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Abstract

oulomb interactions for the Free Helmholtz energy and the pressure are
studied in a partial new formulation which described more exactly the nu-
merical evaluation of many body theories.

41.1 Introduction

With regard to the EOS many activities have been developed to yield re-
sults which consider different phenomena, for instance pressure dissoziation
and ionisation, degeneracy, relativity, Coulomb- and non-Coulombic interac-
tions, pair production and charge mixing in different chemical compositions.

Various theoretical approaches are used in order to include exchange
and correlation effects for fully ionized or partially ionized matter (see e.g.
Salpeter and Zapolski 1967, Graboske et al. 1969, Hansen 1973, Pokrant
1977, Fontaine et al. 1977, March and Tosi 1984, Perrot and Dharma-
wardana 1984, Hubbard and Dewitt 1985, Dandrea et al. 1986, van Horn
1987, Kraeft et al. 1986, Ichimaru et al. 1987, Rogers and DeWitt 1987,
Dappen et al. 1988, Ichimaru 1990, Eliezer and Ricci 1991, Saumon and
Chabrier 1992).

For many applications (e.g. stellar evolution calculations or astroseis-
mology) it is necessary either to have algebraic formulae for the EOS or
extensive tables which supply the input informations at any density and
temperature. As a first step we present an analytical EOS for fully ionized

606

https://doi.org/10.1017/50252921100026695 Published online by Cambridge University Press


https://doi.org/10.1017/S0252921100026695

Stolzmann & Blocker: Padé-Jacobi approximants 607

multicomponent plasmas covering a large density-temperature range. The
EOS includes non-ideal effects due to exchange-correlation interactions of
charged particles at any degeneracy and is applicable to any chemical mix-
ture. Relativistic effects as well as ionic quantum corrections are taken into
account. The aim of this contribution is to derive explicite exchange and
correlation corrections for the Coulombic part of the EOS in an algebraic
form.

Recently, we presented results for the pressure (Stolzmann and Blocker
1993a,b) and a first application to the mass-radius relationship of white
dwarfs (Stolzmann et al. 1993). This paper will be devoted to a brief
overview of the theoretical background of our EOS concept.

41.2 Theoretical Background

We start with the Helmholtz free energy F of a fully ionized plasma con-
- sisting of a species which is given by

F(T,V,N,) =Y Fi 4 Feou! (1)
a
with Fl4 being the ideal free energy and F°°U! representing the Coulomb
interaction contributions of the free energy. We splitted the Coulomb con-
tributions in the following parts:

l ~
P = Fo + Foo + Fy + F§ + Fi' + F (2)
where x and ¢ denote the exchange and the correlation term, resp. Fee,
F;i and F. correspond to the electron-electron, ion-ion and ion-electron

. . . . CL . . . .
, interaction. In this notation F};! and F¥ describe ionic quantum corrections.
The pressure is given by the thermodynamic relation

oF _ )
P.TN) = - (55). 3)
or equivalent by the grand potential
-Q=P.V=G-F (4)

with the definition of the Gibbs free energy

G = Zl”aNu. and Ha = <

a

oF )
ONo/TV.NZN,

The equivalence hetween (3) and (4) is achieved by the elimination of the
chemical potential from the pressure (4) by means of an inversion procedure

—_—
It
~—
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described in detail by Kohn and Luttinger (1960), Stolzmann and Kraeft
(1979), Perrot and Dharma-wardana (1984), Rosler and Stolzmann (1987).
In equivalence to (2) the Coulombic pressure contribution is given by

peot = PX 4+ PS, + PY+ PS+ PS' + P (6)

Consequently, we apply in (2)

i 2kTV 3
Fit = B2 (o) + 300500 )
5
- (e + 325w, 0)) } (™)
with the De Broglie wavelength A, and the relativity parameter A
A = 2R A= AT (8)

V2menkT me?

The electron degeneracy parameter ¢ is defined implicitly by the density

2 3
Ne = A_g (Jl/z('iﬁ, A)+ /\§J3/2("/)»/\)) (9)
d n]‘A? A .

