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R E M A R K O N I R R E D U C I B L E F A C T O R I Z A T I O N S 
O F P O L Y N O M I A L S I N S E V E R A L V A R I A B L E S * 

B Y 

L E I B A R O D M A N 

ABSTRACT. It is proved that a polynomial on several complex 
variables, whose coefficients depend analytically on a parameter e, 
admits a factorization which is irreducible for every value of the 
parameter, with the possible exception of an analytic set of points. 
Moreover, the coefficients of the irreducible factors can be chosen to 
depend analytically on e in a neighborhood of every point not 
belonging to this analytic set. 

Let <p(x) be a monic polynomial on the complex variable x with complex 
coefficients. It is well known that the zeroes of <p(x) are analytic functions of its 
coefficients (with the exception of branching points). In other words, <p(x) 
admits factorization of type 

m 

(p(x) = Y\(x-xi), 
i = l 

where x1? . . . , xm are analytic functions on the coefficients of <p(x), with 
possible branching points. It is the purpose of this note to extend this 
observation for the case of polynomials in several complex variables z l 5 . . . , zn. 
Such polynomial <p(zi, . . . , zn) obviously can be factored into a product of 
irreducible polynomials. A question we deal with here is how the factors of the 
irreducible factorization depend on the coefficients of çiz^ . . . , zn). It will be 
convenient for us to assume that the coefficients of <p(zu . . . , zn) are analytic 
functions of variable e e f l , where 1Î is an analytic manifold. In this case we 
prove that the coefficients of the factors in an irreducible factorization of 
(p{zx,..., zn) depend analytically on e, provided an analytic set of points in the 
domain of definition of e is neglected. 

We introduce the necessary definitions and notations: Cn stands for the 
n -dimensional complex linear space, N+ stands for the set of all n -tuples 
k = ( fc l 5 . . . , kn), where ky are non-negative integers (k eN+ will be referred to 
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as multi-index). For a given z = ( z 1 ? . . . , z n ) eC n and given multi-index k = 
(fci, . . . , f c n ) eNï , denote zk = n p = 1 zf' and |k| = k1+ • • • + kn. By ft we denote 
an analytic manifold. 

By an analytic set Vczft we mean the subset in ft with the following 
property: for every e 0 ef t there exists a neighborhood U(e0) and analytic 
functions {^(e)}, e G Lf(80); i = 1 , . . . , p; / = 1,. . . , q, such that 

l / n C7(e0)= Û {e € l/(e0) I gi,-(e)= • ' • = gPJ(e) = 0}. 

In this note we prove the following theorem. 

THEOREM. Let 3>(z, e ) ^ 0 be a polynomial in complex variables z = 
( z l 9 . . . , z r )eC n , with coefficients depending analytically on s eft: 

<&(z,e) = X <fc(e)zk, 
|k|<r 

where qk(s) depend analytically in e efl. Then there exists an analytic set V c f l 
and polynomials ^ i (z , e ) , . . . , ^ m ( z , e) o/ variables z = ( z l 5 . . . , z n ) eC n such 
that 

(1) *(z, e) = * 1 (z , 8) , . . . , ¥ m ( z , 8), e e f l W 

the coefficients of ^ ( z , e) are analytic in ft\V, and ^ ( z , e) is an irreducible 
polynomial for every eeÇÎ\V, i = 1 , . . . , m. 

Proof. The set of ail polynomials of degree f in n variables can be identified 
with CN(v\ where N(t?) = {fc = ( fc l 5 . . . , kn) \ kt are non-negative integers and 
kx 4- • • • + kn < i;}#. Let Sm(t>) = { (u l 5 . . . , vm) \ vt are positive integers and 
v1 + • • • + vm = v). For every m-tuple (vl9..., vm) e Sm(v), the multiplication of 
polynomials cp^z ) , . . . , <pm(z) with deg <pf = ^ gives rise to a mapping 
i r : C N ( ^ x • • • x C N ( ^ - ^ C N ( t j ) : 

7r(<p!(z),. . . , <pm(z)) - <Pi(z) • • • cpm(z). 

Since ir is multilinear and product of non-zero polynomials is again a non-zero 
polynomial, the restriction of TT to non-zero polynomials can be regarded as 
mapping i r : P M ( ^ x • • • xPM(v™>->PM(v\ where M(w) = N(w) - 1 and Pw is 
complex projective space of dimension w. According to well-known result in 
algebraic geometry (see for instance the proposition on p. 47 in [1]), the image 
of 77 is an algebraic variety W = W(vu . . . , vm) in pM(v\ 

Now the polynomial <ï>(z, s) can be viewed as analytic mapping y:ft—» 
PM(U). Let « . . . , t ; 0

m ) e S m W be such that W 0 = W M «0J (defined 
above) is a minimal variety (among all W(vl9...,vm) with (t>1 ? . . . , vm)e 
Sm(v)) containing 7(ft). For every (vu..., um)eSm(i)) such that 
W(vl9..., t>m) 4> 7(ft) let V(vl9. . . , t>m) be the analytic set of ft consisting of 
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all e e ft with the property that W(vl9..., vm) 3 y(s). Put 

