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1. In t roduc t ion . The B e r n s t e i n po lynomia l s 

(1 .1) B ( f , x ) = S f è ) ( n
k ) x k ( l - x ) n " k 

k=o n k 

and the B e r n s t e i n power s e r i e s 

(1 .2) 
i-> it \ -s- r / k - n , k k - n n+1 
P ( f , x ) = 2 f(~T~) ( ) x ( 1 - x ) 

n , k n 
k=n 

have been the subjec t of m u c h r e s e a r c h ( e . g . [1 ; 2; 3; 6; 7; 8 ] ) . It is 
the p u r p o s e of this p a p e r to d e m o n s t r a t e the r e l a t i onsh ip be tween these 
l inear o p e r a t o r s and c e r t a i n c l a s s e s of m o m e n t s e q u e n c e s defined 
below. 

Let {a (x)} be a sequence of r e a l - v a l u e d functions defined on 

[0, l l . Denote by (h , (x)) and (q , (x)) r e s p e c t i v e l y the Hausdorff 
nk nk 

and quas i -Hausdor f f m a t r i c e s gene ra t ed by {a (x)} [4, Chapter 11] , 

Then 

(1 .3) h n k ( x ) 

, n. A n -k . . 
( ) A or (x) , 0 < k < n 

k > n 

and 
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(1 .4) v ( x ) 
,kv k - n . . 
( A a (x) , 
n n 

k < n 

k > n , 

w h e r e , for any non -nega t ive i n t e g e r s n and p , 

(1 .5) A P a (x) = S (-1) J(P)<> .(x) 
j=o J n + J 

The sequence {a (x)} is cal led a g e n e r a l i z e d m o m e n t s e q u e n c e 

if t h e r e ex i s t s a function (3(x, t) , of bounded v a r i a t i o n in t for each 
x e [0 , 1], such that for a l l x e [0 , 1] 

(1 .6) 
r l n . 

a (x) = f t dp (x , t) , n = 0 , 1 , 2 
0 

When {a (x)} is a s e q u e n c e of cons t an t funct ions , (1 .6) b e c o m e s the 

u s u a l defini t ion of m o m e n t sequence [6, page 57] . 

The sequence {a (x)) is cal led to ta l ly mono tone if A a (x) > 0 
^ n n — 

for a l l x.£ [ 0 , 1 ] and a l l i n t e g e r s n , p > 0 . 

Let {a (x)} be a gene ra l i z ed m o m e n t s e q u e n c e . F o r a l l funct ions , 

f , defined on the i n t e r v a l [0 , 1] a s s o c i a t e the l inea r o p e r a t o r 

(1 .7) H n ( £ . x ) S f ( - ) h , (x) 
k=o n n k 

with the m a t r i x ( 1 . 3 ) , and a s s o c i a t e the l i nea r o p e r a t o r 

(1 .8) Q n ( f , x ) = r n f ( k - ^ ) q n k ( x ) 
k=0 

with the m a t r i x ( 1 . 4 ) . 
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N o w w e c o n s i d e r t h e o p e r a t o r s H and Q and d e m o n s t r a t e 
n n 

t h a t t h e y a r e g e n e r a l i z a t i o n s of ( 1 . 1 ) and ( 1 . 2 ) r e s p e c t i v e l y . We s h o w 
t h a t t h e u n i f o r m c o n v e r g e n c e of { H (f , x)} to f(x) o n [ 0 , 1 ] , f o r a l l 

f e C [ 0 , l ] , c h a r a c t e r i z e s a c l a s s of t o t a l l y m o n o t o n e g e n e r a l i z e d 
m o m e n t s e q u e n c e s a n d w e r a i s e t h e q u e s t i o n of h o w m a n y of t h e s e 

s e q u e n c e s e x i s t . F i n a l l y w e d i s c u s s a s i m i l a r r e s u l t fo r t h e o p e r a t o r 
Q on t h e i n t e r v a l [0 , a l , 0 < a < 1 . 

n — 

In t h e s e q u e l , l e t e, (x) = x f o r k = 0 , 1 , . . . . 
k 

2 . T h e o p e r a t o r H . T h e n - t h o r d e r B e r n s t e i n p o l y n o m i a l 

( 1 . 1 ) i s a s p e c i a l c a s e of t h e o p e r a t o r H a n d i s o b t a i n e d w h e n 
n 

P ( x , t ) 

0 , 0 < t < x 

1 , x < t < 1 

F o r t h i s c h o i c e of t h e f u n c t i o n p w e s e e , f r o m t h e S t i e l t j e s i n t e g r a l 

( 1 . 6 ) and f r o m { 1 . 5 ) , t h a t a - x and A QL(X) = (1 - x.) x . 

