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A nea r - r ing is a tr iple (R, +, •) such that (R , +) is a group, 
(R, •) is a semigroup and • is left distr ibutive over +; i . e . 
w(x + z) = wx + wz for each w, x , z in R . A near-field is a near-
ring such that the nonzero elements form a group under multiplication. 
Zassenhaus [3] showed that if R is a finite near-field, then (R , + ) is 
abelian. B .H. Neumann [1] extended this resul t to all near - f ie lds . 
Recently another proof of this important resul t was given by Zemmer [4]. 
The purpose of this note is to give another generalization of the Zassenhaus 
theorem. In fact, we shall prove the following. 

THEOREM. Let R be a finite near - r ing with an identity 1 such 
that (-l)x = x implies that x = 0 . Then (R, +) is abelian. 

The proof of the theorem is based on the following resul t in group 
theory (cf. [2, page 357]). 

LEMMA. Let (G , +) be a finite group with an automorphism a 

such that a =. I and such that 0 is the only fixed point for a. Then G 
is abelian. 

Proof of Theorem. Consider the map a : (R , +) -*• (R , +) defined 
by {y)a = ( - l)y for all y in R . Then it is routine to check that a has 
the proper t ies stated in the lemma. 

COROLLARY (Zassenhaus) . Let (R , +, •) be a finite near-
field with identity 1 . Then (R , +) is abelian . 

Proof. Suppose (- l )x = x for some x in R . If x i- 0 , then 
there exists a y in R such that xy = 1 . Thus (-l)xy = xy = 1 and 
hence 1 + 1 = 0 . It follows that w + w = w(l + 1) = 0 for each w in 
R . Consequently (R , + ) is abelian. If x = 0 , then the conclusion 
follows from the theorem. 

In order to see that the theorem is indeed a generalization of the 
Zassenhaus resul t , we now exhibit an example of a nea r - r ing which 
satisfies the hypotheses of the theorem and yet is not a near-f ie ld. 

Examp le. Let R be a finite near-field such that (R , +) has no 
elements of order two. Consider 

G = R X R = {(r , s) : r € R, s e R} . 

Define + and • as follows: 
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(r , s ) + (r , s ) = (r + r , s + s ) and N 1 1 ' ' 2 2 ; v 1 2 1 2 ' 

(r , s ) • (r , s ) = (r • r , s • s ) . 
1 1 2 2 1 2 1 2 

Then it is easily verified that (G , +, * ) is a nea r - r i ng which sat isf ies 
the hypotheses of the theorem . Since G contains zero d ivisors we 
conclude that G is not a near- f ie ld . 
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