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1. Introduction

Let G be a finite group generated by n elements and defined by m relations,
then G has a presentation, G = {x,, ..., x,| Ry, ..., R,} = F/R, where F is
free on generators x, ..., x, and R is the normal closure in F of R, ..., R,,.
The deficiency of this presentation is n—m. Since G is finite the deficiency is
non-positive and the deficiency of G is the maximal over the deficiencies of all
presentations for G.

The torsion part of R/[F, R] is a presentation invariant and is known as
the Schur multiplicator of G. It is an open question as to whether a finite
p-group with trivial Schur multiplicator has zero deficiency. One way to
obtain a finite p-group, G,, with trivial multiplicator is to take a finite group, G,
with zero deficiency and let G, be the maximal p-factor of G.

One of the few known classes of finite groups with zero deficiency is given
by Macdonald (1). A member of this class is presented by

Go, p)={a,blc=a"'b"'ab, c"lac = a* cbc™' = bF}.

In this paper we show that for p an odd prime, the maximal p-factor of
G(o, B) has zero deficiency.

2, Preliminaries

In this section we give some results concerning the deficiency of factor
groups of groups with zero deficiency. The following theorem (2, Theorem
2.1) is stated without proof.

Theorem 2.1. Let G be a finite p-group with presentation G = F/R and
suppose the vector space RJ[F, R]R? has dimension m. If we take any set of
m elements R, ..., R,, of R, linearly independent in R modulo [F, R]R? and let
K = F/S, where S is the closure of Ry, ..., R, in F, then G is the maximal p-
factor group of K, in the sense that if A is a finite p-group which is a factor group
of K then A is a factor group of G.

- Ry is a

1’

Corollary 2.2. Let M = {x,, ..., x,| R;,, ..., R;} where R;
subset of Ry, ..., R,. If M is a finite p-group then G = K.

Proof. K is a factor of M and hence KX is a finite p-group.
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Lemma 2.3. Let G = {xy, ..., X, | Ry, ..., R,} = F/R and
G/N = {xl, ooy X I Rl’ oy Rm, Sl’ ceey Su} = F/S
then if R;, ..., R;, are linearly independent in S modulo [F, S]S? they are linearly
independent in R modulo [ F, R]RP.

Proof. The natural mapping R/[F, R]R? into S/[F, S]S? is a homomorphism
and hence a linear transformation of the respective vector spaces.

Theorem 2.4. Let G be a finite p-group with zero deficiency and N a normal
subgroup of G contained in the derived group of G, then G/N has trivial multi-
plicator if and only if N = 1.

Proof. Take presentations for G and G/N to be

G={xy, ..., X, | Ry, ..., R,} = FIR
and
G/N = {xy, ..., X, | Ry, ..., R,, Sy, ..., S,} = F/S,

where S; € F', then R,, ..., R, are linearly independent in S modulo [F, S]S?
and hence if G/N has trivial multiplicator then G/N is the maximal p-factor of
G. However, G is a finite p-group and therefore G/N = G. Conversely, if
G/N does not have trivial multiplicator then G/N # G and hence N # 1 and
the theorem is proved.

Hence if we give a presentation with zero deficiency which defines a finite
p-group, G, and we show that G ,(«, f) is a factor group of G and that

G/G' = G,/G,,
then G = G,(«, f).
3. The Main Results

Let p be an odd prime and consider the maximal p-factor, G,, of a Macdonald
group, i.e.,

G,={a,blc=a"'b"'ab,c lac=a'*", chc™ = b, P =1, b =1,}

where (j, p) =1, (k, p) =1, and r, s, o, B are some positive integers. We
have for suitable v, v and w that

c Vac = a'tP, ¢c7"be™ = b1P and ¥ =a""b la%b,

where (4, p) = 1, (v, p) = 1 and v is a power of a primitive root, y, in the range
0<y<2p. Further since a7 = 1, we may replace w with y = w+6 where
p* divides 6 and v divides y. Note that a>r.

Lemma 3.1. y = 1+412p", where 1+2¢ % 0 modulo p.