T o p r o v e t h e m a i n r e s u l t of t h i s s e c t i o n ( T h e o r e m 2 . 2 ) , w e n e e d 
t h e f o l l o w i n g l e m m a ( t h e p r o o f of w h i c h f o l l o w s r e a d i l y f r o m ( 1 . 5 ) a n d 
( 1 . 6 ) ) . 

L E M M A 2 . 1 . L e t {a ( x ) } b e a g e n e r a l i z e d m o m e n t s e q u e n c e . 
n a 3 

Jf ( 3 ( x , t ) i s t h e f u n c t i o n h a v i n g {a (x)} a s i t s m o m e n t s e q u e n c e , t h e n 

( 2 . 1 ) APa (x) = f 1 ( l - t ) P t n d S ( x , t ) 
J o 

and 

n 

( 2 . 2 ) S ( i
n ) A n " k ^ ( x ) = <v(x) 

k=0 
V ~ " k w "0X 

f o r a l l n o n - n e g a t i v e i n t e g e r s n £tnd p . 

T H E O R E M 2 . 2 . If {a ( x ) } i s a t o t a l l y m o n o t o n e g e n e r a l i z e d 
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m o m e n t s equence , then a n e c e s s a r y and sufficient condi t ion that 
l im H (f , x) = f(x) un i fo rmly on [ 0 , 1 ] , for e a c h f e C [0 , 1 ] , _is_ 
n-> oo 

a.(x) = xJ fo_r j = 0 , 1 , 2 and x e [ 0 , l ] . 

P roof . Since {a (x)) is to ta l ly mono tone , H is a pos i t i ve 
— — n J n 

l inea r o p e r a t o r (i . e. f(x) _> 0 for a l l x e [0 , 1] i m p l i e s H (f , x) _> 0). 

By a t h e o r e m of Korovk in [5, page 14] , we need only show that the 
s equence {H ( e . , x ) } c o n v e r g e s to a.(x) un i fo rmly on [ 0 , 1 ] for 

j = 0 , 1 , 2 . F i r s t we s e e f r o m (1 .7 ) , ( 1 . 3 ) , and (2 .2 ) tha t 

(2.3) H
n

( V x ) = *0 ( X ) 

Secondly, we have f r o m (1 .7 ) , (1 .3 ) , and (2 .1) 

/ v k /nv n - k , . 
H (e x = S - A OL (x 

n 1 , . n k k 
k=0 

n - 1 
_ . n - 1 . n - l - k , . 
2 ( k ] A \ + l ( x ) 

k=0 k k + 1 

n - 1 
. n - 1 . ri ,, . n - l - k k +1 , , 

S ( , ) J (1-t) t dp(x, t) 
k = 0 0 

= f1 td(3(x,t) 
~ o 

w h e r e (3 (x , t) is the function having {& (x)} as i ts g e n e r a l i z e d m o m e n t 

s e q u e n c e . Hence 

(2 .4) H (e , , x ) = a (x) 
n 1 1 

In a s i m i l a r m a n n e r , we obta in 
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(2.5) H (e x) = — «.(x) + - a (x) . 
n 2 , n 2 n 1 

It follows from (2.3), (2.4), and (2.5) that 

(2.6) lim H (f,x) = f(x) uniformly on [0 ,1 ] for each f e C [ 0 , l ] , 
n -**co 

if and only if #.(x) = x for j = 0 , 1 , 2 . 

Theorem 2.2 shows that the convergence propert ies of the 
operator H depend only on the f irst three te rms of the moment sequence 

2 
{a (x)} , which must be 1 , x , and x . Thus the following question 

should be answered: What totally monotone generalized moment sequences 
2 

{a (x)} have a(x) = 1, a (x) = x , and a (x) = x for all x e [ 0 , l ] ? 

It is conjectured that {x } is the only sequence and that Theorem 2.2 
character izes the Bernstein polynomials. The question is answered in 
par t by the following lemma. 

LEMMA 2 . 3 . Let ( \ ) be a sequence of rea l numbers such that 
L n J 3 _ — 

{\ x } is a totally monotone generalized moment sequence. If 

^n = ^ = * ' t k e n X = 1 for all non-negative integers n . 

