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Alternative Proof of a Theorem in Change of Axes.
By Professor Jack.

If by a.ny change of axes az®+ 2hxy+by® be changed into
a'z?+ 2h'x'y + b'y"?, then will

a+b —2hcosw  a'+ ¥ — 2'cosw’
sin’w N sin®w’ ’
ab - ? a’t — h”
u.nd T = e
sinw sinw
Ficure 3.
Let OX, OY be first axes ; OX’, OY' second axes;
. X0Y =o, LX0Y =w'.
Take OA a fixed line in the plane.
Let ~ AOP=4.
Let - AOX =aq, L AOX' =ad'.
LMOP =0 —aq, LMOP=6-a';
and LOPM=0-(0-0)=0-0+aq, 2 OPM =o' -0+
Let OP=r (same in both cases).
Now oP OM __MP
° sine  sin(w-6+a) sin(f-a)’
x=,rsm(m.— 0 +a) and y=r sm(0 - a.)
sine sinw
Similarly ' = rM and y' = m—)
sinw sinw’
Substitute these values of xy, 2y in ax®+ 2hxy+by* and
a'z® + 2 x'y’ + b'y” respectively ; then
.*r- {asm w — 0+ a4+ 2hsinw — § + a sinf - o + bsin®d — a}
sin’w
2 ——
- {a'sinﬂw' Z0F o + 2W'sing — 6+ o'sinf — of + b'sin - a'}
Sinw
2
Multiply by i and simplify (by trigonometry},
. si; (1 - cos — 20 + %) + 2h(cosw — 20+ Ba ~ cosw) + b(1 - cos28 — %a) }

= i ,{a,(l cos2w’ —20+2a’) + 2h'(cosw’ — 20 + 2a’ — cosw’) + b'(1 ~ cos20 — 2«')}.
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Expand and arrange, grouping the coefficients of cos26, sin26;
" a—2hcosw+b

———{ = cos26(acos2v + 2a - 2hcosw + 20 + beos2a)
sin’w —_— - .
—sin26(asin20 + 2a — 2ksinw + 2a + bsin2a)

a' — 2h cosw’ + b’

=——uy1 —cos20(a’cos2w’ 4 2a’ — 2h'cosw’ + 2a’ + b'cos2a’)
sin’w -_ .
—sin260(a'sin20’ + 20’ - 2/sinw’ + 2a’ + ¢'sin2a’)
Now if

{ + mcose + nsing = I’ 4 m'cose + n'sing
holds for all values of ¢ then must

’
l =7,

.
m =,

n=n" and

mi 4+t =m 4 n
Hence from above

«—2hcoso+b a’ - 2k cosw’ + b’ )

- — ; 1
sin*w sin’w’ ()
and

1 [ (acos2w+ 20— 2hcosw + 20 +beos2a)’| 1 f asimilar )
Sin'o | + (asinZo + 2a — 2hsine + 2a + bsin2a)?| _ sin‘o’ | expression | ’
1 {a"’ + 407 4 0°

. __1 [ asimilar |

TTosinte| ~ dhcoso(a + b) + 2abcosQwJ’ - sin‘w"l expression J .
] 1 f(a—2hcosw+0)*| 1 [(a'—2Wcosw +8) |

©Tosinte| 4 4(1* - ab)sin’w “sinto’| 4 4(h" — o' )sinw’

Take from both sides the squares of the equals (1)

. a - 2hcosw + D\
e, (—M————

(a' ~ 20/ cosw’ + b')2 1)
sin‘w sin‘e’ v
4(2* - ab)sin®e HA* - a'b)sin®e’

sin*ow sin‘e’ ?
Rk —ab 2= a't 5
v sin*m - sin‘e’ ° )
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