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RATIONAL APPROXIMATION TO x» II 

D. J. NEWMAN AND A. R. REDDY 

Introduction. In 1858 Chebyshev showed that xn+l can be approxi
mated uniformly on [—1, 1] by polynomials of degree at most n with an 
error 2~n. Let 0 g a ^ (n + l)tan2(7r/2n + 2). In 1868 Zolotarev 

can be approximated uniformly on r w + i <JX'° established that 
[ —1, 1] by polynomials of degree at most (n — 1) with an error 
2~n(l + a/n + l)w + 1 . It is interesting to note that for the case a = 0, 
Zolotarev's result includes Chebyshev's result. Achieser ([1], p. 279) 
proved the following analogue for rational approximation. Let a0 ^ 0, 
eh, «2, ^3, . . . , an be any given real numbers. Then for every N > n, 

m in max av2 x n |X| 

where X is numerically the smallest root of the polynomial 

cn - X 
cn-l 
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[mj2] / 

2=0 \ 

N — m + 2i 
i (m = 0 , l , 2 , 3 , . . . , w ) . 

Achieser's result fails to give information when one wishes to approximate 
xn+1 on [ —1, 1] by rational functions of the form pn-i(x)/gm(%)j where 
m > n. In this connection Newman [2] has proved the following: 

THEOREM N. Let s and n be any non-negative integers; we have then 
I. There is a p(x) of degree <n and a q(x) of degree 2s such that through

out [ - 1 , 1] 

(1) q(x) 
< 2l~n(S + n ~ 3) * 
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II. If p(x) is of degree <n and q{x) is of degree f^2s then, somewhere in 

[-1,1] 

(2) q(x) 
> 2 -2-nh + U + l\ 

The above results of Achieser [1] and Newman [2] fail to provide 
information regarding the approximation of xn on [0, 1] by reciprocals 
of polynomials of degree n. When n is small and 5 is large the bounds 
obtained in (1) and (2) do not match each other. 

In Theorems 1 and 2 of this paper we obtain error estimates to xn 

on [0, 1] by reciprocals of polynomials of degree n. In Theorem 3 we 
obtain a lower estimate to xn on [0, 1] by rational functions of the form 
pi-i(x)/qm(x) for each 0 ^ /' t== n — 1, and m ^ 0. In Theorem 4 we 
obtain an upper estimate to xk on [0, 1] by rational functions of the form 
xk~l/pn(x). 

Notation. Let g(x) = ^T=-œ akx
k. We denote the analytic part of 

the series as A (g(x)) = ^g=o (-hx*- As usual Tn(x) denotes the Cheby-
shev polynomial of degree n. Throughout our work we use ||^(x)|| to 
denote max-i^x^i\p(x)\. 

LEMMA 1. [2] Let p(x) be any polynomial of degree Sm, and \\p(x)\\ ^ 1. 
Then 

i¥) < 2" 
*(N- 7). 

where 

N 
m + n 

LEMMA 2. ([4], p. 68) Let p(x) be a polynomial of degree at most n 
satisfying the assumption that max \p(x)\ rg L on the segment [a, b]. Then 
at any point outside the segment we have 

\P(x)[ èL T 
(2x - a - b\ 
\ b-a J 

Theorems. 

THEOREM 1. Tor all n ^ 4 
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Proof. For convenience we prove 

(7) (i - y)n ^ ^ i 
l 

n + k 

It is well known that 

i(*+r)>' 
è 16re 

Y27\» 
\64/ ' 

£«[0,1] 

d-rt--g("-i + »)/. 
Set 

P(y) = '£('-l+kV (8) 

q(y) = (i - y)~n - P(y). 

Then for 0 g y ^ 2/3 

1 (9) o < — (1 — vY = 
U = ^(y) U y) (l-y)-*-q(y) 

- (1 - y)" 

?(y) 

(n + k - l\ 

\ k P 

< 

A;=0 \ K / 

^-^)( 3",; 1)( 2"; ir 
On the other hand, for 2/3 g y S 1, 

1 ,. ) - < J _ < ^ _ < 2 ( 3 » - 2 \ - V 3 \ t a 

- p(y) - £(2/3) = 3 \2n - 1/ \2/ ' 
(10) 0 g 

£00 ( 1 y ) " = P(y) = P(2/3) 

Hence for 0 ^ y ^ 1, 

(l - 3-)- - i ^ r 

si-i^V 
^ 16w \ 6 4 / " 

Z,00[0,1] 

Our result (7) follows from (8), (9) and (10). (6) follows from (7) by 
choosing 1 — y = x. 
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THEOREM 2. Let p(x) be any polynomial of degree at most m. Then for all 
m ^ 1 and n ^ 1, 

(ID 
1 

p(x) 
> 9~ 

£«[0,1] 

(12) 

-n~\3 + 2v
/2)~m . 

Proof. For any given £(x) of degree at most w, let 

1 
Ô. 

£ ( * ) IIL»[O,I] 

From (12), we get on [1/2, 1] 

1 
(13) 

Pipe) 
> ô > 2~n - Ô. 

Two cases will arise in (13), for if 2~n — 5 ^ 0 , then 

(14) Ô ^ 2~n. 

