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EULER CLASSES OF COMBINATORIAL MANIFOLDS 

MICHAEL A. PENNA 

0. Introduction. Every finite simplicial complex has a tangent bundle 
in the category of simplicial bundles (see [9]). The goal of this paper is to 
classify simplicial bundles, and, as an application of this result, to con
struct Euler classes for a large class of combinatorial manifolds. This 
construction is closely related to [3] and [4]. 

In Section 1, after briefly reviewing the definition of simplicial bundles 
and the construction of tangent bundles of simplicial complexes, we 
classify simplicial bundles over a given simplicial complex as classes of 
maps from the original complex to a fixed classifying space. In Section 2 
we use this result, and in particular the representation of tangent bundles, 
to construct Euler classes as follows: 

Let M be a closed combinatorial m-manifold. We associate to M a 
closed cellular m-manifold M*, the linear dual of M (M* is a "linearized" 
form of the dual cell complex of M). There is a natural chain complex 
(CJ°(M*), d) of cooriented cells associated to M*, and associating to 
each oriented ^-simplex of M its cooriented (m — p)-dimensional dual 
defines a map g* from the oriented simplicial ^-chains CP°(M) on M (with 
Z coefficients) to C™-P(M*) for which the following diagram commutes 

CS(M) g* >C%LP(M*) 

r d\ 

C°_!(M) g* ) C-_(,_„(M*) 

For each m there is a chain complex of groups ( ^ # (m) , d), 
and H*(fâ(m)) denotes the homology of the associated complex 
( H o m z ( ^ * ( w ) , R ) , ^ ) . T h e r e i s a c l a s s ^ G H2n(^{2n)) which plays the 
role of a ''universal Euler class": If M is an oriented 2w-dimensional 
combinatorial manifold, the classifying map/M* of the tangent bundle of 
its linear dual M* induces a map (fM*)* from C^n-piM*) to c€v{2n) for 
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which the following diagram commutes 

a°n-P(M*) ( / A / < ) * > tfv(2n) 

la a 

C 2 r ( , - i ) ( M * ) ( / M ° * > y p . ! ( 2 n ) 

and g*(/M*)*e € # 2 W (M) is the Euler class of If. 
The relationship between e 6 H2n(^\2n)) and the usual universal 

Euler class e G H2n(BSO(2n)) is explained in Section 3: For each m there 
is a natural chain map A* from ^* (m) to the singular chains C* ( 5 5 0 ( w ) ) 
on BS0(m), and if m = 2w, then /£*e = e. I t should be noted t h a t the 
composite 

/**( /M*)*£* : CS(M) -> C*(5S0(m) ) 

is closely related to the homological Gauss map arising in the combina
torial formula for the first Pontrjagin class as described in [3], [4], and [6]. 

A construction similar to our construction of Euler classes could be 
made wi thout using the classification theorem for simplicial bundles if the 
linear dual M* of M could be rectilinearly embedded (or immersed) in 
some Euclidean space. However, in contras t to the behavior of simplicial 
complexes (i.e. simplicial polyhedra) it is not true tha t all cellular poly-
hedra (such as M*) rectilinearly embed (or immerse) in any Euclidean 
space even locally (see Example 7) . T h u s the use of the classification 
theorem in this construction avoids a non-trivial topological problem. 

The construction we present is valid for any closed combinatorial 
manifold for which a linear dual exists. Although it is not clear whether or 
not all combinatorial manifolds have linear duals, linear duals do exist 
for all combinatorial 2-manifolds, for combinatorial spheres, and for 
combinatorial projective spaces. 

The classifying map fM* of the tangent bundle of the linear dual M* 
can clearly be replaced by the classifying map of any of a class of sim
plicial bundles over M*. T h e results obtained by doing this will be 
considered in a future paper. 

1. T h e c lass i f icat ion t h e o r e m . W e first clarify the following terms 
as they will be used in the sequel: A simplicial complex K is a set of 
simplices which can be described in terms of a fixed set of vertices and 
various face relations. A polyhedron \K\ is the geometric realization of a 
simplicial complex K (i.e. a topological space) together with a fixed 
tr iangulation of the space given by the s t ructure of K. Thus , for example, 
if K' is the first barycentr ic subdivision of K then K ^ K' (since K and K' 
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are different sets), and moreover \K\ ^ \K'\ (since the tr iangulat ions of 
the two spaces are different). 

This terminology is certainly non-standard since one normally con
siders a simplicial complex and its first barycentric subdivision to have the 
same polyhedra. Geometrically, however, they are different: there are, 
for example, more piecewise smooth differential forms on the first 
barycentric subdivision of a polyhedron than there are on the original 
polyhedron. Since the origins of this paper are geometric (see [8], [9], 
and [10]) it is thus natural to adopt this terminology. 

Henceforth all simplicial complexes and polyhedra are finite. 
We now define simplicial bundles. In [9] it was shown tha t every 

polyhedron has a tangent bundle in the category of simplicial bundles in 
much the same way tha t every smooth manifold has a tangent bundle in 
the category of smooth vector bundles. 

Henceforth 'Vector space" means R^, N = 0, 1, 2, . . . with the usual 
topology. 

