(R"). These remarks show that % and % are
different spaces. Consider the tensor product:
P={(u,u)| u €4, u €%}

and define on P the equivalence relation ~ given by: (u;, u;) ~ (u3, uy)
if and only if u; + u, = u; + u, ae. Let /# be the quotient space
H = P/~ and define on 5 the norm || ||, given by:

I [(up u2)] ”,}? = inf{ ”\’1”,% + ||V2|L%| v, vo) ~ (4, uy) }
We now define a map J:# — L (R") by
J([upu)]) = uyp + uy

and observe that J is well defined and one to one by construction. Clearly
J is linear and furthermore the range of J has the following order
property: Let f € Range(J) and |g| = |f| then g € Range(J). Indeed, if
S =J([(f;s /) 1) we need only observe

g=J((g,r )]
with

g = glIAl/CIAL + 1AD, & = glAlZ/CIAl + 1AD)
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where | fj| + |£] # 0 while g, = g, = 0if || + [ 4] = 0. We now define
on Range(J) a norm M( ) given by:
M) = W) g

We note that if |g| = |f] then M(g) = M(f) while if f = f; + f, with
h € 4, h € % then

M) = g + lIAllg
by definition.

Finally, we observe that if the problem (1) is semilinear, then the
procedures we will introduce may be simplified and the constants
changed. In particular, we only require ¢ > n/2 if no gradient estimates
are desired.

3. Results. We henceforth assume that f satisfies the conditions of
Theorem 1.
We introduce a positive function z such that:

()z € C' N HEXRY); (i) I(z) = 0; (iii) z, Vz € LPR");

loc
(ivyz—>0asr—oc0; (v)|lpg —2 > ,Bj-——, (p) = 8(—Aeg, 9)
for a fixed § > 0 and any ¢ € C8°, where
0
B=2= aija—Xi(ln )

is assumed in L™,
We now set the constant e in the definition of || || 4 to be
1/2,
e =[(n — /272N |7 g,
where T is the optimum embedding constant:

H'2 — [2/(n=2)

THEOREM 2. Let

5
(3) F(x,a, b) = sup Jix &2, £V 2 + 21|
0st=a z
—bl=7=bl
satisfy M(F(x, a, b)) < co for any positive constants a, b. Then there exists
a positive constant E,, independent of f, such that if for some positive con-
stants a, b, o with 6 < 1 we have

EM(F(x,a, b)) — b =0

“ )

EM(F(x, a, b)) ——a=0
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then (1) has a positive weak supersolution v € Hllc;io(R") such that v ~ z

at co. Furthermore if 1Bl < /(1 + Ix|)and F = J([F,, ,]) with:
lim ||F, = lim ||E =0
Jim WE L, By Jim By, (Byxy)
then v/z — ¢, for some positive constant ¢, as |x| — co.
Proof. Observe that setting u = iz in (1) reduces (1) to

Iz), flx,uz,uVz+ zVa)
i = .

z z

I — 2 2 BDu +
Since [,z = 0, it suffices to show the existence of a solution # (bounded
above and below by positive constants) of

flx, iz, uV z + 2V u)

z

L i@y — 23 gD =

= 7(x, &, Vii).

Assume {7,,}, {9,,} denote a sequence of positive numbers and C (R")
functions respectively such that

ty +00,6,>3,0=¢,=1,¢9,€ Co(Ix|<t,—2)¢,=1

in (|x| = ¢, — 3). For any chosen m, set

B=CxI=t,)n C(Ix| =1, —2)
and norm % with
(1 —0)a
luly = max{llellcoquizs, s T2 Willcsgoizi, o )

where a, b, o satisfy (4). Clearly {%, || ||} forms a Banach space and
# & Range(J) (by defining u = 0 outside ( |x| = ¢,,) ) with continuous
embedding. Furthermore, we observe that if /; ' denotes the Dirichlet
inverse in ( |x| < 7,,) then

I ":Range J — &

(see [1], [12], [23] ) and there exists a constant E; independent of m such
that for g € Range(J):

Wl—l(g) ”CO(leétm) = EM(g)

IV (@) leogei=, —2) = EM(g).
Let K denote the ball in # with center at a(l + o)/2 and radius
a(l — 0)/2, and define T on K by:

+ 17 (x, w, @, V 1)),
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Note that since u € K then
I(x, u, ¢, Vu)| = F(x, a, b),
whence 7(x, u, ¢,, V u) € Range(J) and:
M(r(x, u, ¢,, Vu)) = M(F(x, a, b)).

