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THE C O M P L E T E 9 -GRAPH 
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( r e c e i v e d October 22, 1962) 

1. In t roduc t ion . Let us define a p l ana r p a r t i t i o n of a 
g raph G a s a p a i r { H , H } of s u b g r a p h s of G with the 

following p r o p e r t i e s 

(i) E a c h of H and H inc ludes a l l the v e r t i c e s of G. 
1 2 

(ii) E a c h edge of G be longs to j u s t one of H and H . 

(iii) H and H a r e p l ana r g r a p h s . 

It i s not r e q u i r e d that H and H a r e connec t ed . M o r e o v e r 
1 2 

e i t h e r of t h e s e g r a p h s m a y have i so l a t ed v e r t i c e s , inc iden t wi th 
none of i t s e d g e s . -

We d e s c r i b e a g raph having a p l a n a r pa r t i t i on a s b i p l a n a r . 

The p r o b l e m of c h a r a c t e r i z i n g b i p l a n a r g r a p h s h a s been 
found of i n t e r e s t in connec t ion with the des ign of comput ing 
m a c h i n e r y . The s i m p l e s t g r aph for which the p r o b l e m has 
p roved difficult i s the c o m p l e t e 9- g r aph . Th i s g raph h a s 9 
v e r t i c e s and 36 e d g e s , e a c h p a i r of v e r t i c e s be ing jo ined by 
a s ingle e d g e . 

The c o m p l e t e 9- g raph has been p roved n o n - b i p l a n a r in [2] . 
The object of th i s note is to p r e s e n t a n o t h e r proof which , so 
P r o f e s s o r H a r a r y a s s u r e s m e , has i t s own poin ts of i n t e r e s t . 

T h i s r e s e a r c h was s p o n s o r e d by the Ins t i tu te for Defense 
A n a l y s e s of the U . S . A . 
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2e T r i a n g u l a t i o n s of the s p h e r e . A s s u m e tha t the 

c o m p l e t e 9~graph G h a s a p l a n a r p a r t i t i o n { H , H } . Then 
1 2 

H can be r e a l i z e d a s a t opo log i ca l g r a p h K in the 2 - s p h e r e . 

If two v e r t i c e s of the r e a l i z a t i o n lie in the b o u n d a r y of the s a m e 
r e s i d u a l r eg ion 3 and a r e not jo ined by an edge of K } they can 

be jo ined by an a r c L in the r e s i d u a l r e g i o n . Then we can 
t r a n s f e r an edge f r o m H to H so tha t the new edge of H 

ù 1 1 
i s r e p r e s e n t e d by L. Both H and H r e m a i n p l a n a r in 

\ 2 r 

t h i s o p e r a t i o n . Repea t ing the p r o c e s s suff icient ly often we can 
a r r a n g e tha t K def ines a m a p on the s p h e r e whose f aces a r e 

a l l t r i angu l a r* We ca l l such a m a p a t r i a n g u l a t i o n (of the s p h e r e ) , 

T h e c o m p l e m e n t a r y g r a p h Gf of a g r a p h G i s defined 
as a g r a p h wi th the s a m e v e r t i c e s a s G, and in which two 
d i s t i nc t v e r t i c e s a r e jo ined by an edge if and only if they a r e 
not so jo ined in G. The g r aph G* h a s no u l o o p s n , t ha t i s 
edges wi th co inc iden t e n d s . We deduce f r o m the fo rego ing 
c o n s i d e r a t i o n s the following t h e o r e m 

(2. 1) The a s s e r t i o n tha t the c o m p l e t e 9 - g r a p h i s not b i p l a n a r 
is equ iva len t to the a s s e r t i o n tha t if the g r a p h of a t r i a n g u l a t i o n 
h a s 9 v e r t i c e s then i t s c o m p l e m e n t a r y g r a p h i s not p lanar* 

Let M be a t r i a n g u l a t i o n of the s p h e r e , defined by a 
g raph K. A s e p a r a t i n g t r i a n g l e of M is a t r i a n g l e , m a d e up 
of t h r e e edges of K3 which does not bound a face of M. Tha t 
i s ? the t r i a n g l e ha s v e r t i c e s of K in both i t s r e s i d u a l d o m a i n s . 
A t r i a n g u l a t i o n with no s e p a r a t i n g t r i a n g l e s wi l l be c a l l e d s i m p l e . 