1. Definition. A simplicial bundle is a continuous surjection £ : E —» P 
from a topological space £ to a polyhedron P such tha t ^(x) is a vector 
space for each x G P and 

a) for each simplex aa (z P there is a vector space Fa and a fiber 
preserving embedding 

<i>a : (Ta X Fa —> ê _ 1 ( 0 

which is a linear injection on each fiber and which is a linear iso
morphism on each fiber which lies over the interior of aa, 

b) if a-* C dp for simplices aa and ap in P then 

<I>0(X, — ) = (j>a(x, — ) olap 

for each x £ <ja and some fixed linear injection lap : Fp —> Fa, and 
c) lay = lap o lpy whenever aa C ap C ay. 

Simplicial bundles and the appropriate morphisms form a category. 
This category contains a subcategory of vector bundles. Simplicial 
bundles differ from vector bundles, however, since fiber dimensions of 
simplicial bundles are allowed to vary. The s tandard example of a 
simplicial bundle is illustrated in Diagram 1 ; observe tha t ^(x) = R 1 for 
x G P - {xo} and f " 1 ^ ) = R2. 

Remark. Definition 1 is not precisely the same definition of simplicial 
bundle given in [9] ; first axiom 5 of the definition given in [9] has been 
dropped, and second the point of view of the resulting definition has been 
changed. Axiom 5 has been dropped since it makes the definition of 
simplicial bundles too restrictive in the sense tha t pullbacks of simplicial 
bundles are not always simplicial bundles. The point of view of the 
resulting definition has been changed since tha t definition would permit 
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Diagram 1 

the existence of two simplicial bundles £' : E' —» P and £" : E" —+ P for 
which E' = E",£' = £" (as maps), and yet £ ' ^ £" (as simplicial bundles) 
since the analytic data describing these bundles are different. Definition 1 
alleviates these problems, yet it still describes tangent bundles of poly-
hedra as we now show. (This calculation will be referred to later on.) 

Let P be a polyhedron. A small open neighborhood U of x0 G P is the 
intersection of the open star of x0 with any other open neighborhood of xQ. 
The intersection Ua of a small open neighborhood U of x0 with any 
simplex aa containing x0 is a wedge of U. A small open subset of P is a 
subset which is a small open neighborhood of some point in P. 

If U is a small open neighborhood of x0, a coordinate system on U with 
origin x0 is a collection u = {ut} of real-valued piecewise affine functions 
Ui defined on U such that for each wedge Ua of U, ui\XJa — 0 for all but a 
subset of dim Ua functions ut Ç u, the set of ut\Ua for Mj in this subset 
forms a coordinate system on Ua with origin x0, and if Wzi*ya and Ui\U(3 are 
coordinate functions on Ua and t//s, respectively, then tii\uanu0 is a 
coordinate function on Ua P\ ^ . Such coordinate systems on small open 
subsets generalize barycentric coordinate systems on vertex stars. 
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The rules for change of coordinates are: 
1) If u is a coordinate system on U with origin x0, and W Q U is a small 
open neighborhood of yo, then there is an induced coordinate system on W 
with origin y0 given by 

w = {ut — ut(yo) : W—>P| ut 6 u and ux\w ^ 0} 

where Ui(yo) is a constant function. 
2) If u and w are coordinate systems on U with origin x0 then there are 
real constants c^ for which M^ = ] ^ CÏJWJ f ° r each u{ £ u where Wj £ w. 
In fact if the first p functions of both u and w coordinatize the p-simplex 
in whose interior x0 is contained, then, after suitably permuting 
Up+i, . . . , uN, the matrix ( c 0 ) is of the form 

(
f invertible i * \ 

p X p matrix i \ 
i invertible j . 

0 i diagonal J 
K i matrix / 

The tangent bundle t(P) : TP —> P of the polyhedron P is constructed 
as follows: 

Locally: Let U be a small open neighborhood of x0 and let u be a 
coordinate system on U with origin x0 of cardinality N. Let ir~l(U, u) be 
the set of all (x,v = J^i ci(d/dui)) m U X RN such tha t c* = 0 if 
x d support uu and let T : w~l(U, u) —* U denote projection onto the 
first factor. 

Globally: Let TP = J J T I - 1 ^ , U)/~, the free union of -K~1(U, U) for all 

possible combinations of U and u modulo the equivalence relation ^ : 
for (x0, flo) in 7r-1(£/o, Wo) and (xx, ^i) in 7r_1(£/i, UI), (x0, flo) ̂  (#i, *>i) if 
and only if Xo — X i and after inducing coordinate systems Wo and W\ on a 
small open neighborhood W C £/0 ^ £A of x0 = Xi, 

^i = X)i cj(d/dwj) for w;- ^ ̂ i = ) 

^o = ^tjCjCijid/dWi) for w* G w0 

where (cz-;) is the transition matrix from w0 to W\. Let / ( P ) : T P —» P be 
the induced projection. Then t(P) is a (simplicial bundle) called the 
tangent bundle of P . 

For example, the simplicial bundle in Diagram 1 is the tangent bundle 
of the polyhedron P . In contrast , the tangent bundle of the polyhedron P 
consisting of jus t one 1-simplex is the product bundle t(P) : TP — 
P X R 1 —» P . Note tha t tangent bundles of polyhedra are not, in general, 
vector bundles, and tha t the structure of the tangent bundle of a poly
hedron depends on the triangulation of the polyhedron. 