Proof. Since {x x } is totally monotone, we have 

(2.7) A(X xn) = xn(x -X ^,x) > 0 
n n n +1 -

for all x £ [0 , 1], It follows from (2.7) that for all non-negative 
integers n 

(2.8) 0 < X < X < 1 . 
— n+1 — n — 

Also 

(2.9) A2(X xn) = xn(x - 2X ^ x + X ^ x 2 ) > 0 
n n n+1 n+2 — 
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In particular, at x = 1 in (2.9) we see 

(2.10) X - 2\ + X ^ > 0 . 
n n+1 n+2 — 

The result follows from (2.8) and (2.10) by mathematical induction. 

3. The operator Q . When {a (x)} is a generalized moment 
~~ n n 

•n j 4. f1 d3 ( x , t) , . 
sequence, we will denote / —"—; by a . (x) . 

o t _ 1 

Let x e [0, 1] and 

0 , 0 < t < 1 - x 

P (x , t) = \ 

1 - x , 1 - x < t < 1 . 

Evaluating the Stieltjes integrals (1.6) and (1.5), we obtain 
/ v / . vn+l „ ^ k-n . , . . .n+1 k-n 

a (x) = (1-x) for all n > 0 , A a (x) = (1 - x) x , and 
n — n 

a . (x) = 1 for x e [ 0 , l ] , or . (1) = 0 . Here Q is the Bernstein 

power series (1.2). The main result of this section is the following 
theorem. 

THEOREM 3 . 1 . Let {#.(x)} be a generalized moment sequence , 

(3(x,t) the function having {a.(x)} as its moment sequence, and 

0 < a < 1 . Suppose, for x e [0 , a ] , 

(3.1) a (x) is finite , 

(3.2) (3 (x , t) is increasing in t, 

and 

(3.3) (3(x,0) = lim p ( x , t ) = 0 . 

t - 0 

A necessary and sufficient condition that lim Q (f , x) = f(x) uniformly 

n 
n-* oo 

i+1 
£n [0 , a] for each f e C[0 , 1] ^£ ^-(x) = C1 ' x ) Î2L 

j = -1 , 0, 1 (x e [0, a]) . 
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The proof of T h e o r e m 3 .1 depends on the following l e m m a s . 
The f i r s t and th i rd a r e ea sy c o m p u t a t i o n s . The second r e q u i r e s the 
f i r s t and is d i s c u s s e d in [4, page 282] . 

LEMMA 3 . 2 . U y e [0 , 1 ), then for a l l non-nega t ive i n t e g e r s n , 

/o „ v „ /kv k - n 

(1 - y) k=n 

LEMMA 3 . 3 . If condi t ions (3 .1) , (3 .2 ) , and (3 .3) a r e sa t i s f ied , 
then 

/o ^ r 1 d(5(x, t) _ ,kv A k - n . . 
3 .5) f H \ ' = S ( ) A a (x) 

J n t i n n 

0 k=n 

for a l l x e [0 , a ] . 

LEMMA 3 . 4 . Jf k and n a r e pos i t ive i n t e g e r s , k >, 2 , then 

2 
to / \ k .k+n. k + n - 1 .k + n - 2 , , k /k+n, 
,3-61 ^ ? ( x ' c ~^~ ' « ' + ^ '* ' 

Proof of T h e o r e m 3 . 1 . It follows f r o m (3.2) and (2 .1) that 
{ar.(x)} is to ta l ly m o n o t o n e . Hence Q is a pos i t ive l inear o p e r a t o r 

J n 
( see ( 1 . 8 ) ) . By (3 .5 ) , (1 .4 ) , and ( 1 . 8) we have 

(3 .7) Q ( e n , x ) = a (x) . 
n U - 1 

Using the s a m e a r g u m e n t s we have employed before , (3 .4) , and (3 .5 ) , 
we can ea s i l y obta in 

(3 .8) Q (e . , x ) = a , (x) - * (x) . 
n 1 - 1 0 

Now 
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Now 

Q ( e 0 , x = 2 ( — ( A a (x 
n 2 , k n n 

k=n 

= W ( » > A %(x) 

k=0 

00 2 

k x /k+n, /-l ,, .k n , s kçr) rn) jx d-t)Vdp(x,t) 
k=i k + n n o 

00 

/ t n S r ^ r ( k + n ) ( l - t ) k + 1 d p ( x , t ) 
J o k=i k + n + 1 n 

oo 
/ • I n k ,k+nx , . xk+l , . 