A t r i a n g u l a t i o n hav ing a s e p a r a t i n g t r i a n g l e T can be 
d e r i v e d f rom a t r i a n g u l a t i o n of fewer v e r t i c e s , in which. T 
bounds a face F j by subdiv id ing F into s m a l l e r t r i a n g u l a r 
r e g i o n s , By r e p e a t e d app l i ca t i on of t h i s o b s e r v a t i o n we obtain 

(2 .2) If a t r i a n g u l a t i o n is not s imp le it can be d e r i v e d f rom some 
s i m p l e t r i a n g u l a t i o n of 4 or m o r e v e r t i c e s by subdiv id ing one or 
m o r e faces into s m a l l e r t r i a n g u l a r r e g i o n s , 

A subdiv i s ion of a face wi l l be sa id to be of o r d e r n if it 
i n t r o d u c e s j u s t n new v e r t i c e s . 
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We shall use (2. 2) to reduce our problem to a study of 
simple triangulations of from 4 to 9 ve r t i ces . Fortunately 
there a re so few of these triangulations that they can be studied 
individually. Figures I, II, III, IV, and V show those of 4, 6, 
7, 8 and 9 ver t ices respectively. There is no simple tr iangula
tion of 5 ve r t i ces . 

Figure I Figure II 

Figure III 

321 
https://doi.org/10.4153/CMB-1963-026-x Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1963-026-x


Figure IV 

Figure V 
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, In F i g u r e II the four ou te r edges a r e supposed to r a d i a t e to 
a s ix th v e r t e x a a t infinity (in a s t e r o g r a p h i c p ro j ec t i on of the 

s p h e r e ) . The point at infinity is a l so a v e r t e x in F i g u r e III, 
in the f i r s t d i a g r a m of F i g u r e IV and in the f i r s t and second 
d i a g r a m s of F i g u r e V. 

Before going any fu r the r we m u s t show tha t our l i s t of 
s i m p l e t r i a n g u l a t i o n s of f rom 4 to 9 v e r t i c e s is c o m p l e t e . 

Let M be a s imp le t r i a n g u l a t i o n defined by a g r aph K. 
Le t it have n v e r t i c e s , w h e r e 4 < n < 9. 

We o b s e r v e tha t no two faces of M have the s a m e t h r e e 
v e r t i c e s . O t h e r w i s e they would have the s a m e bounda ry , t h e i r 
union with it would be the whole s p h e r e , and n would be 3 . 
Hence no two faces have two s ides in c o m m o n , and t h e r e f o r e 
the va l ency of e a c h v e r t e x i s at l e a s t 3 . 

Le t v be a v e r t e x of v a l e n c y k. Its k inc ident f a c e s , 
with t h e i r inc ident edges and v e r t i c e s , cons t i tu t e a c l o s e d 
s imply connec ted r eg ion R bounded by a polygon P m a d e 

up of k v e r t i c e s and k edges of K. If we count v a s be ing 
"inside1* P the o ther n - k - 1 v e r t i c e s of M not on P 

v v 
wi l l be ou t s ide P . We note tha t P h a s no d iagona l in K, 

v v 
tha t is no edge of K jo ins two n o n - c o n s e c u t i v e v e r t i c e s of P . 

F o r such a d iagona l , t o g e t h e r with the edges of K jo in ing i t s 
two ends to v , would cons t i tu t e a s e p a r a t i n g t r i a n g l e . 

Le t a be a v e r t e x of M of m a x i m u m va l ency m . 
Suppose f i r s t tha t t h e r e is no v e r t e x outs ide P . Then m = 3 

a 
and n = 4 for o t h e r w i s e the ou ts ide of P would be subdiv ided 

a 
into two or m o r e faces and P would have a d iagona l in K. 

a 
Th i s is the c a s e i l l u s t r a t e d in F i g u r e I. 

In the r e m a i n i n g c a s e m > 4 and n > 6, s ince o t h e r w i s e 
P would be a s e p a r a t i n g t r i a n g l e , 

a 

Suppose t h e r e is j u s t one v e r t e x , b say , ou t s ide P . 
a 

E a c h edge of P i s inc ident with a face not having a R? a 
a 

323 
https://doi.org/10.4153/CMB-1963-026-x Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1963-026-x


ver tex . Since P has no diagonal in K this face must be 
a 

incident with b . Hence each ver tex of P is joined to b by 

an edge of M. This is the case i l lustrated by Figures II and 
III and the first d iagrams of Figures IV and V. 