Our estimates thus imply that 7:K — K by (4) and, furthermore, T is
a compact continuous map by the coerciveness of /. By the Schauder
Fixed Point Theorem, we conclude the existence of u,, € K such that
T(u,,) = u,,. Equivalently,

ll(um _a(l + o)

3 ) = 1(x, U, ¢, V U,)

with a0 = u,, = a, l¢,, Vu,| = b. Since g,, = lin |x| <1, — 2, a
diagonal argument, whose details may be found in [1] and elsewhere,
shows the existence of a function # with the desired properties. We need
only notice that {u,,} uniformly locally bounded in C' implies that {u,, }
isin C! J”"(BR) for some a > 0 ([23, p. 203]). There only remains to show
that &# = v/z — ¢ as |x| — oo for some constant c. This follows from the
observation that

T(x, U, ¢, V u,) € Range J

by construction, whence 1 = g, + g, with g; € % i = 1, 2 uniformly
bounded in m. Choose @ > 0 and a function # € C! such that
h(x) = |x|”*for |x| > 2, |h(x) | < D(a) for |x| < 2 and IDh/h| < C(a),
C(a) = 0 as a — 0, h(0) = 1. Select x, € R" and define

hy(x) = h(x — xo), B} = Dhy/hy.

We note that w = #,h, with u,, = #, — a(l + 06)/2 satisfies for some
T =g + g, € Range(J)

lo = == Diay(Dw — Bre)) + = a;BDw
— 2 q;B*Brw — 2 2 B(Dw — wB¥)
=1h,.
Consequently, we obtain
(o, ©) = (o, ©) — (2 a;B2Brw, ©) — AT Bfre, w).
Observe that (/|w, w) = §(—Aw, w) while

o= C(a) . c
lBj}:(l-%-lx—xOl) and lle—(lﬁlel)

imply (see Lemma 6 below)
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)
(2 a;B*Brw, w) + 2| > BBrw, w) | = 5(—Aw, w)
by choosing a small enough. We conclude that:
(lAw, w) > g(—Aw, w).

. A . . .
i.e., / satisfies the same structure as /; and once again by [12, p. 194], and a
simple limit argument on m, we obtain

a(l + o)
2

with K, independent of x,. But, by assumption,

'Al(x()) - = Kol Hﬂh()”‘g’I + ”tho“_%]

“F;‘hOHL"(BZ(xO)) = C(G)HF,-”Lq(BZ(XO)) — 0 as|xy| = o0
for i = 1, 2 while a simple decomposition of R" shows:
2 2 c 2
ANy = L2 (x> (1x012) T —“IXO|2a||FlHL,2(R”)
for some constant C. From this we conclude that
||Flh0||$ — 0 as |xy| — oo.
An analogous result applies to ||Fhy|| 2 and we observe that
||F|h()||,g’| + ||F2h0||y2 — 0,
whence
u(xy) = a(l + 0)/2 as |x,| — oco.
This concludes the proof.

Since explicit bounds on E; are important for some of the examples we
consider, we sketch for a; = §; in a latter section the lengthy but straight-
forward calculation which leads to an explicit estimate. Of course, such
estimates also show the existence of E; but, as mentioned above, such ex-
istence is well known. We remark that (4) indicates that no estimate on E,
is needed if, for example,

lim M(F(x, a, a)) _

a—o0 a

0.

