
AN ESTIMATE FOR THE ORDER OF RATIONAL MATRICES 

Randee Putz 

In this note we prove what we believe to be a new result 
concerning mat r ices , namely, that if an n X n mat r ix with 
rational entries has a finite order then this order is bounded. 
We also give an estimate for this bound and an application. 

F i r s t we prove a number theoretic lemma which we shall 
use for our es t imate . 

LEMMA. Let 7T(n) denote the number of pr imes less 
than n . Also let C(n) = n(p/p-l) where the product is taken 
over the f irs t 7T(n) p r imes . Let m . . . . , m be integers for 

1 n 
which (j)(m.) < n (j = 1, . . . , n) (where cj> denotes Euler !s 
function) and m = [m , . . . , m ] their least common multiple. 

1 n 
Then 

^ nt A.A\ ir(n+l) m <_ C(n+1) n 

TA r 

1 s 
Proof. Let m = p . . . p be the pr ime decomposition 

of m . The fact that m is the least common multiple of 
r . 

m , . . . , m implies that p. must appear as a factor of some 
I n i 

m . . Fur thermore , since by hypothesis c|>(m.) <_ n , we have 
^ r . r . ^ 

(\> (p. ) <_ n , that is , p. <̂  n(p./p. -1) . Moreover, as a factor 

of d> (p. ) , also p. - 1 < n and hence p . < n+1 . Therefore, 
l i — l "" 

as s £ ir(n+l) , 

m = n p / 1 < C(n+1) n ï ï ( D + 1 ) . 
i=l 1 

THEOREM. Let A be an n X n rational matrix. If A 
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has order m then 

m < e (log(n+l))(l+l/Log (n+1)) n 

where C is Eulerfs constant. 

Proof. Let c , . . . , c denote the eigenvalues of A . 
1 n 

The fact that A =1 implies that A is diagonizable (3, p. 343) 
and therefore, there exists a basis in complex n space of 
corresponding characteristic vectors x , . . . , x . From the 

1 n 
k k 

fact that Ax = c.x we have A x = c. x , and therefore 
i i i i l i 

that the eigenvalues of A are roots of unity. (This shows that 
a necessary condition for A to have finite order is that the 
coefficients of its characteristic polynomial must be dominated 

in absolute value by the coefficients of the polynomial (z+1) .) 
Suppose that c. is a primitive m. - th root of unity, and let r 

denote the least common multiple of m . . . . , m . Because 
I n r r 

x , . . . , x form a basis and c = 1 , we have A = I . But r 
I n i 

is less than or equal to the order m , so r = m . Thus m is 
the least common multiple of m , . . . , m 

1 n 

Now the minimal polynomial of c. over the rationals has 

degree <j>(m.) (4, p. 160). Therefore, since the characteristic 

polynomial of A has rational coefficients and is of degree n , 

we have <£>(m.)<_ n . Thus by the lemma, m <ç C(n+1) n 

From (2) we have the following estimate for C(n+1) , 
C 2 

C(n+1)£ e (log(n+l))(l+l/log (n+1)) (which yields the theorem), 
C C 

and an approximate value for e , e = 1.78107 24179 90198 . 

REMARK. For a particular n one can compute for each 
i the greatest exponent r. occurring in the prime decomposition 

of m , and denote it by s. . The estimate for m then becomes 
s 
1 s m < P . . . . p , 1 J X -n-(n+l) = N , whence we see that at 

— 1 ^iT(n+l) 
most (s +1) . . . (s , ,,*+l) of the numbers less than or equal 

1 Tr(n+1) ^ 

to N are possibilities for the order of a given n X n rational 
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matr ix . For example if n = 5 the proof of the theorem shows 
3 3 

that m < 2 • 3 • 5 = N , (whereas using C(6) - 5 as an estimate 
only yields in <C 468 ) and that only sixteen numbers less than or 
equal to 120 are possibili t ies for the order of a rational 5 X 5 
matr ix , namely 1, 2, 3, 4, 5, 6, 8, 10, 12, 15, 20, 24, 30, 40, 
60, 120. 

As a corollary to the proof of the theorem we have the 
following. 

COROLLARY. Let G be a group of order p s (p and 
s relatively prime), and let f be a representat ion of G by 
non-singular nX n rational mat r ices , where n < p - 1 . Then 

the order of the kernel H of the representat ion is divisible by p 

Proof. The representation f induces a faithful r e p r e 
sentation F of G/H . If the order of H is not divisible by p m 

then the pr ime p divides the order of G/ti . Let a be an element 
of order p in G/ri ( l , p .43) , then f(a) has order p which is a 
contradiction. 
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