2. PROPOSITION. The tangent bundle I (P) of a polyhedron Pis a simplicial 
bundle. 
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Proof. For a simplex aa in P let Fa = t(P)~1xa for some fixed xa in the 
interior of aa. To define the embeddings <£«, fix <ra and let x Ç aa. Then xa 

is in the open star St x of x. If w is a coordinate system on St x with 
origin x, then t{P)~lx may be identified as the vector space generated by 
{(d/dut)x\ Ut (E u\. Since a subset of w generates a coordinate system on 
St xa with origin x« by translation, t(P)~lxa may be identified as the vector 
space generated by the vectors (d/dUi)Xa f o r a i n the translated coordinate 
system. Define 0« on generators by 

<l>a(x, (d/dUi)Xa) = (x, (d/dUi)x). 

If aa and 0-0 are simplices of P for which aa Q ap, then x^ Ç St xa, and 
translation defines a linear injection Za/g : Fp —> Fa. 

Morphisms of simplicial bundles are defined in the obvious manner. 
Simplicial bundles £' : E' —• P and £" : E " —» P are equivalent if and only 
if there are morphisms/ : £' —•> £" and g : £" —* £' for which/ o g and g o / 
are the appropriate identities. 

3. PROPOSITION. Every simplicial bundle £ : E —± P is equivalent to a 
simplicial bundle of the form T : I I (ca X Fa)/~ —> P where (xa, va) ~ 
(x/3, vp) if and only if <t>a(xa, va) = <t>p{xp, z )̂ and ir is induced by first factor 
projections. 

Proof. This is simply the fact that {<t>a(aa X Fa)\aa Ç^ P\ is a neighbor
hood finite closed cover of P . 

Associating to each polyhedron P the set Sxl P of simplicial bundles 
over P defines a contravariant functor on the category of polyhedra with 
values in the category of sets. 

For N = 0, 1, 2, . . . , a decomposition D = { Fa}«çA ^ RA is a finite set 
of subspaces Va C RA such that the smallest subspace F^, C RA which 
contains U«ÇA Fa is in D; VD is the maximal subspace of D. (At times we 
identify a decomposition Z) in RA with a decomposed vector space 
F Ç RA : F is the maximal subspace of D, and the decomposition of F is 
determined by the elements of D.) Decompositions D' = {Va

f}a^A and 
D" = { Va"}a£A in RA (both with index set A) are isomorphic, written 
D' ~ D", if and only if there is a T G G7(R, AO for which D' = 7T>" 
(i.e. { Va'}açA = {PFc/%^) . Isomorphism of decompositions is an equiv
alence relation, and the decomposition space [D] is the equivalence class 
of all decompositions in R^ isomorphic to D with the topology which has 
for a basis all sets of the form { TD\ T £ U} for U a basic open neighbor
hood of 1 e Gl(R, N). 

For an abstract simplicial complex K let C(K, ÏIpGp(K
œ)) denote the 

set functions / : K —•» ïlpGp(K
œ), Gp(K

œ) the Grassman manifold of 
^-planes in R°°, for which 

(*) if o- C r for simplices a and r of K then / ( r ) Q f(a) 
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(this condition is an analog of continuity). Let (K, UPGP (R°°) ) denote the 
set of equivalence classes of C(K, UpGp(R

œ)) under the relation ~ where 
/o ~ fi if and only if for each simplex a of K, DQ = {/o(r)| cr C r} and 
T>\ = {/I(T)| c C r} are isomorphic decompositions, and there is a func
t ion / : K X [0, 1] -> I I ^ ( R ° ° ) such that 

a ) / ( - , 0 ) = / 0 a n d / ( - , l ) = flt 

b ) / ( - , / ) £ C(K, UpGp(R
œ)) for each t £ [0, 1], and 

c) for each simplex a of K,f(a, — ) is a path in the decomposition space 
determined by a from D0 to Z>i. 

The following result is a special version of a complete classification 
theorem for simplicial bundles which we will soon state. The proof of the 
special version is presented since this special version is what will be used 
in the application; the proof of the complete classification is sketched. 

4. THEOREM (Special Classification). There is an injective natural 
transformation of contr avariant functors defined on the category of simplicial 
complexes 

F: ( - , I I , G , ( R œ ) ) - + S x l H 

where, for a fixed simplicial complex K, Sxl P is the set of isomorphism 
classes of simplicial bundles over the polyhedron P = \K\ of K. 

Note: What distinguishes a result as a ''classification theorem" is that 
the result replaces something uncomputable by something computable. 
The fact that Theorem 4 is in this sense indeed a ''classification theorem" 
will be illustrated by the application in Section 2. 

Proof. For p = 0, 1, 2, . . . , let yp : Ep(R
œ) - • Gp(R

œ) denote the uni
versal ^-plane bundle over Gp(R

œ). 
Given [/] £ (K, UPGP(R°°)) we let F[f] = [{,] in Sxl P where Ef is the 

subspace of HPEP (Rœ) X P 

Ef = { ( ( / M , V), X)\ x 6 a and t; G f(<r)} 

and £/ : Ef—*P is given by 

£/((/(<r)i»),*0 = *', 

%f is a simplicial bundle: For every simplex aa in P we let Fa = f(cra), and 
we define 

by 

0« (*,«/) = ((f(<ra),v),x). 