Next we consider the existence of a weak subsolution. We emphasize, as
mentioned earlier, that this argument is not needed if /(z) = 0 since in
this case v as given by Theorem 2 is actually a solution. We observe that
the limit result v/z — ¢ in Theorem 2 appears to be new under the condi-
tions we consider.
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Suppose there exists a neighbourhood Q of zero in R” X R* X R”
in which:

©)  flnwd = hx) + peou’ + q(x)lEr

where: 0 <y < 1;0 = 0; h)(x) 20, g(x) = 0; p(x) = 90; hy, p,q € C;
and h(x) + p(x) > ¢ > 0. Note that this is a local estimate on f
and nothing new is postulated outside Q. Observe also that (6) ensures
that f is not globally nonpositive, a situation explicitly forbidden by the
maximum principle as mentioned in the introduction. Finally, we as-
sume globally that:

M fe,un =g, u

5
for some g € C/(R" X R X R"), g(x, 0, 0) = 0.

Conditions (6), (7) permit an elementary construction of a subsolution
and we obtain:

THEOREM 3. Assume that [ satisfies the above postulated regularity
conditions and that the estimates (2), (4), (6), (7) hold. Then equation (1) has
a classical positive solution u such that u = Cz at co.

Proof. Let B(0) cC Ql where Ql is the projection of Q on its first n
components and let u; be a positive eigenfunction of the Dirichlet
problem: [y(u;) = Au; in B(0). Since y < 1 we choose ¢, small enough and
ensure that

lo(equy) = f(x, equy, Vieuy))

and €;u; = v in B(0) by (6). Finally, we extend u, to R" by setting u; = 0
in R” — B,0) and observe w = €;u; = v globally. We note that it is an
immediate consequence of the Divergence Theorem, the positivity of u; in
B/(0) and (7) that w is a subsolution of (1) in R". Since Theorem 1 and
Theorem 2 then show the existence of a nonnegative solution u € C?,
to conclude the proof we need only show that u is positive. _»Assume

u(xg) = 0, whence x; is a minimum of u_ and Vu(x;) = 0. Since
f(x, u,Vu) = g(x,u,Vu) and g € C', g(x, 0, 0) = 0 we observe that for
X near x:
1 d
g(x, u, Vu) = /0 Zz'—t[g(x’ tu(x), t Vu(x))lde

n
= 21 Y;(x)Du + Yo(x)u
for some y;, € L, i = 0, ..., n. We conclude:

Io(u) — gl Y (x)Du — Yo(x)u = 0
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and ¥ = 0 near x,. But then, by e.g. [12, p. 194],
[fael| =C inf u=20
H Baelo) Ba(xo)
for some R, p. We conclude that u = 0 near x; and that S = {x|u(x) = 0}

is both open and closed. Since u = v, we must have § = @. Theorem 3
is proved.

We observe that, apart from the various regularity and growth con-
ditions specified in (2), (6), (7), to apply Theorem 3 to the partial dif-
ferential equation (1) we need only choose the function A, estimate E;, and
verify that the algebraic system (4) has a solution for some a, b, a. To
illustrate these results we give the following examples in which we always
assume for simplicity that p(x), g(x), h(x), g(x) = 0, nontrivial and in
C®(R"), while a; = §,. We let a, B denote any constants such that:

0=a< (Vi + (n— 2% —n)2,
0<B=[(n—2%4] — an — o’
Observe that the upper bound on a is monotonically increasing in n and,

for n large, is asymptotic to (n — 2)/(2 + 21/2). We then explicitly choose
the function z given by:

x| 9, x| =1

zZ =
1+ 222 0=x| = 1.
2 2

Observe that:
z € C'R" N HER"); —Az 20
div(Vz/z) Z [48 — (n — 2)2)/4Ix)%; 2z, Vz € L®(R");

z—>0asr— ooif a > 0, whence z satisfies all the needed conditions. We
heuristically observe that if (a;) # I, then direct substitution shows that
such a z can still be chosen (possibly with different a, B) if (a;) and its
derivatives behave suitably. We were unable to adapt our procedure,
however, to the case of more general (ay), e.g. toa; € L™,