Proof. We have that (1+,p")* = 1+p" modulo p*. Hence 14+ujp" = 1+4p"
modulo p'*! giving that u4j = 1 modulo p. Also

b~ la*h = (ac)u = gt +ip A +jpy—1)/ip”
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and
a™e' = cua(l +jp’)"uw.
Equating right-hand sides gives that
A +jp)* tuw = (1 +jp")*~ 1)/jp" modulo p°.

r+1

Since y = w modulo p"* " we have

1+ (u—1)jpuy = u+u(u—1)jp/2 modulo p'**,

whence y = 1 modulo p". Let y = 1+¢p" then substitution, cancellation and
division by p" yields ut+u(u—1)j/2 = 0 modulo p, whence 2t = j—uj = j—1
modulo p and we have 14+2¢ = j # 0 modulo p which proves the lemma.
Hence we may choose, with a change of generators, a presentation for G,
of the form

G,={a, blc=a"’b"'ab, c"'ac = a'*”, ¢ b’ = b'*¥, a*" =1, b’ =1},

where y = 14+1p", 14+2¢ 5= 0 modulo p, (v, p) = 1, v divides y and the only
primes dividing v lie in the range 0 to 2p. Let

H={a,b|c=a"?b 'ab,c 'ac=a'*?, c™"bc’ = b' *7},

then G is a factor group of H and by the previous section when we show that
H is a finite p-group we have shown G = H and hence G is a two generator-
two relation finite p-group.

The following calculations are all in H.

Lemma 3.2. a, b and c have finite orders.

Proof. We have that ¢® = b~ 1a°hg ™YL PN +PY=DIF p=vguev — gv(1+p7)”
and ¢°bc® = b'*7* whence by Section 4 of (3) @’ b and c® generate a finite
group since v divides y.

Lemma 3.3. The order of ¢ divides the order of a.

Proof. Suppose the order of a is m, then by raising the relation 5~ 'ab = a’c
to the power m we have ¢™ = g Y1 *P)(A+2)™ - 1)/F whence since the right-hand
side commutes with c, the relation ¢~ 'ac = a® *7 gives that m divides

yA+pH)([(1+p)"=1).

However, the power of p which divides m also divides ((1+p7)"—1)/p" and
hence " = 1.

Lemma 3.4. a has p-power order.

Proof. Since ¢" = 1, we have that m divides (1+p")"—1)/p". Suppose q
is the smallest prime dividing m and suppose 0 <g<p, then

(1+p"H" =1modulo g, 1+p"# 1 modulo g,

therefore some prime dividing g—1 divides m or ¢ = 2. In either case ¢ = 2
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since g is the smallest prime dividing m. However, m is odd and therefore
q = p. Therefore p is the smallest prime dividing m.

Similarly, if ¢ is a prime dividing m and 0<gq<2p then p divides g—1 or
p = q and hence g = p. Hence (v, m) = 1.

Finally, suppose ¢ is the largest prime dividing m and that ¢ ## p. Let
m’ = m/q then by Section 3 of (1) we have that m divides (1+p")™ —1) and
hence m divides (14 p")™ —1)/p" giving that b~'a™'b = ¢™. Therefore

b™b™!=a™ = c™b*

for some z. Conjugation by ¢ and elimination of ¢™ gives that a”™ = b*" for
some ¢’ whence a”™ is central and hence conjugation by c gives that g?*™ = 1.
However, this implies that ¢™ = 1 and therefore ¢ = p.

Lemma 3.5. We may solve the equation c® = a~*b~1a*b where (x, p) = 1.
Proof. b~ 'a*b =(a’c)* = F@?PNAPY=DIF and  g%c* = ¢Ta*(1*PI*
Therefore, if the order of a is p", we need to solve the equation
x(L+pY ™! = y((1+p")*—1)/p" modulo p".
This equation reduces to f(x)p" = 0 modulo p" where f(x) = 2x(x—1-21)
modulo p. Note that y = 1+1p" where 14+2¢ # 0 modulo p. We show by
induction on » that f(x) = 0 modulo p" has a solution coprime with p for
any n. For n = 1 we have the solution x = 1+2¢.
Assume that f(x;) = 0 modulo p', therefore f(x,) = kp’ for some k, where
f(x) = ap+a,x+ax*+...4+a,x". Wetry x = x;+6p’ and we have
F(x) = ag+a,(x;+6p) +a,(x; 4+ 8p'Y +... +a,(x;+ 6p)"
= a0+alxl+azxi2+...+amx;"
+a,6p'+2a,x,0p' + ...+ ma,x" " 15p" modulo p'*!
= kp'+8p'f’'(x;) modulo p'*!
= (k+82(1 +20)p* modulo p**1.
Hence we need to solve the equation
k+26(1+2f) = 0 modulo p,
whence § = —k/2(1+2¢) will do.
Lemma 3.6. H is a finite nilpotent group.
Proof. H is generated by a* and b with relations, ¢* = a~*b~'a*b,
¢ *a¥*= ax(l+p")"’

¢ *bc* = b* for suitable z and hence H is a factor group of a Macdonald

group and therefore nilpotent.
However H/H' is a finite p-group and therefore H is a finite p-group. Also

H/H' = G,/G, and hence H = G, giving
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Theorem 3.7. The maximal p-factor of a Macdonald group is a group with
zero deficiency.
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