If cra and 0-/3 are simplices of P for which o-a C ap then /(o^) C f(aa) so 
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Fp C Fa. If /«/s : F$ —» F« is inclusion, then 

00 (X, — ) = 0 a (X, - ) O /a/3 

for each x £ o-a and if o-a Q 0-/3 Çj tr7, then lay = /a/3 o /^T. 

To show tha t F is well defined, one proceeds along the same lines as in 
the proof of the corresponding fact in the classification theorem for vector 
bundles (see [5]). There are essentially only two new facts which must be 
used: 

For a specific decomposition D = { Va}aeA in RA , the decomposition 
space [D] is homeomorphic to GIÇR, N)/H where 

H = [T e Gl(R,N)\ TD = {TVa}aeA = D}; 

H is a closed subgroup of G/(R, N), hence a Lie subgroup of G/(R, N), 
and consequently the canonical surjection from 67 (R, N) to [D] is a 
fibration. The first fact needed is t ha t if 

f:KX [0, l ] - + I I p G , ( R œ ) 

is a homotopy between fo,j\ t C(K, I I p G p ( R œ ) ) , as described earlier, 
then for every simplex a of P (and in part icular for every vertex v of P) 
there is a map ya : [0, 1] —> G/(R, TV) for which 

/(<x,0 = 7 . ( 0 -/(o-, 1) and 7.(1) = 1. 

The second fact is tha t the construction of ya is natural in the following 
sense: if v0 and v\ are vertices of the simplex 0-, so t h a t / ( a , /) Ç f(vo, t) 
and/((7 , /) Qf(vi, t) for every /, then 

7 , 0 ( ' ) • / ( * , 1) = 7 n ( 0 • / ( * , 1) 

as decomposed vector spaces for each / (i.e. yV0(t)V = 7^1 ( O F for each 
subspace V of f(a, 1)) . T o see this, let v = z>0, *>i. Since z; Ç o",/(o", 1) £ 
/ (» , 1). Let 

5 = ( r e G / ( R , i V ) | r/((r, 1) c / (V f i)}; 

clearly 1 Ç S. Introduce the equivalence relation ^ o n 5 : T' ^ T" if and 
only if T' V = 7"" F for every subspace V oif(a, 1). I t is easy to show tha t 
there are only a finite number of equivalence classes of S with respect to 
this relation, and tha t these classes are the connected components of 5. 
Since/(<r, i) Qf(v, t) for every t, 

Y . - 1 ( 0 • 7 . ( 0 e ^ for each /; 

since 7 1 r 1 ( l ) - 7 . ( 1 ) = 1, this implies tha t 7 , " 1 • ya maps [0, 1] to the 
component of S containing 1. T h u s 

TrUO - Y ( 0 F = v 
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for every t £ [0, 1] and subspace V of /(<r, 1). Since this is t rue for both 
v = vo and j ; = vlt it follows tha t for every t Ç [0, 1] and subspace 
V d f(a, 1), 

y.,(t)V = y.W = yn(t)V. 

To show tha t P i s injective, assume t h a t / o , / i € C(K, UpGp(R
œ)) and 

tha t & : P / 0 —> £ A gives an equivalence between £/0 and %fl. Altering / 0 

and fi by homotopies, if necessary, we can assume, wi thout loss of 
generality, tha t 

fo(K) = U J o W Q Reven = {v e R°°| v = (0, v0> 0, vu 0, . . .)} 

and t ha t 

fi(K) = U . / i O O C Rodd = K R 1 v = (vo, 0, Vl, 0, i/2> . . . ) } • 
If 

A : £ / 0 X [0, 1] -> R00 

( ( / o W , » ) , x , 0 - > (1 - 0» + tk(v) 

then we can define the desired homotopy by 

f:KX [0,1]-+UPGP(R°°) 

(a, t) —» 7 = {/KC/oOO, *0> x> 01 ^ G a- and z; £ f(<r)}. 

The proof tha t F is natural is straightforward. 

As the simplicial bundle over the triangle P = A1 = 5 1 in Diagram 2 
illustrates, F need not be surjective: there is n o / Ç G(i£, UpGp(R œ ) ) for 
which J/ = £. 

5.THEOREM. For every polyhedron P=\K\ there is an[f] £ (X, II2,GP(RC0)) 
for which F[f] = t{P). 

Proof. Given a representative / : TP —> P of £(P) G Sxl P , we con
struct a Gauss map g : TP —•> P°° such tha t if / Ç C(JK, I I ^G^R 0 0 ) ) is 
given by/(o") = g ( ^ _ 1 M ) for x in the interior of a, then F[f] = t(P). 

For each simplex aa in K pick a specific s t ructure map 

<j>a • 0"a X Pa ~> P P 

of £(P), and let lap : P^ —> P a be the associated transition maps. Let 
Vo, . . . , vN be the vertices of K. For each vjt the dimension of the associ
ated fiber Fj is the number of vertices vk in the link of Vj ( = the number 
of 1-simplices (VJ, vk) for vk in the link of Vj) ; in fact for each such vk there 
is a canonical vector ek

j £ Fj which lies along (vjf vk). For i = 0, . . . , N,Kt 

denotes the subcomplex of K consisting of all simplices which have 
vertices v0, . . . , vu and Pf = \Kt\\ thus 

M = Po Q P i Q . . . C PN = P . 

The construction of g proceeds inductively on i: 
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Diagram 2 

First there is an obvious isomorphism 

go = «o-^o , - ) : r 1 ^ ) -> /7o = Fo £ Rœ. 