We begin by assuming in the next three examples that the functions in
Range J which arise are all of type J([ (v}, 0) ]). In such a case,

MU0 0)]) = Iyl

whence explicit criteria can be obtained by replacing M( ) by || || % in the
conditions which follow. Despite this simplification, each example is an
improvement/extension of earlier results as we explicitly indicate. We ob-
serve, however, that an examination of our references shows that sharper
estimates are known, but only for some radially symmetric problems of
related type.
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Example 1. Consider
~Au = q(x) + p(x)u’
mR" n=3 with0 <y <1< Let
P=M(pz'", 0=M4g®> ") and
)(51)/(5*7)

§ — 1\I-1/@6-v
o e
I —y

Then if E; - 1 << 1/2, the problem has a positive solution u € C*(R") such
that 0 << u = c¢z; c is a constant. This is a case left open in [22].

0 = p(a‘l)/(s—Y)Q(l—Y)/(S*Y)[(l — Y
51

Example 2. Consider
—~Au = p(x)u’ + q(x)u8 + h(x)|Vul' + g(x)IVuIa
mR"  n=3 with0<y<1<d8§ =2 Let
H = 2MR|Vz|z7"), H, = 2'M(hz"" ),
G, = M gVz’z7"), G, = 2°M(gz*""), and
7= (P + H + H)® Ve + G + G)! Ve
— \G—=D/(B—Y) — 1\I=1/@-v)
6= T
5 — 1 1 — vy

Then if # << 1/2E,, the same conclusion holds. This is an extension of the
results in [22], [21] and [8].

Example 3. Consider
~Au = p(x)u’ + q(x)ud|Vul*

mR, nzZ3,0<y<1<8d+p0=p=s2
Let

= M(qVz|F? ), = M (g*"® ) and
1 q 2 q
o = IO | o NI /@Y

y [( 1 — vy )(6+n-1)/(5+u*7) N (3 +u— 1)(177)/(8+u—v)
§+p—1 1—7) )

Then if 0 < 1/2E,, the same conclusion holds. We note that Kusano
and Oharu [19] considered some other combinations of y, § and p, and
obtained the existence of infinitely many positive solutions which are
bounded and bounded away from zero, cf [19, p. 131]. By the same ideas
we could also consider
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—Au = p()'(1 + [Vul + q(x)d(1 + [Vul?)
inR" n=3with0<y<1<38, 0=\ p=2 Infact, let
P = 2M(pIVzP27Y, Py = 2M(pATTY,
if there exists a positive solution a of

Pl !4 (B P 4 0T Q)+ 0T <
“1

then the same conclusion holds.

We conclude the examples by illustrating the advantages obtained by
our method.

Example 4. Again consider the semilinear problem:
—Au = q(x)® + p(x)u
in R? with 0 < y < 1 < . Assume that, for some «,
0<27gx)e LEn L'R?), £>3/2 and
p(x)2" 1 e L2R% n LR,

Here we select ™! Q P 'g(x) and observe that A~ ! is admissible since
the problem is semilinear and £ > n/2. Furthermore, note that

F(x,a) = q()22 '@ " + px)z2' e = J([ (v, v) 1)
with

-1 1
’

v = p(x)2' " la¥ Vv, = q(x)22 1

We can now formally repeat the calculations of Example 1 and, since we
do not assume that 20~ Ig(x) € L,z, actually obtain a new criterion. To
explicitly illustrate this remark, suppose « = 0 (i.e., z = 1) and p = 0. In
such a case the calculation of E, is irrelevant. Then, as earlier noted, the
supersolution of Theorem 2 is actually a solution and we conclude that if
q(x) € Lf N L'(R3) then —Au = q()c)u6 has infinitely many bounded
positive solutions which tend to positive constants at co. This is an im-
provement over a result given in [1], where it was assumed that

xlg(x) € L* n L'(RY)

and no conclusion was obtained about the convergence of the solutions
at oo.