In the remaining case there a re at least two ve r t i ces 
outside P . If b is any one of these it is joined by an edge 

a 
of K to another. For suppose not. Let c be any ver tex , 
other than b, outside P . The edges incident with b join it 

a 
only to ver t i ces of P , and any two consecutive ones a re sides 

a 
of a face having b as a ver tex . Since P has no diagonal in 

a 
K it follows that b is joined to each ver tex of P . The edges 
incident with b thus subdivide the exter ior of P into faces. 

a 
One of these has c in its inter ior and a in its ex te r ior , 
contrary to the hypothesis that M is simple. 

We have shown that K has edges with both ends outside 
P . At least one such edge must be incident with a face whose 

third ver tex , x say, is on P . But then x is at least penta-
a 

valent. So in the case still outstanding m > 5 and n > 8. 

Suppose two ver t i ces b and c outside P a re joined 

by an edge be of K, and that the two faces incident with be 
have their third ve r t i ce s , x and y say, on P . The points 

a 
x and y partit ion P into two a r c s L. and L.1 . We may 

a 
suppose that the a r c s xby and xcy subdivide the exter ior of 
P into three regions, S bounded by L. and xby, S 

a l ù 
bounded by xby and xcy, and S bounded by xcy and Lf . 

We observe that L must have at least one internal ver tex , 
that is a ver tex distinct from x and y, for otherwise L. and 
xcy would define a separating t r iangle . Similarly U has at 
least one internal ver tex . 

If m = 5 we may suppose L to have one internal ve r tex 
u and U to have two, v and w say, w being adjacent to 
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y on P (Figure VI). 

Figure VI 

Now x is already joined to a, b, c, u and v. Since its 
valency is at most 5 we have to complete the t r iangles xbu and 
xcv. Similarly, replacing x by y, we must complete the 
triangle cwy. We cannot inser t a third ver tex outside P 

a 
without introducing a separating tr iangle. We have now con
structed the second diagram of Figure IV. 

If m = 6 there a re two possibi l i t ies . Either L has one 
internal ver tex and U has th ree , or L, and U have two 
each. In each case we can complete the triangulation only by 
joining b to all the internal ver t ices of L, and c to all those 
of Lf . The two resulting triangulations correspond to the 
second and third diagrams of Figure V. 

In the remaining case m = 5, there are just three 
ver t ices b, c and d outside P , and these are the ver t ices 

a 
of a face of M. The second faces incident with be, db and cd 
have ver t ices x, y and z respectively on P . The ver t ices 

a 
x, y and z must be distinct. If for example x = y then the 
edges db, dx and bx define a separating t r iangle . The ver t ices 
x, y and z separate P into three a r c s L , L. and L, , 

a xy yz xz 
where the suffices indicate the ends of the corresDonding a rc 
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( F i g u r e VII), 

F i g u r e VII 

We can only c o m p l e t e the t r i a n g u l a t i o n by jo in ing b to 
the i n t e r n a l v e r t i c e s of L , c to t h o s e of L» and d to 

xy xz 
t hose of L, . H e n c e , s ince m = 5, we m a y suppose L 

yz xy 
and L to have one i n t e r n a l v e r t e x e a c h , whi le L h a s none , 

yz xz 
We a r e then f o r c e d to c o n s t r u c t the four th d i a g r a m of F i g u r e IV. 

Another way to e s t a b l i s h the c o m p l e t e n e s s of our l i s t of 
s i m p l e t r i a n g u l a t i o n s would be to m a k e use of the e n u m e r a t i v e 
r e s u l t s of [4] . 

3. T e s t s for n o n - p l a n a r i t y * The t h e o r e m of K u r a t o w s k i 
on n o n - p l a n a r g r a p h s i s we l l known [ l , 3] . It s t a t e s tha t a 
g raph is n o n - p l a n a r if and only if one of i t s s u b g r a p h s is a sub
d iv i s ion of the T h o m s e n g r a p h or the c o m p l e t e 5 - g r a p h . The 
Thorn sen g r aph h a s 6 v e r t i c e s a , a , a . b , b . b . and 

1 2 3 1 Z 3 

9 e d g e s , e a c h a, be ing jo ined to e a c h b . by a s ing le e d g e . 

