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REMARK ON IRREDUCIBLE FACTORIZATIONS
OF POLYNOMIALS IN SEVERAL VARIABLES*

BY

LEIBA RODMAN

ABSTRACT. It is proved that a polynomial on several complex
variables, whose coefficients depend analytically on a parameter &,
admits a factorization which is irreducible for every value of the
parameter, with the possible exception of an analytic set of points.
Moreover, the coefficients of the irreducible factors can be chosen to
depend analytically on € in a neighborhood of every point not
belonging to this analytic set.

Let ¢(x) be a monic polynomial on the complex variable x with complex
coefficients. It is well known that the zeroes of ¢(x) are analytic functions of its
coefficients (with the exception of branching points). In other words, ¢(x)
admits factorization of type

m

¢(X)=Hl(x—xi),

where x,,...,X, are analytic functions on the coeflicients of ¢(x), with
possible branching points. It is the purpose of this note to extend this
observation for the case of polynomials in several complex variables z, ..., z,.
Such polynomial ¢(z4,..., z,) obviously can be factored into a product of
irreducible polynomials. A question we deal with here is how the factors of the
irreducible factorization depend on the coefficients of ¢(zy, ..., z,). It will be
convenient for us to assume that the coefficients of ¢(z4,..., z,) are analytic
functions of variable €€ (), where () is an analytic manifold. In this case we
prove that the coefficients of the factors in an irreducible factorization of
@(z4, ..., 2z,) depend analytically on &, provided an analytic set of points in the
domain of definition of ¢ is neglected.

We introduce the necessary definitions and notations: C" stands for the
n-dimensional complex linear space, N’} stands for the set of all n-tuples
k =(ky, ..., k,), where k; are non-negative integers (k €N’} will be referred to
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as multi-index). For a given z=(z,...,z,)€C" and given multi-index k=
(ky, ..., k,)eN", denote z*=1II"_, z& and |k|=k,+ - - - + k,. By Q we denote
an analytic manifold.

By an analytic set V<) we mean the subset in ) with the following
property: for every g,€ () there exists a neighborhood U(g,) and analytic
functions {g;(e)}, e Uley); i=1,...,p; j=1,...,q, such that

q
UNU(eo) = _U1 {e€U(eo) | gij(e) =" =g,(e)=0}.
i=
In this note we prove the following theorem.

THeEOREM. Let ®(z,e)#0 be a polynomial in complex variables z=
(z4, ..., z,)€C", with coefficients depending analytically on € € ():
Dz, 6)= ). qi(e)z",
|kl=r
where q,.(€) depend analytically in € € Q). Then there exists an analytic set V <)
and polynomials V(z, €),...,¥,.(z, ) of variables z=(z,, ..., z,)€C" such
that

(1) D(z,e)=V(z,¢),...,V,.(z¢€), ecO\V

the coefficients of V;(z, €) are analytic in Q\V, and V,(z, €) is an irreducible
polynomial for every ec Q\V, i=1,..., m.

Proof. The set of all polynomials of degree v in n variables can be identified
with CN®, where N(v)={k=(ky,...,k,)|k; are non-negative integers and
ki+---+k,=0of. Let S,(v)={(vy,...,v,)| v, are positive integers and
v, + - - +v,, =v}. For every m-tuple (v4, ..., v,) € S,.(v), the multiplication of
polynomials ¢,(z),..., ¢,,(z) with deg ¢, =v; gives rise to a mapping
7 CNOIx ..o xCNOW 5 CN®),

m(01(2), ..., en(2)=@1(2) -+ - @, (2).