Next assume (inductively) that 

gt: tri(Pt)->FtQRœ 

is given and that for any fixed k > i the vectors {gi(</̂ (fly, ek
j)\ j ^ i} are 

linearly independent. We define gi+1 as follows: 
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Let Fi+i° denote the subspace of Fi+1 generated by {e / + 1 | j ^ i}, and 
let / : Fi+i° —> Fi be the linear map defined by 

/ ( , / j+i) gi(<t>j(Vj, -ei+ij)); 

I is injective by the induction assumption. We define Fi+\ to be the push-

out of Ff+i <— Fi+i° —> Fi in the category of vector spaces (this makes 

sense since / is injective). If 

W = U n l i n k vi+1 {<t>a(x, -)Fa\ X e <Ja Q S t ^ + l j Ç fl(Pi)y 

St vi+i denoting the closed star of vi+i in Ki+i, then there is a map 

/ : W->Stvt+1 X Ft+1 

given by 

f(<j)a(x,v)) = (X, li+l,aV), 

and t~l{Pi+i) is t~l(Pi) a t tached to St ^-+i X Fi+i by / . There is an 
obvious map from W to Fi+i°, and a commutat ive diagram 

t-KPt) 

St t ; ï + i X /^+i, 

*+l 

gi+i exists by universality of the a t taching construction. T h e induction 
assumption a t this stage (i.e. tha t for any fixed k > i + 1 the vectors 

{g ,+ i (* i (^ ,e* ' ) ) | j S i+ 1Î 

are linearly independent) follows from the fact tha t for a fixed k > i + 1 
the vectors e / + 1 , for j g i, and ^.2'+1 in Fi+i are linearly independent. 

The complete classification theorem for simplicial bundles follows by 
replacing C(K, UPGP(R°°)) by the set C(P, UPGp(R

œ)) of set functions 
/ : P = \K\ —» IIpGpCR00) such tha t for each simplex a of K, 

a) the restriction of / to the interior of a extends to a (necessarily 
unique) continuous function fa : a —• G>(R°°), for some p, 

b) if x0 G o", then 

l im / (x ) Ç / ( x o ) , 
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c) associating to each x f <r the decomposition 

D = /lim/,Cy)|<r C T I 

defines a continuous map from a to [D]. 

If (P , IIpG^R0 0)) denotes the appropr ia te set of equivalence classes of 
such functions, then it is not hard to show tha t there is a natura l equiv
alence of contravar iant functors defined on the category of polyhedra 

F: ( - , L L G p ( R œ ) ) - > S x l - . 

The proof of this result is similar to the proof of Theorem 4; the only 
difference is tha t now F is surjective since we can use Proposition 3 and a 
part i t ion of uni ty argument to construct a Gauss map for any simplicial 
bundle. 

2. A n a p p l i c a t i o n . A combinatorial m-manifold (or a Brouwer w-mani-
fold, see [2]) M is a tr iangulated w-manifold such t ha t the closed star of 
each vertex is an w-cell which can be mapped homeomorphically into Rm 

in such a manner t ha t the image of each w-cell of the star is an w-simplex. 
Henceforth all manifolds are closed. 
Every combinatorial w-manifold M has a dual cell decomposition 

(see [7]). An affine structure r} : r / —» Rp on a ^-dimensional cell r / of the 
dual cell decomposition of M is a piecewise affine homeomorphism into 
Rp. A linear dual if* of M is the s tandard dual cell decomposition of M 
together with a family r$ : r / —•» Rp of affine s t ructures on the cells of the 
dual cell decomposition of M such tha t : 

a) if T/ Ç rk
q then rkr~l : r 7-(r / ) —> rk(rk

Q) is affine, and 
b) each rj(r/) is strictly convex (each (p — 1)-dimensional face of 

rj(TjV) determines a (p — 1)-dimensional hyperplane in R p ; any 
other (£ — 1)-dimensional face of r ^ ( r / ) intersects this hyperplane 
in a t most a (p — 2)-dimensional face). 

It follows tha t there is a bijection between the vertices (0-cells) wt of 
M* and the w-simplices a™ of M; and the vertices wix, . . . , wÎN of M* 
are the vertices of a p-cell in if* if and only if the intersection fV*ym of 
the corresponding w-simplices of M is an (w — p)-simplex <Tim~p in M 
and the closed star of Gln~v is the union \Jot-

n of these simplices. 

6. LEMMA. Every combinatorial 2-manifold M has a linear dual M*. 

Proof. For each vertex Vj of M choose a piecewise linear realization of 
the closed star of v3 in R2 . Draw a small circle in R2 with center vj} and 
for every 2-simplex af of M choose a point wt on the intersection of this 
circle and the interior of at

2. Let r / denote the convex hull of the Wf. We 
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denote the 1-dimensional face of r / determined by the vertices wn and 
wi2 by (wiltwi2). 

Let M* = U.jTj2/~ where ^ is the equivalence relation: Xj ^ xk for 
Xj G Tj2 and xk G rk

2 if and only if either 

a) Xj and xk are both vertices which correspond to the same 2-simplex 
of M, or 

b) Xj G (wjlf wj2) and xk G (w^, ^A-2), where wjl and ^ (respectively 
wj2 and w -̂2) both correspond to the same 2-simplex of M, and 
TXJ = xk where 

T : (wn,wj2) -> (wkl, wk2) 
is the unique affine map taking wjl to wkl and wj2 to u^2. 