Finally, we observe that our procedures can also deal with the case:
o) = == Dia;Du) + m*u = f(x, u, Vu)

where m? is a positive constant. Indeed, one need now only choose z such
that /j(z) = 0, and follow an identical procedure. Observe that such a
z need not be radial.
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4. Estimates. As we have seen in the examples of the previous section,
explicit bounds on E; play a critical role in the formulation of concrete
results from Theorems 2, 3.

Bounds on E, are obtained in this section by following the ideas of [1],
[12], [23] where the existence of E; is shown. We are interested in reduc-
ing the calculations involved to a reasonable length and thus find it
convenient to blend some of the procedures of [1], [12], [23]. In what
follows we shall assume that vectors and matrlces are normed by the

standard Hilbert Space norm: if v = Vo> -+ - Y, ) then |v|2 E,’"=O v,,
etc. Furthermore, we assume a; = 9. The more general case is handled
identically.

LEMMA 4. Let u = (ug» - . -, u,,)" be a solution of the system
n 5 5
—Au—22bDu+Cu= > D(f) +g
=1 i=1

ina ball By(x,). Suppose: ueCc*n H" 2(By(x,) ); the scalars b2, the vector
g and the (m + 1) X (m + 1) matrix C belong to L9"? (B,(x() ) while the

vectors f are in LY(By(x,) ) for some q > n. Then:
= - S (21172
[l LB, xgp) = Kol 11l l2my () + E AN L2800

A + 11121 020,000
where: Ky = K[w(B,)"> + 1]; with

Kl = [4H23/2(q/q—n)]n/2 . [2(”/(11 _ 2) )3/2(4/q—n)][n(n—2)/4],
H = T4 + EB)) + QT*EB){ 1 1C] 102,y
+ 12 ijHLq/z(Bz(xO)) + 2} )(tl/q—n)’

3 16
EB) = 2 + BB+ 2)

T = optimum embedding constant

- n\l/;(ZI‘(l n+' n/Z))l/n(n - 2)“2’
By =4/(n — 2).

Proof. We follow the procedures of [12] with a test function motivated
by arguments in [23]. Specifically, set

_)
<p—uvﬂ

where v = (|ul + k)and k = 0,8 > 0,7 € C3°(By(xp) ) to be chosen
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below. Observe that g is a suitable test function (see, e.g., [12, p. 151]).
We find:

®) f 2 (D, Dig) — 2 3 b(Di, 3y + (Ci, 9
J

-5 )
= fZ (f, D) + f<g,<p>
J

where (, ) denotes the R” ! inner product. Note that, a.e.,

(D, @y )/l lal > 0
Dy = ;

0 lul =0
whence IDjvl2 = IDJZI2 a.e. We expand (8) using the definition of ¢ and

apply Cauchy’s and Holder’s Inequalities repeatedly in an analogous
manner to the arguments of [12, p. 195-196], and find:

5 2p B8—1.2
a0 g2 Wl(IW]"BY" %)
D; +
/gljulvn 5

- 2 -
= fvﬁ+2{n2[2 lfl C+p s, IC|
v 2 v

2
(82 |vn|2(1 + §)”
B B
We set:
SR
5=[———2’ + & 4+ Ebf],
v y
w = B2

and conclude:

+ 2)° _
O Jrowew = EE D) [oiis + v
where:

3 16
CB) == + ——.
2 BB+ 2
Inequality (9) has the same structure as the first of inequalities (8.53) of

[12, p. 196] with (B + 2)’ replacing (8 + 1)%. We can thus follow directly
the steps on [12, p. 196-197] and obtain:

(10) sup [v] = KIHVHLZ(BZ(xO))