The c o m p l e t e 5 - g r a p h h a s 5 v e r t i c e s a , a , a n , a , a , and 

10 e d g e s , e a c h p a i r of v e r t i c e s be ing jo ined by a s ingle e d g e . 
Subdiv is ion is effected by b r e a k i n g s o m e e d g e s into a r c s of two 
or m o r e new e d g e s by i n s e r t i n g i n t e r n a l v e r t i c e s . 

F r o m t h i s t h e o r e m we m a y d e r i v e the fol lowing c o r o l l a r y . 
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(3, 1) A graph G is non-planar if one of the following proposi
tions is t rue 

(i) G has six disjoint connected subgraphs AÀ> A , A , 

B . B . B^ such that for each A. and each B we can find an 
1 2 3 i j 

edge with one end in A. and the other in B . 
i j 

(ii) G has five disjoint connected subgraphs A , A , A , 

A and A such that whenever 1 < i < j < 5 we can find an 

edge with one end in A and the other in A . 
~ i j 

The proof is straightforward and may legitimately be left 
to the reader . 

We shall use (3. 1) to tes t the complementary graphs of 
triangulations for non-planari ty. It will be convenient to have 
the following auxiliary theorems . 

(3. 2) Let N, defined by a graph J, be a triangulation of the 
sphere . Let it have a separating triangle T with three ver t ices 
a , a^ and a on one side and three ver t ices b , b^ and b 

1 2 3 1 2 3 
on the other. Then the complementary graph J5 of J is non-
planar. 

Proof. J* contains a Thomsen graph with ver t ices a , 

V V V V V 
(3. 3) Let Ns defined by a graph J, be a triangulation of the 
s p h e r e . Le t 
u and 
in the 
or b 

Q = a b cd be a q u a d r i l a t e r a l 
v in one r e s i d u a l doma in and t h r e e 

o t h e r . 
and d. 

v e r t i c e s x, y 

Suppoi se f u r t h e r that 
Then e i t h e r J 1 i s 

a n d z i s jo ined to 

no edge 

in J with 
: v e r t i c e s 
of 

n o n - p l a n a r 
a l l four of 

J j o in s 
1 o r one 
a , b , c 

two v e r t i c e s 
x, y and z 

a and c , 
of the 

and d 

by edges of J . 

Proof. Suppose neither x, y nor z is joined to both a 
and c in J . Let B be the connected subgraph of J* defined 

1 
by the ver t i ces a and c and the edge joining them. Let A , 
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A , A , B and B be s u b g r a p h s of J !- c o n s i s t i n g of the 
ù j ù -D 

s ing le v e r t i c e s x, y , z, u and v r e s p e c t i v e l y . Then condi t ion 
(i) of (3 . 1) ho lds for J 1 , and t h e r e f o r e J 1 i s n o n - p l a n a r . 

S i m i l a r l y J f i s n o n - p l a n a r if n e i t h e r x, y n o r z i s 
jo ined to both b and d in J . 

In the r e m a i n i n g c a s e we m a y suppose x j o ined to a 
and c in J , and s o m e w e { x, y , z} jo ined to b and d 
in J . But the a r c s axe and bwd, which lie in the s a m e 
r e s i d u a l d o m a i n of Q, m u s t c r o s s . Hence w = x. 

4. The t r i a n g u l a t i o n s of 9 v e r t i c e s . Le t N , def ined by a 
g r a p h J , be any t r i a n g u l a t i o n of the s p h e r e wi th 9 v e r t i c e s . 
By (2 .2 ) it i s e i t h e r s i m p l e o r d e r i v e d f r o m a s i m p l e t r i an£ la t ion 
M, defined by a g r a p h K wi th at l e a s t 4 v e r t i c e s , by subdiv id ing 
one o r m o r e of i t s f a c e s . In c a s e of amb igu i ty M i s to be c h o s e n 
to have a s m a n y v e r t i c e s a s p o s s i b l e . 

Suppose f i r s t tha t N i s one of the t r i a n g u l a t i o n s of 
F i g u r e V. F o r the f i r s t t h r e e J f i s n o n - p l a n a r by (3 . 3). 
The r e q u i r e d q u a d r i l a t e r a l Q = abed is m a r k e d in e a c h d i a g r a m . 

F o r the four th d i a g r a m le t A . , (i = 1, 2, 3), be the 

c o n n e c t e d s u b g r a p h of J ! def ined by a. and c . , wi th the 

edge jo in ing t h e m . Le t B . c o n s i s t of the s ing le v e r t e x b . . 