F = kTVXj:n,- Inf{—=+)-1 (10)
According to Kovetz et al. 1972 we used for the lowest order exchange
interaction

F} _ e? 1

=f& = J5 (i, N). 11

NkT 7% wAd n kT rel (5 ) (11)
with the relativistic Hartree-Fock integral JX,(v,A). The non-relativistic
conditions can be described by the fit formula of Perrot and Dharma-
wardana (1984). We determine for the electron-electron correlation term
the new Jacobi-Padé approximation

Foe _ quZ” — ayl8ec(rs,0)/kT
N.kT ce 1+a1I‘2/2 + ayI'8

C

(12)

The ground state energy ¢, can be taken from Salpeter and Zalpolsky (1967),
Vosko et al. (1980) or Ebeling and Richert (1985). The Coulomb coupling
parameter I' describes the ratio of the Coulomb potential to the kinetic
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energy. The Jacobi-Padé approximants of the ion-electron and ion-ion in-
teraction are proposed by Ebeling (1990):
B _ g —coD — ¢, TY %,
NkT ~ 7 7 T3 (60 1 2ca a1 + (cs/T2)12]) + oL

572 (13)

Fi§ - € — _ bﬂrflz + bgl‘?/zen
NikT 7" b T2 4,10

(14)

The energy ;e is adopted from Ebeling (1990), Hubbard and DeWitt (1985),
DeWitt and Hubbard (1976) and Galam and Hansen (1974) whereas ¢;
consists of Madelung-like and thermal energy and is taken from Stringfellow
et al. (1990). Ionic quantum corrections (for the near-classical limit) can
be considered according to Chabrier et al. (1992) (see also Nagara et al.

1987):
F;ciq cq 3 ¢ ; L — 0O —-'y()
mzf“ ::221@i+2111<1—e )+1H( )
-31n G, +2.71848-—S‘Deb(@i) (15)
with the approximation for the Debye integral Spep(0;):
2 1 1
JDel)(() ) : (l())

31 +0.4300; + 3 (00;)°

Leaving the classical region symmetry effects become important. We try
to determine the exchange free energy in the lowest order approximation
(Hartree-Fock exchange) by

il x t+ o€l — 136 + tagf 1 |
= fX = —toT; . - tanh — 17
NikT ~ M R P R (4
analogous to the treatment of the electrons by Perrot and Dharma-wardana
(1984).
4\ 1 o Ty, .
G=96 (97r) o7 %= 37 (18)
Straightforward we obtain with (3) - (5) for the pressure
a 2kT 5
P;l = A3 (J'-;/,z('(/), /\)+ ZAJ5/2(’¢),/\)> ‘ (19)
P4 =kT> n; (20)
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P, _  sole” — s3T8uc(rs,0)/kT

= - f (21)
nekT 14 slI‘e/ + s8¢ e
s 0c(1s,0)
75,0) = £c(rs,0) = = ——— 22
pe(re,0) = ee(rs, 0) = 22T (22)
The pressure of the ion-electron and the ion-ion interaction is given by

P c 3 1
7 = ~Die- {Eorf/z + ('2‘5ie + 3 (hie — die)) c2T3/?

3
+ (2 1‘3/2 + cq (lncs -1+ ) F3/2 + §Czr2/2) . ;}(23)

P 3/2 [bo 3 hij 3 (bl 3 3) }
= — ; =b
n.kT Dy, { > + (2 cu + 3 ) b Ty + > + = 5 2T ) £S5 3(24)

Die and Dj; are the denominators of (13) and (14), resp., whereas hy, and
dym are defined by

O¢ ot 3\

him = T dIl\m dim = 1g d::l Ts = (47rne) (25)
Finally, the ionic quantumn corrections can be determined by
P,fq 3 1 0, 3
- —_ 26
mkT = 3710 T g e o + g Spen(®) (26)
it 1+ g€l - @ + et

- _T. — fX 27
i kT rlq() 1+ (14€12 + q5€i4 fn ( )

A detailed description of our investigations is given by Stolzmann and
Blocker (1993c).
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