Thus we get an idea of what a linear dual M* of a combinatorial 
2-manifold M looks like locally as follows: Piecewise linearly realize par t 
of M in R2. The vertices of M* are the barycenters wt of the 2-simplices 
dC of M. Vertices wil and wi2 are joined by a 1-cell if and only if the 
intersection of the corresponding 2-simplices crzl

2 and <ri2
2 of M is a 

1-simplex of M\ in general, every vertex of a linear dual M* of a com
binatorial w-manifold M is contained in precisely m + 1 1-cells of if*. 
Finally, îf în . . . , wiN are the vertices of a 2-cell of M* if and only if the 
intersection of the corresponding 2-simplices a^2, . . . , aiN

2 of M is a 
vertex vt of M and the closed star of vt in M is precisely the union of 

9 9 
«il , ' ' , <TiN • 

One could t ry to generalize Lemma 6 to show tha t combinatorial 
manifolds of arbi t rary dimension m have linear duals: The first step 
would be to construct the m-dimensional duals T™ of the vertices of M. 
The next step would be to find compatible affine maps between corre
sponding faces of different w-cells r^m; however this is not necessarily 
possible; there is, for example, no affine transformation taking a square to 
an equilateral trapezoid. 

Although it is unclear whether or not all combinatorial manifolds of 
arbi t rary dimension have linear duals, there are examples of com
binatorial manifolds which do have them: Spheres (triangulated as 
te t rahedra) have linear duals; real projective spaces have triangulations 
which have linear duals (see Example 7 for the case m = 2) ; and by using 
brute force I have found a triangulation of CP2 which has a linear dual. 

One can get an idea of what a linear dual looks like locally. However, in 
contrast to the fact tha t every polyhedron can be embedded in some high 
dimensional Euclidean space, it is not true tha t every linear dual M* 
can be rectilinearly embedded in any Euclidean space (i.e. in such a man
ner t ha t the realization of each cell is flat) even locally. To illustrate this, 
I present the following example for which I would like to thank Ben 
Halpern. 
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Diagram 3 

7. Example. Let M denote the simplicial subdivision of the projective 
plane given in Diagram 3 ; M consists of nine triangles and M* consists of 
six pentagons. If M* rectilinearly embedded in some Euclidean space, the 
1-cells (1,9), (4, 9), and (7, 9) would all have to lie in a three dimensional 
subspace R3. Since the realization of each cell would be flat, the pentagons 
(1, 2, 3, 4, 9), (4, 5, 6, 7, 9), and (7, 8, 0, 1, 9) would be in R3, so in 
particular the vertices 0, 2, 3, 5, 6, and 8 would also be in R3. Conse
quently the other three pentagons would also be in R3 which is impossible 
since this would imply that we had an embedding of the projective plane 
in R3. 

Since the construction of tangent bundles of simplicial complexes is 
local, it follows that every linear dual has a tangent bundle in the 
appropriately defined category of simplicial bundles. There is also a 
classification theorem for simplicial bundles over linear duals (since the 
proof of the corresponding result for polyhedra is local). In particular, 
Theorems 4 and 5 are valid for linear duals except that *'simplex" must be 
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replaced by "cell" and that K must be replaced by the set of geometric 
cells of M* together with the appropriate incidence relations. 

We let (C*°(M), d) denote the oriented simplicial chain complex of M 
(with integer coefficients). If we define a cooriented cell of M* to be a cell 
of M* together with an orientation of the associated dual simplex of M, 
and if we let C*C0(M*) denote the graded group of cooriented cells of M* 
(with integer coefficients and oppositely cooriented cells differing by a 
minus sign), then the bijection g between the ^-simplices of M and the 
(m — p)-cells of M* induces a homomorphism g* : CP°(M) —» Cm-P(M*). 
If p C a for p and a in C*°(M), then g,(<r) C g,(p) in G°_*(M*). 
Furthermore there is a naturally defined boundary operator (d2 = 0) 

d: CC
P°(M*)-+C;°+1(M*) 

for which the following diagram commutes 

C°(M) — • C£.,{M*) 

r H 
C,°_i(M) — • Ç£.{p_1)(Àf*) 

if we write a cooriented cell in C^%(M*) in the form 

Tm-V = ^ . n ^ < ^ ,WiN\Vjo, . . . , t / , p ) 

vertices of orientation of 
cell of M* dual cell in M 

then 

dr™-p = £ \ ( - l )* (g ( i ; , 0 > . . . ,vu,... ,vjp)\vjQJ... }vji}.. . ,vjp). 

Now let Gm°(R°°) = BSO(m) denote the space of oriented w-planes in 
Rœ. For p = 0, 1, . . . , w, we consider the set of all (p + 1)-tuples 
(Vo, . . . , Vp) of distinct Vt G BSO(m) for which 

(**) for each &-tuple / C {0, . . . , w} the 

dimension of PljG/ Fj is ra — & + 1 

modulo the natural action of the even permutations on p + 1 letters; an 
equivalence class T = (Vi) = (F0, . . . , Fp) is a ((/> + l)-fold) oriented 
configuration. 