Then condi t ion (i) of (3 . 1) ho lds for J* , whence J ! i s non-
p l a n a r . 

Next suppose M i s one of the t r i a n g u l a t i o n s of F i g u r e IV. 
Then N i s f o r m e d f r o m M by subdivid ing one f a c e , the o r d e r 
of the subd iv i s ion be ing 1. J f i s n o n - p l a n a r by ( 3 . 3). The 
r e q u i r e d q u a d r i l a t e r a l abed i s aga in m a r k e d in e a c h d i a g r a m . 

Next suppose M i s the t r i a n g u l a t i o n shown in F i g u r e III. 
Two new v e r t i c e s a r e i n t r o d u c e d by the subd iv i s ion . Suppose 
f i r s t tha t they a r e in two d i f fe ren t f ace s of M not i nc iden t wi th 
the s a m e edge of the pen tagon a b e d e . Then they can be 
s e p a r a t e d by a q u a d r i l a t e r a l such a s dxby, and J* i s n o n -
p l a n a r by ( 3 . 3). 
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In the remaining alternative with Figure III the two new 
ver t ices may be supposed to be in tr iangles xab and yab, 
possibly in the same one of these t r iangles . Let the new 
ver t ices be v and w. We may suppose the notation adjusted 
so that v and x are not joined in J. It is clear that w is 
not joined to both x and y in J. Let A be the connected 

1 
subgraph of J f defined by the edges ad and bd. Let A 
be the one defined by the edges xy and vx. Let A , A and 

A consist of the single ver t ices c, e and w respect ively. 
5 

Then J* satisfies condition (ii) of (3.1) and is thus non-planar . 

Next we suppose that M is the triangulation shown in 
Figure II. Three new ver t ices b , b and b a re introduced 

by the subdivision. Let A., (i = 1, 2, 3), be the connected 

subgraph of JT defined by the edge a .c . , and let B. be the 

one consisting of the single ver tex b . . Then J1 satisfies 

condition (i) of (3. 1) and is thus non-planar . 

In the remaining case M is the triangulation of Figure L 
Suppose the face xyz has a subdivision of order s. Then the 
o rde r s of the subdivisions of the other three faces sum to 5 - s. 
Given a separating tr iangle T with all its ver t i ces inside or on 
the boundary of the face xyz, and which is not xyz itself, we 
can consider the operation of fusing all the faces, edges and 
ver t ices inside T so that they become a single face. Repeating 
this procedure sufficiently often we obtain a simple triangulation 
M with at least four ve r t i ces , one of its faces being the 

1 
exter ior of the face xyz of M. Evidently N is a subdivision 
of M and the associated subdivision of the face xyz of M 

1 1 
is of order 6 - s. 

But by the choice of M the triangulation M still has 

only four ve r t i ce s . It too can be represented by Figure 1. 

If s = 5 then 6 - s = 1, and no face of MJ has a sub-
1 

division of order higher than 4. 
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If s = 4 then 6 - s = 2, and no face of M h a s a sub-
1 

d iv i s ion of o r d e r h ighe r than 3. 

We can t h e r e f o r e r e d u c e to the c a s e in which no face of 
M h a s m o r e than t h r e e new v e r t i c e s of N in i t s i n t e r i o r . 

If now s o m e face of M con ta in s t h r e e new v e r t i c e s of N 
the g r aph J 1 i s n o n - p l a n a r by (3 . 2). 

In the r e m a i n i n g c a s e le t the 5 new v e r t i c e s of N be 
a, b , c, d and e . If two be long to the s a m e face of M d i s 
t ingu i sh one a s the l ead ing v e r t e x of tha t f ace . If a i s the 
l ead ing v e r t e x of a face F of M define A a s the connec t ed 
subg raph of J 1 given by the edge ax , w h e r e x i s the v e r t e x 
of M not inc iden t wi th F . O t h e r w i s e le t A c o n s i s t of the 
s ingle v e r t e x a. Define B , C, D and E s i m i l a r l y . Then 
J1 s a t i s f i e s condi t ion (ii) of (3 . 1) and is thus n o n - p l a n a r . 

Th i s c o m p l e t e s the proof tha t e v e r y t r i a n g u l a t i o n of 9 
v e r t i c e s ha s a n o n - p l a n a r c o m p l e m e n t a r y g r a p h . It now fol lows 
f r o m (2. 1) tha t the c o m p l e t e 9- g r aph i s not b i p l a n a r . 
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