B)(xp)
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where:

n 1 n n(  p \1/2
o= Tl ) G
q—n n\/m\2T(1 + n/2) n— 2

x =n/(n —2); B, =4/(n —2) and:
H = T4 + EB)) + QT*EBIIbll g i)' %

K] — [4H23/2(1 + 0)]”/2 . [2x3/2(] +a)][(n)(n - 2)/4].
Finally, the choice

72,172 -
k= ; WA L2y + N8BT L2800

yields
wgﬂé&wmmwﬂ+u-mmmwm

1Xg,

22,172 -
+ 2Py T 118 2,000
J

with [B|| a2 () majorized by
2
N2,y + 12 6 Loy + 2
in H. Setting
Ky = Klu(By(xo))'"* + 1]
gives the result.

We remark that our choice of test function in Lemma 4 appears to lead
to more restrictive L norm results than those obtained by the choice made
in [12] for the scalar case. Since we are only interested in the L? norm on
the right hand side of (10), our approach suffices for our purposes.

COROLLARY S. Let vy € HY(|x| < t,,) be a solution of
lvy=g=a 18
where g € Li(|x| < t,,), ¢ > n and l is as given in Theorem 2. Assume

(he, 9) > 8(—Ag, ) forallg € CF(R").

Then:
Ix|=1,
sup |[Vvoll = E;M(g)
Ix|=1,,—2
with:
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a=Kmmu{ [mwmwT+mn+M&Wﬁ

o(n — 2)

and the notation of Lemma 4 is used for the constant Ky, with the (n + 1) X
(n + 1) matrix C = (c;;) given by:

{0 ij=0
cij = -
Di(Bj) j>0

and the LY 2(B2(x0) ) norms in H replaced by the sup of such norms over all
xy € R

P_r}oof. Let v, = (v, W)', v, = (v, Yv,)T where ,(v,) = g;, i = 1,2 and
setv = (v, VvO)T. We consider /(v)) = g, first and, we observe:

-

L) + Ch =g+ ; D,

_)
whereh: § =(g0,...,07; f= gé’,. (with 2,- denoting the vector with 1 in
the /™ position and all other entries zero); C = (c;) as given in the
statement of this corollary.
Let By(xy) € { |x| < t,}. We apply Lemma 4 and conclude:

- -
(D) lxg) = Kof Il nl ”1}(52(10))

n
5
2172 -
+ 21 “ |]T| ”L"/Z(Bz(xo)) + |g| |l1,‘l/2(32(x0))
i=

5
= Kl 1l gy + (0 F 1B ) llgll Laay)-
But —Av; — 2 X B,Dv; = g, whence:
1228y = (B 171wl 20102y
= [(By) 11yl 2=y <
1
= [M(Bz)] /nT” |VV|| l|L2(1X|<,m)

where T denotes the embedding constant introduced earlier. We note that,
following [1], the inequality

8(—Ag, 9) = ()9, 9)

implies:
12) 119 ey = ———lgill2en,
m 8(n — 2) ‘

Substituting these estimates into (11) yields:
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(13)  Ml(xo)

2 n
Kogon — L 1B 1T + 1llgll 2w,

+ Ko(n + w(B)" Dligill oy
We immediately conclude that
il(xo) = ExM(g)) if By(xp) € (Ix] <1,)
and, by coerciveness (see [1]),
)| = EM(g) if x € (Ix] <1,).

If we consider next /;(v,) = g, we observe that inequality (11) is still valid,
but inequality (12) is replaced by the following arguments: If g € L%(R" )
for some A\, 0 < A~! € L"}R") then Sobolev’s Inequality yields:

2 -1 2
”V2“L%//\(R") = TIA ”1,'2'/2(11”)” Vv, ”LZ(R")

IA

T”}\_1||1,"/7-(R")||V2||1,§.|(R")||32“L§(R")/8-
Whence:

(2) |1 vy) 1P = TIA |z lIgallF ey 87
Substituting (12’) into (11) yields

K —1nl/2
(14) |32|<x0><§[[u(32)1””T+ TN e gl 2Ry

+ Ky(n + [L(BQ)I/q)”gzulﬂ(Bz(xo))'

Since 30 = 3, + 32, by adding (13) and (14) and noting that the constant
E, is independent of the specific decomposition g = g, + g,, we obtain
the desired estimates.