Since 7 is multilinear and product of non-zero polynomials is again a non-zero
polynomial, the restriction of 7 to non-zero polynomials can be regarded as
mapping 7 :PM®)x. . . xPM®) PM® where M(w)=N(w)—1 and P* is
complex projective space of dimension w. According to well-known result in
algebraic geometry (see for instance the proposition on p. 47 in [1]), the image
of # is an algebraic variety W= W(v,, ..., v,) in PM®,

Now the polynomial ®(z, €) can be viewed as analytic mapping y:Q—
PM®. Let (v9,...,0v%)€S,.(v) be such that Wy=W(19,...,v°%) (defined
above) is a minimal variety (among all W(vy,...,v,) with (vy,...,0,)€
S..(v)) containing v(Q)). For every (vy,...,0,)€S,.(v) such that
Wy, ..., 0,)Pv(Q) let V(vy,...,v,) be the analytic set of Q consisting of
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all € € Q) with the property that W(v,, ..., v,)2v(g). Put
Vi=UV(vy, ..., 0.),

where the wunion is over all (vy,...,v,)€S,(v) such that
W(vl, MR vm) 4) ’Y(Q)-
Consider the mapping

o PMEO X oo X PMELO s pM©)
defined by U?’ . 0 . For ye Im 'ﬁ'() {’ﬁ'()(x) I x EPM(D DIV XPM(UMO)} the
set wol(y) con51sts of finite number of different points (y{,...,y%)e
PM®Ox .o xPM©O =1 ..., r such that each point (y{’,..., y®) can be

obtained from (y{",..., yf,?) by some permutation of the coordinates

vy, ..., y®. (This follows from the uniqueness of the factorization of a

polynomial in several variables into a product of irreducible factors, up to

permutation of the factors and multiplication by a non-zero constant.) The

number of preimages r ={r,"(y)} may depend on y € Im 7, (for instance, if

vi=03 and v{#09 for j=3,...,m, then r=2 if y=7y(y{",...,y?) with
y&P#y®P, and r=1if y= wo(y‘” oY) with yP = yiY). Let

=max{r(y) | y € y(Q)},

and let V,={e € Q| r(y(e))<ro}. Using once more the proposition on p. 47 in
[1], it is easy to see that V) is an analytic set.

Consider ®(z, €) for £ € O\ V,, where V3=V, U V,U{g e Q| D(z, £,) =0} is
an analytic set; then ®(z, £) can be regarded as analytic mapping ®:Q\ V;—
CN®\{0}, 0 v = On ) © P, Where o, :C¥\{0} - P* ! is the natural mapping.

Consider the ry-valued mapping

7o'y T\ V3 = PVOI e  xPMED),

We choose a certain value of 75y in such a way that 75"y becomes analytic
(this can be done by using the local description of the graph of #;'y; see, for
instance, pp. 93-100 in [2]).

Pick £, O\Vs; let k(i) (1=k(i)=<N(v?)) be a non-zero coordinate in
p:i(7oty(go)), where p, :PM®10x . . . x PM©.Y 5 PM®O be the projection on the
ith component; i=1,...,m Let V,,={ecQ|y(e)=m,(y) for some
y ePMEYx ... xPM®.Y gquch that the k(i)th coordinate of p;(y) is zero}.
Again, V,; is an analytic set in Q. Let V5= V,UUL; V4. Let

Q, ={y ePM®”| k(i)th coordinate of y is non-zero}; define 7,:Q, —CN®"
by the formula

Yi Y2 YM@©®
(Y1, .20y U;O):<_’_""’—L—>’
' Mo Ye@y Yew) Ve (i)
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For i=1,...,m, put ¥,(z, &)= r07; v(g), e € Q\Vs. (Here we identify the
set of all polynomials of degree v? in n variables with CN®”.) From this
construction it is clear that the coefficients of ¥, (z, €) are analytic functions on
O\ Vs, and

(2) ®(z, )= a(e)¥y(z, ¢),. .., V(2 ),

where a(e) is a non-zero function (which is necessarily analytic on Q\ V).
From the choice of (v9,. .., v%), and since V, < Vi, it follows that factorization
(2) is irreducible for every £ € O\ Vs. So formula (1) follows.
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