V r U V f e U 

where the union is over all (vl9..., vm)eSm(v) such that 

W ( t ; 1 ? . . . , 0 + 7(«). 
Consider the mapping 

^ . p M ( u 1 0 ) x . . . ^ pM(t3mQ) > pMjv) 

defined by v°u . . . , v°m. For y e Im <jr0 = i^oU) | JCGP M ( ^ 0 ) X • • • xP>M(^0)}, the 
set 7fô1(y) consists of finite number of different points (y^ 0 , . . . , y(™)e 
pM(Wlo) x . . . x p M ( ^ 0 ) , i = 1 , . . . , r, such that each point (y?\ . . . , y<J>) can be 
obtained from ( y ^ , . . . , y^}) by some permutation of the coordinates 
yi1^ • • • > ym}- (This follows from the uniqueness of the factorization of a 
polynomial in several variables into a product of irreducible factors, up to 
permutation of the factors and multiplication by a non-zero constant.) The 
number of preimages r = {'rrô1(y)}*' m aY depend on y e l m ^ (for instance, if 
i>i = t>2 and vf^v°t for j = 3 , . . . , m , then r = 2 if y - 7r0(y

 ( i 1 } , . . . , y^) with 
y^1} * y£\ and r = 1 if y = ̂ ( y ^ , . . . , y%) with y«> = y^ ) . Let 

r0 = max{r(y)|yG7(n)}, 

and let V2 = {eeù\ r(y(s))<r0}. Using once more the proposition on p. 47 in 
[1], it is easy to see that V2 is an analytic set. 

Consider 0(z, e) for e e ft\ V3, where V3 = Vt U V2 U{e0e ft | 3>(z, e0) = 0} is 
an analytic set; then <t>(z, e) can be regarded as analytic mapping <£>:n\V3—> 
CN(tJ)\{0}, so 7 - <rN(v) o O, where aw :Cw \{0}->Pw _ 1 is the natural mapping. 

Consider the revalued mapping 

irô1y:il\V3^PM(v^x • • • xP M ( ^ 0 ) . 

We choose a certain value of rr^y in such a way that TTÔ17 becomes analytic 
(this can be done by using the local description of the graph of 7TÔ1yi see> f° r 

instance, pp. 93-100 in [2]). 
Pick e 0 ef t \V 3 ; let k(i) (l<k(i)<N(v°)) be a non-zero coordinate in 

ftOfrôMeo)), where Pi :P
M (^0 )x • • • xpM^°>->pM^°> be the projection on the 

ith component; i = 1 , . . . , m. Let V4si = {e 6 ft | 7(e) = TT0(y) for some 
yGpM(Ulo)x . . . xpM(t,mo> s u c h t h a t t h e fc(-)th c o o r ( j i nate of Pi(y) is zero}. 

Again, V4 i is an analytic set in ft. Let V5= V 3 UUr^i V4i. Let 
Q = { y G P M ( ^ o ) | k ( 0 t h coordinate of y is non-zero}; define T ^ Q ^ C ^ ^ 

by the formula 

/ x / y i y 2 yM(Ut°)\ 
vyk(i> yk(i) yk(o / 
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For i = 1 , . . . , m, put ^ ( z , e) = T^TTo^Ce), e e f t \ V5. (Here we identify the 
set of all polynomials of degree u° in n variables with CMtJi0).) From this 
construction it is clear that the coefficients of ^ ( z , e) are analytic functions on 
ft\V5, and 

(2) $(z, e) = aie^iz, e ) , . . . , ¥ m ( z , e), 

where a(e) is a non-zero function (which is necessarily analytic on ft\V5). 
From the choice of ( u ? , . . . , v^), and since V2 ^ V5, it follows that factorization 
(2) is irreducible for every eG(l \V 5 . So formula (1) follows. 

ACKNOWLEDGEMENT. I wish to thank Prof. P. Lancaster for his encouragement to write the 
paper, and the referee for useful suggestions which have led to considerable simplification and 
clarification of the original version. 

REFERENCES 

1. I. R. Shafarevich, Basic Algebraic Geometry, Springer-Verlag, New York-Heidelberg-Berlin, 
1974. 

2. R. C. Gunning and H. Rossi, Analytic functions of several complex variables, Prentice-Hall, 
Englewood Cliffs, N.J., 1965. 

DEPARTMENT OF MATHEMATICS AND STATISTICS 

T H E UNIVERSITY OF CALGARY 

2500 UNIVERSITY DRIVE N.W. 

CALGARY, ALBERTA T2N 1N4, CANADA 

https://doi.org/10.4153/CMB-1981-075-2 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1981-075-2