We illustrate our estimate with the following example: Suppose n = 3,
q = 4, g, = 0. Observe that:

AREL

z

o,

lIA

lejl = 20 + a(1 +28) (ij > 0).

A computer programme gives the following bounds: If « = 0 then 1/E, =
1.625 X 102, while if « = .05 then 1/E, = 2.069 X 10~ ". The maximum
allowable « in this case is « = .08113.

We conclude this section with a proof of the following estimate used in
Theorem 2.

LEMMA 6. Let x;, € R", ¢ € C°(R"). Then there exists a constant K > 0,
independent of x, such that
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1 2
(¥A ’ ) z K f” @ dx.
"o R (1 + D)+ x — xgl)

Proof. Let @ = R" — B.(xy) — B.(0) for e* > 0, small.
Note that Picone’s identity shows for v > 0:

LEmwzﬁ2a€hv

2 ov (pz
_/;sz N ()nds + /Q—v—(—Av).

(n—2)
2 b

v

Choose

= |x|%x — xolﬂ witha = —

B = —¢
€ > 0 to be determined later.
Direct substitution yields:

—Av (n~2)21 Jrc(n—2—e)

v 2/ |x)? Ix — x,l*
=
€
_ 2 ﬁ(xi — Xo1)
el lx = xol = Ix] Ix — xol

Since

)

(n—2)21 €n —2—¢ _ (n—Z)l\/e(n—Z“e)

s + =2 —

2 /x| Ix — xol* 2 JIxl o Ix = xl

we conclude in :

—Av _ 2(n — 2) 1
2

= [Ven =2 = ¢ — €.
v Ix[lx — x|

Choosing € such that 0 < € < 1/2, we have, for some K > 0
Ay 1
v x| [x = xql

Observe also that
’ / o 6v

o y an

whence letting e¥* — 0 gives the result.

Note that the same procedures also give a direct proof of the Hardy
inequality:

2
llollSo
*

A

K, (€)' ' >0 ase* —0,

€
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n— 2\2 1
—Ag, 2(————) f"———— 2
( P, 9) 2 R a+ IXIQ)Q’
used in the paper.

5. Concluding remarks. We conclude with the following remarks. It is
unreasonable to expect that our methods yield comparable results to those
obtained by radial or variational arguments in cases where such arguments
are applicable. We mention explicitly two shortcomings of our approach:
First, we only know that u = C|x| * at co and we cannot guarantee
u ~ |x| % Second, the maximum allowable « is less than n — 2, the value
of a often used in results which hinge on radial comparison. We have
observed that different choices of z greatly influence the resulting
allowable values of a. Possibly, “better” choices of z could be made
to allow an increase in possible a. It is not clear how this is to be done or
what constitutes an optimum choice for z. Analogously, for a given z, the
optimum value of E; is not known.

Finally, we observe heuristically that our methods are immediately
applicable to problems where R” is replaced by a domain €. Indeed, one
need only assume f = 0 if x € R” — Q. We construct a positive
supersolution in R” which is clearly also a supersolution in . Since the
subsolution is constructed locally, we repeat exactly the steps above and
find a solution u € Hll(;i(ﬂ), u>0in Q, u = 0 on 0L. Of course, one can
obtain different estimates on E;, and replace M(f) by other norms by
taking into account special properties of Q. This will clearly happen if, for
example @ is sufficiently “thin” at oo so that Poincaré Inequality-
eigenvalue arguments can be used in place of e.g. Hardy’s Inequality. Note
that arguments based on radial comparison for such a problem would
appear to need the construction of a supersolution in some radially
symmetric domain © o Q. Itis not difficult to construct examples where Q
is “thin” at co and yet { = R".
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