Otherwise 

2n 

(15) max \p{x)\ ^ -^ . 
[1/2,1] 1 — Z 0 

By applying Lemma 2 to (15) we obtain 

(16) \p(0)\ £ max \p(x) \ £ 
[0,1] 

< 2W(3 + 2 A / 2 ) " 

1 - 2n<5 

On the other hand we get from (12) 

(160 I/o ^ \p(0)l 

We obtain from (16) and (16') 

M7Ï , - i < 2W(3 + 2V2) W 

(17) b s Y~~¥~3 • 

A simple calculation based on (17) will give us 

(18) Ô è 2-w~1(3 + 2V2)-W . 

(11) follows from (14) and (18). 

THEOREM 3. Let p(x) and q(x) be any polynomials of degrees at most 
I (0 ^ / ^ n — 1) and m (m ^ 0) respectively. Then 

(i) For I = n — 1 

(19) 
PM 
q(x) 

> 
m\(2n)\ 

wo.i] - (m + 2n- l)\22n(m + n) ' 

(ii) For 0 ^ / S n — 1, <2?zd m = 2s (s is any positive integer), 

(20) 
(2^ + w - / - 1)1(2/+ 2)!2 -2»-2 

Loo[0,l] (2s + n + l)l(2s + 
J2s + 2n - 2l\ ' 

nA2n-2l-l) 
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Proof. Set 

x — 
P(x) 
q(x) Loo[0,l] 

(21) 

Denote 

(22) f(x) = xnq(x) - p(x), g(x) = xnq(x). 

Normalize/(x) such that 

(23) m a x o ^ i j / ( x ) | = 1. 

It is easy to verify that 

(24) /<'+»(*) =£ ( I + 1 ) (* ) , g<*>(0)=0, fe = i , 2 , . . . , / . 

Now by applying the well known Markov inequality ([5], p. 279) to (23), 
we get 

(2=5) max \f"+1}(x)\ < 22l+\l + DKm + n)(m + n+_l)l { ' S U { )] = (m + n - l - l)\(2l + 2)! ' 
From (24) one can easily write 

fil+1\y)dydyi 
0 0 " 0 0 0 

Then we obtain from (22), (25) and (26) 

(27) \xnq(x)\ = \g(x)\ £ y — ^ m a x | /U + 1 )(x) | 

• dyt. 

< 
xl+1 (tn + n + l)\22l+2(m + n) 

{m + n - l - l)\(2l + 2)! 

if / = n — 1, then we get from (27) 

(28) max \q(x)\ g 
(m + 2n - l)\22n(m + n) 

m\(2n)\ 

If 0 ^ / ^ — 2 then choose T(x) = xn~l~lq(x). It is obvious that T(x) 
is a polynomial of degree m -\- n — I — 1. Now by applying Lemma 1 
over the interval [0, 1] instead of [ — 1, 1], to T{x) we get along with (27), 

,90x i / M ^ 22*(m + n + l)\(m + n) (m + 2n - 2l\ 

From (21) and (23) we get 

(30) e = max X q(x) = max 
xnq(x) — p(x)\ 

q(x) I > 
max \q(x)\ . 
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If / = « — 1, then we get from (28) and (30), 

(oU f> ElliMl 
^ ; = (m + 2n - l)\22n(m + n)' 

If 0 ^ / ^ n - 2, then we get from (29) and (30), for m = 2s 

(2s + n + l - l ) ! (2/ + 2)!2~2n~2 
(32) e ^ 

(2s + n + 1)1 (2s + 
J2s + 2n - 2l\ ' 

Hence (19) follows from (31) and (20) follows from (32). 

T H E O R E M 4. Let k be a real positive integer satisfying the assumption 
that 0 < m~]4:k log m < 1. Then there exists a polynomial q(x) of degree 
m and a positive constant c satisfying 

(33) 
qm(x) W O i] ~~ \ m / 

Proof. Choose m to be even and 8 = (4&m_1 log m)2. Set 

r m + 1 ( l + 5) - 2 ^ ( 1 + Ô - (2 + ô)x) 
(34) gw(x) = 

xTm+i(l + 5) 

where as usual Tm(x) denotes the Chebyshev polynomial of degree m. 
It is easy to verify tha t qm(x) is a polynomial of degree a t most m. Then 

for 0 S x S ô(2 + <5)-\ 

(35) * x 
x — Çm(x) 

xkTm+1(l + ô) 
Tm+1(l + ô) - Tm+1((l + ô) - (1 + 2ô)x) 

Tm+1(l + ô - (1 + 2ô)x) 

rOT+1(i + Ô) - rm+1(i + Ô - (i 2<5)x) 
= x L 

since for 0 é x ^ ô(2 + ô)-1, L ^ Ci. For 5(2 + ô)'1 g x ^ l , 

rofiï r* I r w + 1 ( l + 5 - (1 + 2g)x) I 
VOT; * ! r M + 1 ( i + s) - r B + 1 ( i + Ô - (î + 2Ô)X) I 

(33) follows from (35) and (36). 

Remarks on Theorems 3 and 4. I t is interesting to note t ha t the error 
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estimates obtained in (33) cannot be improved very much. From (32) we 
can get with n = k, I = k — 1, for some constant c3 > 0, 

q(x) . l L o o t O . l ] W 

Concluding remarks. The approximation to xw on [0, 1] by polynomials 
and rational functions of degree at most n having only non-negative 
coefficients has been considered in [3]. 
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