^ / * s ¥sr (
 n

) (1-t} d P ( x > t ) 

0 k = 0 

00 

r l n .k+n. , . .k+2 , , . 
f t 2 ( ) ( 1 - t ) d p ( x , t ) 

0 k=0 n 

f t n ( l - t ) 2 —- dp(x,t) 
o [i - (i - t ) ] n + 1 

a_1(x) - 2aQ(x) + ^ ( x ) . 

Hence 

(3.9) Q
n

( e 2 ' X ) - °- l ( x ) " 2 V X ) + ^ ( X ) 

Also , us ing (3 .6) and r e p e a t i n g the above a r g u m e n t , we see 
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Q(e ,x) = f1 tn X ( £ ) (k+n) (1 - t)k d p(x , t) 
n 2 o k=o k + n 

00 

A n k+n-1 ,k+n-2v lA xk n „ . . 

ô i " ^ k'2 

00 

+ / t S ( k ) ( 1 - t ) d(3(x,t) 
0 k=l (k+n) 

< ; 4 tn z O ( i - t ) k + 2 d P ( x , t ) 
0 k=0 

oc 
/ « I n 1 /k+n. 7J .k+1 , , 

< J1 <if i - d P ( x , t ) + ± J1 ^ d P ( x > t ) 

1 
Qf_1(x) - 2Û^0(X) + ^ ( x ) + ~(ûf_1(x) - or (x)) , 

Thus 

(3.10) Q
n

( e 2 ' x ) - ° - l ( x ) " 2 a 0 ( x ) + a l ( x ) + n ( û - i< x ) ' * 0 ( x ) ) 

It follows from (3.9) and (3.10) that 

(3.11) lim Q (e .x) = a . (x) - 2a_(x) + « (x) 
n 2 -1 0 1 

n-*oo 

j+1 
Now, if c.(x) = (1 - x) for j = -1 , 0 , 1 , we see from (3.7), 

(3.8), and (3.11) that 
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(3.12) lim Q (e, , x) = e, (x) for k = 0 , 1 , 2. 
n k k 

By Korovkin's theorem [5, page 14], (3.12) is sufficient for the 
convergence of {Q (f , x)} to f(x) uniformly on [0 , a] for all 

f £ C[0 , 1 ] . 

Conversely, suppose {Q (f , x)} converges uniformly to f(x) 

on [0 , a] for all f e C [ 0 , l ] . From (3.7), (3.8), and (3. 11 ) respectively 
we see 

lim Q (e .x) = 1 = a . (x) 
n 0 -1 

lim Q Ke. , x) = x = a . (x) - a_(x) 
n 1 -1 0 

n-* oo 

and 

2 
lim Q (e , x) = x = a . (x) - ZaAx) + a. (x) 

n 2 -1 0 1 
n-* oo 

The result now follows. 

Since the function (3(x, t) which generates the Bernstein power 
series (see the beginning of Section 3) satisfies (3,2) and (3.3) and 
a . (x) = 1 for all x e [0 , 1 ), we see from Theorem 3 .1 that 

(3.13) lim S ffeS) (k) ( l - x ) n + 1 x k " n = f(x) 
1 K n 

n-* oo k=n 

uniformly on [0 , a] for all f e C [ 0 , l ] , 0 < a < l . The result (3 .13) 
is a special case of a theorem of Cheney and Sharma [3, page 242]. 

Meyer-Kônig and Zeller [7] considered the operator 

( 3 . 1 4 ) P (f,x) = 2 ffe2) (k_J) ( l - x ) n x k " n , 
n . k n-1 

k=n 

4 1 0 

https://doi.org/10.4153/CMB-1969-050-8 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1969-050-8


But (3 .14) is e s s e n t i a l l y (1.2) and the conve rgence p r o p e r t i e s of t h e s e 
two o p e r a t o r s a r e the s a m e ( see [7, T h e o r e m 1, page 91]). 

We r e m a r k that if T h e o r e m 2 . 2 does in fact c h a r a c t e r i z e the 
B e r n s t e i n po lynomia l s , T h e o r e m 3 .1 wil l c h a r a c t e r i z e the B e r n s t e i n 
power s e r i e s . 

The author is indebted to the r e f e r e e for m a n y helpful s u g g e s t i o n s . 
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