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( r ece ived N o v e m b e r 4, 1966) 

In t roduc t ion . In th is note we c o n s i d e r a r e l a t i v e l y anc i en t 
s t ab i l i t y p r o b l e m : the behav iour of so lu t ions of the second o r d e r 
d i f f e ren t i a l equa t ion x + f(s) x = 0 , w h e r e f(s) t ends to p lus 
infinity a s s t ends to p lus infini ty. An ex t ens ive s u r v e y of the 
l i t e r a t u r e conce rn ing th is p r o b l e m and a r e s u m e of r e s u l t s m a y 
be found in [ l ] . M o r e r e c e n t l y McShane et a l . [2] have shown 
tha t the add i t iona l a s s u m p t i o n f(s) >_ 0 is not suff icient to g u a r a n 
tee tha t a l l so lu t ions tend to z e r o as s tends to infini ty. Our 
a i m is to d e m o n s t r a t e a new c r i t e r i o n for which al l so lu t ions do 
have the above p r o p e r t y . This c r i t e r i o n o v e r l a p s m a n y of the 
c a s e s h e r e t o f o r e c o n s i d e r e d . 

1. Cons ide r the s y s t e m 

(1) x + f(s) x = 0 

w h e r e we a s s u m e 

ASSUMPTION 1. f(s)-*oo as s -> oo , and — e x i s t s and 
d s 

i s cont inuous on fs , oo) for s o m e s > 0 
o o — 

We define a new v a r i a b l e 

(2) t = / S [ f (u) ] 1 / 2 du . 
o 

Under th is change of v a r i a b l e (1) t r a n s f o r m s into the s y s t e m 

(3) x + | [ ^ - ^ y ] + x = 0 , w h e r e f(t) = f(s(t)) 

(now . = — ) . F o r s imp l i c i t y we w r i t e 
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(4) F( t ) - ^ ^ - 1 -
( 4 ) F ( t ) ~ dt f(t) • 

L e t 

(5) 
x(t) = r ( t ) cos [- 0 ( t ) ] , 

x(t) = r ( t ) s in [- 0(t) ] 

i . e . , we w r i t e x and x in t e r m s of p o l a r c o o r d i n a t e s . 

The p o l a r f o r m of the equa t ions in (5) can now be w r i t t e n 

(6) 

(a) ^ ~ = - F ( t ) r 2 s i n 2 (-0) , 

(b) ft = 1 + ^ sin (-20). 

2 
An i n t e g r a l r e p r e s e n t a t i o n for [ r ( t ) ] i s g iven by: 

(7) [ r ( t ) ] 2 = rZ
Q exp [ - fi F(u) s i n 2 [ -0 (a ) ] da ] . 

Our ob jec t ive i s to s t a t e condi t ions for which the i n t e g r a l 
on the r i g h t s ide of (7) d i v e r g e s a s t t ends to inf in t i ty . Th i s 
l e ads to our second a s s u m p t i o n . 

ASSUMPTION 2 . F( t ) -> 0 as t - * oo . 

As can be s e e n f r o m the f o r m of F( t ) , th i s i s a v e r y weak 

a s s u m p t i o n s ince i t m e r e l y i m p l i e s tha t —• [f(s)] -> 0 a s 

B e c a u s e of a s s u m p t i o n 2 and equa t ion 6(b) we m a y r e p l a c e 
t in equa t ion (7) by 0 , s ince t h e s e imply , for t suff ic ient ly 

l a r g e and t >_ t , tha t 

0 - 0 = t - t + A (t) , r r o o 1 

w h e r e -*• 0 as t -** oo . With th is change of v a r i a b l e we can 

r e w r i t e (7) a s 
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(8) [ r ( 0 ) ] 2 = rZ
o exp [- ft F(s(o)) s i n 2 ( - f f ) [ l + ^ $ - s i n ( -2* ) ] " V l -

^ O 

The t e r m in the i n t eg rand in (8) can be r e w r i t t e n as 

00 

[F(s(ûr)) s m (-a)] S ( - 1 ) [ — ^ ' J 

i=0 

(9) 
= [F(s(*)) s in (-*)] [1 + F(s(a)) V(a, s(a))] , 

w h e r e V i s a funct ion which tends to z e r o as s(o') t ends to 
inf ini ty . 

Again applying a s s u m p t i o n 2 to equat ion 6(b) , we s e e that 
for t suff icient ly l a r g e s(a) - a + AÂ(a) , w h e r e s(é ) = t 

o 1 r o o 
A (or) 

and l im = 0 . Thus , for t suff icient ly l a r g e , the 
a o 

a - * 00 

i n t eg rand in (8) m a y be w r i t t e n 

(10) F(a + A2(or)) s i n 2 ( - * ) [ l + F (a + A (or)) V (or)] , 

w h e r e now V (a) t ends to z e r o as a t ends to inf ini ty . 