We let ^ ( w ) denote the graded group © p ^v(m) whose pxh grading 
^v{m) consists of all formal finite sums ^jnjTj for tij £ Z and r ; a 
(£ + l)-fold oriented configuration (configurations with opposite (—) 
orientations or opposite orientations in a single component V\ differing by 
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a minus sign) for p = 0, . . . , m, and zero otherwise. There is a na tura l 

boundary operator (d2 = 0) given by 

d : ^ p ( w ) - > 9 V i ( m ) 

<9<F0, . . . , Fp> = £ ( - i ) V F o , . . . , Vh . . . , F„>. 
2 = 0 

We let H*(të(rn)) denote the homology of the associated cochain com
plex ( H o m z ( ^ ( w ) , R), d) where d is the differential induced by d. 

The 2n-dimensional Fuler class e Ç H2n(^(2n)) is described as follows 
(this construction is motivated by [1] ) : 

Suppose {Vt) G r ^ 2 „(2n) . Since (Vt) satisfies condition (**), the 
smallest subspace of R œ containing F0 , . . . , F2 n is (2n + 1)-dimensional 
(one can, in fact, obtain a basis {<?,} for this space by letting et denote any 
non-zero vector along the line F 0 r\ . . . H V{ P\ . . . Pi F2„ for 
i = 0, . . . , 2w). Wi thou t loss of generality we assume tha t this subspace 
is R2n+1 . The orientations of the Vt describe a unique simplicial cone 
C ÇZ R2M+1: The orientation of each V\ determines a unique positive 
normal direction to F7-, and hence a part icular positive half space of 
R27?+1 ; C is the intersection of all such half spaces. 

Following (1), a linear height function £ : R œ —> R is general for C if 
and only if for every 1-dimensional edge lt of C, 

.v ^ y for x, ^ G /f => £(x) ^ £(;y). 

If J is general for C and / is any face of C we define 

/ l if 0 = £(0) ^ € W for all x 6 / 
u ' ' * ' \ o otherwise 

and 

*(c, i) = Ë(- i ) 'I»( / ' -c , i ) 
r=0 / ^ C 

where the second summation is taken over all r-dimensional faces/7" of C. 
The 2w-dimensional Eider class e G H2n(^ (2n)) is the class represented 

by the homomorphism e Ç Hom z ( ^2« (2w) , R ) which is defined by 
associating to each (Vt) Ç ^ 2 w ( 2 n ) 

where vol S2« is the volume of the unit 2n-sphere S2n Q R2n+1, C C R2»+i 
is the simplicial cone associated to (1%), the integral is taken over all 
£ Ç KS2?" which give general height functions £ : K2n+1 —* R for C (by pro
jection to £), and where e = ± 1 is chosen as follows: There are two 
(independent) orientations of Cdetermined by (Vf); one is determined by 
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the orientations of the individual T Ys and the other is determined by the 
order of the Vt in {Vt) (i.e. the u ( " ~ ) " ) i e = + 1 if these orientations 
agree, and e = — 1 otherwise. 

8. LEMMA. If k > 2n then 

/Ae integral on the left taken over £ Ç 52w, awd the integral on the right taken 
over £ £ 5*. 

Proof. This follows from the fact tha t the planes Tr
0, . . . , V2n determine 

a tr iangulation of S2n into spherical simplices, the fact tha t i(C, £) is 
constant over the interior of each such spherical 2n-simplex, and the fact 
tha t if 

T : Sk+l — {north pole, south pole) —» Sk 

is given by orthogonal projection to RA+1 followed by radial projection to 
Sk, and a Ç Sk is a spherical simplex then 

vol (r/vol 5* - vol T T - K ^ Î / V O I S*+1. 

The following result indicates the sense in which e Ç H2n(f€ (2n)) is an 
Euler class. 

9. T H E O R E M . Let M be a (closed) oriented combinatorial 2n-manifold 
which has a linear dual. Iff : M* —> UpGp(Kœ) is any map which classifies 
the tangent bundle of AI*, then for each p there is an induced map 

for which the following diagram commutes 

C2
c
n%(M*) f- • Vp(2n) 

d d 

C | ? _ ( P - D ( M * ) ^ • ^ P _ i ( 2 n ) 

and g*f*e £ H2n(M) is the Euler class of M. 

Proof. The induced m a p / * is defined by associating t o r G C$H-.P(M*) 
the configuration in cé?

v(2n) described by 

{/(r,s») Ç BS0(2n)\ r ç r,2"! 

( e a c h / ( r ^ ) receiving an orientation from the orientation of M* induced 
by the one on M) and the order ("(—) or ientat ion") determined by the 
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coorientation of r. To show that g*f*e is the Euler class of M we integrate: 

(g*fe, [M})= E <ff*e,*<u) 

Wj£M* wj£M* 

wf£M* VOl à J SN 

for some large AT, by Lemma 8, where Cj is the cone associated to f(Wj). 
Thus 

{g*f*e, [M]) = - j ^ s f E i(C;, £)<*«" 
vol o J $N Wj € M * 

the integral taken over all £ £ SN which are general for all Cj. (The inte
gral and summation can be interchanged since the set of linear maps 
£ £ SN which are general for all Cj is open and dense: In fact the set of 
£ £ SN for which £ is not general for all Cj is the (finite) union of the 
hyperplanes {£ G SN\ £(/*) = 0}, the union taken over all Cj and all 
1-dimensional edges/1 of each Cj.) But 

oo  

E *'(c„£) = E(-i)r E E *'(/', c„ a 
WjÇM* r=0 Tr<ZM* Wj£rr 

where/7- is the face of Cj determined by rr, and 

10. Claim. For a fixed rr Ç Af* and £ which is general for all Cj, 

E *(/ ' , Cj, k) = i. 

