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Abstract

If h is the composition of two formal power series / and g, and if h is even, what can be said
about / and gl Some partial answers are given here.

1991 Mathematics subject classification (Amer. Math. Soc): 30 B 10.

1. Introduction

The work for this paper started with the question — if / and g are entire
functions whose composition fog is even, must / or g be even? There are many
counterexamples, probably the simplest being the polynomials / = (z — I)2

and g = z + 1. The problem becomes more interesting if one assumes that
g(0) = 0. Then if / and g are polynomials with fog even, / or g must be even
(see Theorem 1). However, for entire functions instead of polynomials, there is
still, a counterexample, as we describe later. We also give an entire function / ,
with / (0) ^ 0, with / o / even but / not even — see the Remark following
the proof of Theorem 3. However, this is not possible for polynomials (see
Theorem 2). Finally, in this vein, we give some results about even compositions
of formal power series, from which it follows that there is no formal power
series in g{z) = z3 + z2 which is even (see Proposition 2). The same holds for
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g(z) — z8 + z5, say (see Proposition 3). However, there is a formal power series
in g(z) — z4 + z which is even. We conclude the paper with the observation
that if / (z) = s in^Vl — z2, then every iterate / ["] of / , for n > 2, is entire,
even though / has radius of convergence 1.

We thank Bruce Reznick for simplifying our proof of Theorem 3.

RESULTS. First we prove some results about when the composition of two
polynomials is even.

PROPOSITION 1. Suppose p and q are polynomials, with p nonconstant,
q (0) = 0, and q neither even nor odd. Then p oq is neither even nor odd.

PROOF. Assume without loss of generality that p is monic; that is the coeffi-
cient of the highest power of z in p is 1. Let n = deg p,m = deg g, and write
p(z) = (z - ai)(z - a2)... (z - «„). Write

(1) p o q(z) = (q(z) - ai)(q(z) - a2)... (q(z) - otn).

Case 1. m is even.
Since q is not even, we can write q(z) = amzm + • • • + am,zmi + • • •, with

ami ^ 0, where m\ is the highest odd exponent occurring in the expansion of q
aboutO. Now by (1), the coefficient of z

m(n~l)+"" in the expansion of poq about
0 must be na£~lamr This is because each factor in (1) except one contributes a
factor of amzm, and the remaining factor contributes a factor ami z

m> to zm(n~1)+mi,
and this happens in n ways. But m(n — 1) + m\ is odd since m is even and m\
is odd. This exponent is the highest odd exponent appearing in (1) because all
the integers between m and ni\ are even. Thus poq cannot be even.
Case 2. m is odd.

Since q is not odd, we can write q(z) = amzm + • • • + am2z
m2 + • • •, where

m2 is the highest even exponent occurring. Note that since g(0) = 0, m2 must
be nonzero, and hence for each j , q{z) — or, contains the nontrivial even term
am2z

m2. Using (1) as before, we see that the coefficient of z
m(""1)+m2 in the

expansion of p o q about 0 is nan^xami, which is not zero. Now if p o q is
even, then n must be even since m is odd and deg(p o q) = mn. But then
m(n — 1) + m2 is odd, which contradicts poq being even. Again m(n — \)+m2

is the highest odd exponent occurring in (1).
The proof that p o q is not odd is similar.

REMARK. We only needed the assumption q(0) — 0 in Proposition 1 in the
case where deg q is odd.
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THEOREM 1. Suppose p and q are polynomials, with q (0) = 0, and p o q
even. Then either p or q must be even.

PROOF.

Case 1. q is odd.
Then p(q(—z)) = p(—q(z)) since q is odd, while p(q{—z)) = p(q(z)) since

p o q is even. Hence p(—q(z)) = p(q(z)) for all z, and it follows that p is even
since the range of q is the whole complex plane.
Case 2. q is not odd.

If p is constant, we are done. So suppose p is not constant. Then by
Proposition 1, p o q is not even. Hence q must be even.

Our next theorem concerns the compositions of a polynomial with itself. We
define the «-th i terate/^ofa formal power series by/ [ 1 ] = f,f[n+1] = fof[n].

THEOREM 2. Suppose p is a polynomial whose n-th iterate pM is even for
some positive integer n. Then p must be even.

(Note that we do not assume that p(0) = 0.)

PROOF. We treat the case n - 2. The general case goes the same way. Clearly,
deg p must be even. Now if p is constant, we are done, so assume that p is not
constant. Clearly p cannot be odd. If p is not even either, then by Proposition 1
(with p = q), p o p cannot be even. (Note that by Remark (2) following the
proof of Proposition 1, we do not need the assumption p(0) = 0, since deg p is
even.) Hence p must be even.

It is interesting to ask whether Theorems 1 and 2 can be extended to entire
functions in general. Theorem 1 does not extend — let / (z) = cos7T-s/z~+T
and let g(z) — z2 + 2z. Then / and g are entire, g(0) = 0, and / o g is even,
but neither / nor g is even. However, the following is open.

QUESTION. Suppose that / and g are entire functions of order less than
1/2, g(0) = 0, and that / o g is even. Must then either / or g be even?