A sufficient condi t ion for the d i v e r g e n c e of the i n t e g r a l in 
(8) now b e c o m e s : 

ASSUMPTION 3 . The i n t e g r a l f°° s in (-or) F{a+A(a)) do

i s d i v e r g e n t when the p e r t u r b a t i o n A(a) s a t i s f i e s the condi t ion 
A (or) n 
—*—L -*- 0 a s or-* 00 . 

a 

We a r e now in a pos i t i on to s t a t e the following r e s u l t s . 

T H E O R E M 1. If the F( t ) , induced by the f(s) of 
equa t ion (1) by m e a n s of equa t ions (2) and (4), s a t i s f i e s a s s u m p 
t ions 2 and 3, and f(s) s a t i s f i e s a s s u m p t i o n 1, then a l l so lu t ions 
x(s) of equa t ion (1) tend to z e r o a s s tends to inf ini ty . 

E x a m p l e 1. Le t f(s) = exp as (a> 0) . A s s u m p t i o n 1 is 
2a 

sa t i s f i ed for s > 0 . The induced funct ion i s F( t ) 
o-(t+l) 
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which is easily seen to satisfy assumptions 2 and 3 . 

Example 2. Let f(s) = s (n > 0 an integer). Again f(s) 

satisfies assumption 1, and the function F(t) induced by f(s) is 

2n 1 
F(t) = r "~ which satisfies assumptions 2 and 3. 

These two examples are special cases of a condition which 
we state as a corollary to the above theorem. 

COROLLARY. If f(s) satisfies assumption 1 and 

lim t F(t) = B , a positive constant, then all solutions x(s) of 

t-> oo 

(1) tend to zero as s tends to infinity. 

Proof. The condition on F in the statement of the 
corollary is a special case of assumption two. Hence to prove 
the corollary we need only show that assumption three holds. 

Suppose A{a) is a function such that —* > 0 as a-*- oo . 
a 

Let € and h be any two positive constants subject only to the 
restrictions 0 < e < B and 0 < h < 1 . By the hypotheses of the 

corollary we can find an a (h, € ) > 0 such that | A (a) \ < ha and 
B - e ° 

F(a)> for a> a . Hence 
a ~~ o 

2 B- 2 a 

F(a + A(a)) sin (-a) > ,. ,. x sin (-a) for a > —7 . 
— o(l+h) — 1-n 

o- 1 -i r00 ^ ~ € • 2 . 

Since the integral / —7-—r~. sm (-a)QQ! is divergent 

assumption three holds and the corollary is proved. 

Example 3. We now consider an example which is not 
covered by any results known to us. In this example the deriva
tive of f(s) assumes non-positive values on an infinite subset 

of R . Let f be defined such that, under the change of vari
ables (2), f(t) assumes the form 

f(t) = t + a sin t+k 

where a>_ 1 and k is a constant which insures f(t) is positive 
for all t > 0 . It follows that 

| f = [ f ( t ) ] " 1 / 2 = [ t + * sin t + k ] " 1 / 2 
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and 

df df dt tt w . , ,1/2 
_ = _ __ = ( i + a cos t) (t + a s in t + k) 
a s dt ds 

Thus —• a s s u m e s n o n - p o s i t i v e va lue s on a s e t of infini te 
ds 

m e a s u r e if a > 1 and f(s) s a t i s f i e s a s s u m p t i o n 1. The induced 
function i s : 

- 1 
F( t ) = (1 + cos t) (t + k + sin t) 

Hence F( t ) s a t i s f i e s a s s u m p t i o n 2. Tha t it a l so s a t i s f i e s 
a s s u m p t i o n 3 i s an e x e r c i s e in i nequa l i t i e s which we b y p a s s . 
Thus we see that a l l so lu t ions of (1) with f(s) defined as above 
tend to z e r o as s tends to infini ty. 

If f(s) and F( t ) sa t is fy r e s p e c t i v e l y a s s u m p t i o n 1 and 
a s s u m p t i o n s 2 and 3 then e v e r y i n t e g r a l of (1) tends to z e r o as 
s t ends to inf ini ty . On the o ther hand, s ince the Wronsk ian 
a s s o c i a t e d wi th any p a i r of l i n e a r l y independent so lu t ions of (1) 
i s cons tan t , this i m p l i e s tha t a l l n o n - t r i v i a l so lu t ions of ( l ) h a v e 
d e r i v a t i v e s whose l im sup is inf in i te . 

If (x , x ) and (x , x ) a r e independen t so lu t ions of (1) 
1 1 2 2 

then the Wronsk i an i s cons t an t and can be w r i t t e n in the f o r m 

WQ = f ( s ) 1 / 2
 X i ( s ) f ( s ) " 1 / 2 i 2 ( s ) - f ( s ) 1 / 2 x 2 ( s ) f ( s f 1 / 2 x ^ s ) . 

- 1 / 2 d X i ( t ) 

By what we have shown a l r e a d y f(s) x . (s ) = — (i = 1, 2) 

which tends to z e r o as s t ends to inf ini ty . Since each x . (s ) 

v a n i s h e s an infinite n u m b e r of t i m e s on R we conclude that 

l im sup | x . ( s ) | f ( s ) = oo . This r e s u l t can a l so be found in [3] , 
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