Proof. Pick a vertex ze>j of rr. There is a unique affine realization 
/& : rr —>f(rr) of r r C R2n taking w ; to the origin and such that for each 
cell TS ÇI rr, the image /^(rs) of rs mf{rr) is parallel to 

n{ / ( r , 2 w ) | T « C T <
2 » } . 

The result follows from the fact that i; o h is a general linear height 
function on rr (in the sense of [1]), and since r r is strictly convex, £ o h 
achieves its maximum at precisely one vertex of rT. 

Thus 

oo 

E *(C„É) = E ( - l ) r E 1 = x(M*) = x(M), 

SO 

(g*f*e, [M]) = ~ - ^ v J Ç N x ( W o " = X(M). 

If the linear dual M* of the combinatorial 2«-manifold M can be 
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rectilinearly embedded (or immersed) in some Euclidean space, then, 
having chosen a specific rectilinear realization, the map 

/ * : C?n-p(M*)->tfp(2n) 

could be replaced by the map which associates to each cooriented 
(2n — p)-ce\\ T2n~p of M* the oriented ^-dimensional tangent ''cone" to 
T2n-p m p^co ^ e ^ e g e t o£ ajj n o n _ n e g a ^ i v e multiples of vectors of the form 

PQ where P £ r2n~v and Q is in the star of T
2n~p). From this point of view, 

we use the universal Euler class e G Rln{^é (2n)) to measure the curvature 
of M by redistributing the curvature of M to the vertices of M*} i.e. the 
interior of the 2^-simplices of M. (A linear dual M* of M is a linearized 
form of the dual cell complex of M; it is used since it is important that in 
the redistribution process no curvature winds up on the (2n — 1)-skeleton 
of M.) 

As Example 7 illustrates, however, linear duals cannot always be 
rectilinearly realized in Euclidean space; it is this problem which the use 
of the classification theorem avoids. 

3. A final remark. For each m there is a natural chain map h* from 
^ * ( w ) to the singular chains C*(BSO(m)) on BS0(m) (with Z co
efficients), and if m = 2n then the image of the usual universal Euler class 
e £ H2n(BSO(2n)) (cohomology with real coefficients) under 

h* : H2n(BSO(2n)) - • H2n(ctf(2n)) 

is e. 
In order to define h* we first need the following two lemmas. 

LEMMA. If p — 1, 2, . . . , m and V0, . . . , Vp is a collection of tri
dimensional sub spaces of R°° satisfying (**), then the span of Fo, . . . , Vp is 
of dimension m + 1. 

Proof. This follows by induction on p. 

LEMMA. Let p = 1, 2, . . . , m and F0, . . . , Vp be a collection of oriented 
m-dimensional subspaces of R°° satisfying (**). If Rw+1 is the span of 
Fo, . . . , Vp, and for each i = 0, . . . , p, nt G Rw+1 is the unit vector in the 
positive normal direction to Vu then {nt\ i = 0, . . . , p) is a linearly 
independent set of p + 1 vectors. 

Proof. Again use induction on p. Here is the inductive step: If, for 
example, n0 = Ci^i + . . . + cpnp for some constants ciy then no is 
perpendicular to V\ C\ . . . C\ VPJ a, subspace of dimension m — p + 1. 
But this implies that 

V V 

n vtQ n vt, 
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and consequently t ha t the dimension of Vo H . . . f~\ Vp is a t least 
m — p + 1; this contradicts (**). 

Given (F<> in c£p{m), we define M O 7 * » as follows: Let R m + 1 be the 
span of Vo, . . . , VP1 and nt £ Sm C Rm+* the corresponding uni t vectors 
in the positive normal direction to the Vu i = 0, . . . , p. T h e convex hull 
of the tii's forms a ^-simplex in R w + 1 , and there is a well defined simplicial 
map from the s tandard ^-simplex Ap to the convex hull of the w/s given 
by mapping each vertex vt G Ap to wf. Projecting the convex hull of the 
w/s to Sm determines a spherical simplex <jr : Ap —> 5 m . Following this map 
by the map _L which associates to each uni t vector u G Sm the w-plane 
in R m + 1 normal to u, we obtain a singular ^-simplex 

(j = JL o â : Ap -> BSOim), and 

M O ' * » = cr G Cp(BSO(m)). 

Having defined /z* on generators of ^ * (m), we define fe# on all of r ^* (w) 
by extending additively. 

11. T H E O R E M . / / e £ H2n(BSO(2n)) is the universal Eider class, then 

h*e = e G H2n(^(2n)). 

Proof. If BSO{2n) is regarded as a limit of finite Grassmanians, there is 
a canonical representat ive for e obtained by integration over singular 
smooth simplices of an invariant differential form (see [11]). Using this 
representative, for a given (Vt) £ ^%re(2w), 

(h*e, (vt)) = <?, Mr ,» = (̂  *> = ( U o â) 
= (ë, u(*)) = U*^>. 

But 

so <A*g, (Vt)) = (e, (Vt)). 
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