Theorem 2 does extend if we assume that / (0) = 0.

THEOREM 3. Suppose that f is a formal power series with vanishing constant
term, and that fM is even for some positive integer n. Then f must be even.
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PROOF. Clearly, / cannot be odd (unless / = 0). Now if / is not even, then
by the theorem proved in [2], f[mn](z) = z for some positive integer m. Thus
(/["])[m] = z, which is impossible if / ["] is even.

REMARK. Theorem 3 does not hold in general if / (0) ^ 0. For example, let
/ (z ) = 1 — sin | z . Then / o / (z) = 1 — cos[ | sin | z ] , which is even, while /
is clearly not even.

We now extend Proposition 1 and Theorem 1 in certain cases to formal power
series. Write

(2) f(z) =
k=N

(3) g(z) =
k=M

F i r s t , w e g i v e c o n d i t i o n s o n g w h i c h i m p l y t h a t f o g c a n n o t b e e v e n .

PROPOSITION 2. Let f and g be formal power series given by (2) and (3), and
suppose g is not even. Assume also that M is even. Then fog cannot be even.

PROOF. Write
oo

(4) fog(z) = an(bMzM + ••• + bnz
n + J2 bkz

k)N

k=n+l

+ a N + x ( b M z M + ••• + b n z " + £ b k z k ) N + l + ••-,
k=n + \

where n is the smallest odd integer such that bn ^ 0. Then the smallest odd
exponent in the first term in the right-hand side of (4) is clearly M(N — 1) + n
since all the exponents between M and n are even. Also, any odd exponent
occurring in any other term on the right-hand side of (4) must have exponent at
least MN + n > M(N — 1) + n. Since aN ^ 0, / o g cannot be even.

THEOREM 4. Suppose f and g are formal power series given by (2) and (3)
with fog even. Suppose that M is even. Then either f or g must be even.

PROOF. Suppose that / is not even. Since M is even, g is not odd. If g were
not even either, then fog would not be even, by Proposition 2. Hence g must
be even.
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PROPOSITION 3. Let f and g be formal power series given by (2) and (3),
where M is odd and g is not odd. Let n be the smallest even integer such that
bn^0.IfM>n/2, then fog cannot be even.

PROOF. We consider two cases.
Case 1. N is odd. Then MN is odd, and using (4) again, we see that MN is
the lowest exponent occurring in / o g. Since aN ^ 0, / o g is not even.
Case 2. N is even.

Then the lowest odd exponent occurring in the first sum in (4) is M(N —
1) + n, since any exponents of g between M and n are odd. The only other
way to get M(N — 1) + n as an exponent in (4) is by terms of the form
bmi... bmii+rz

m'+-+mN+r, where m} > M for j = 1 , . . . , N + r and r > 1. Now
let m, H h mN+r — M(N + r)+ px-\ (- pN+r, where pj — ntj — M. If
mx H 1- mN+r = M(N — l)+n, then n = (r + 1)M + px H h pN+r >
(r + 1)M > 1M, which contradicts the assumption that n < 2M. Hence, there
is no cancellation of the odd power with exponent M(N — I) + n in the first
term on the right-hand side of (4), so that fog cannot be even.

REMARK. Theorem 4 does not hold in general without the restriction H < 2M.
For example, as noted earlier, take / ( z ) = cos27T\/z + 1 arid g(z) = z2 + 2z.
Or take g{z) = z4 + z, say, and let / ( z ) = z2 o g~l{z).

One could also put restrictions on / . For example, we prove:

THEOREM 5. Let f and g be formal power series given by (2) and (3), and
suppose that g is neither even nor odd. IfN is odd, then fog cannot be even.

PROOF. If M is even, then Theorem 5 follows from Proposition 2, whether N
is odd or not. If M is odd, then the smallest exponent occurring in (4) is M N,
which is odd.

We conclude with an example that is only loosely related to the rest of this
paper.

EXAMPLE. Let / (z) = sin7rVl — z2. Then / has a finite radius of conver-
gence, but every iterate fM, for n > 2, has infinite radius of convergence. Just
observe that

/[2](z) = sin 7rcos7r\/l— z2 , /[31(z) = sin7r cos7r(cos7iVl— Z2) ,

etc.
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REMARK. AS we noted earlier, there is a non-constant function / , analytic at
0, such that / (z4 + z) is even. But there is no such entire f. For suppose / were
entire and non-constant, with / ( z 4 + z) even. Then f{p{z)) = f(q(z)), where
p(z) — z4 + zand<7(z) = z4 — z. By the theorem in [1], either p(z) = kq(z) + /3
for some constants A and /? or p(z) = (r(z))2 + k for some entire function r and
some constant k. It is easy to verify that neither of these can happen.

It is interesting (see [3]) that if ( / o g)(vz) = ( / o g)(z), where v is an m-th
root of unity, m > 3 and prime, then g(vz) = g{z), where / is a transcendental
entire function and g is a polynomial of degree n, and m\n. Note that this
does not hold if m = 2 and v = —1, as the example f(z) = COS2TT^/Z + 1,
g(z) = z2 + 2z shows.
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