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TWO-DIMENSIONAL SYMMETRIC STABLE
DISTRIBUTIONS AND THEIR PROJECTIONS

KATSUYA KOJO

Abstract. We study the problem whether a given 2-dimensional symmetric
stable distribution with index a (0 < o < 1) is determined by its 1-dimensional
projections in some specified directions. We give some conditions for the affir-
mative answer and for the negative answer.

§1. Introduction and preliminaries

An R9valued random variable X = (X1, Xs,...,X ) is said to be
stable if for any A, B > 0, there exist C > 0 and D € R such that

(1.1)  AxM 4 BX®LcXx +D (i means equality in distribution)

where X and X® are independent copies of X. If X is stable and
non-constant, then there exists a constant o (0 < a < 2) such that C =
(A® + B*)Y/* and therefore X is called a-stable (« is called the index of
stability of X). X is called strictly stable if (1.1) holds with D = 0 for any
A, B > 0. X is called symmetric stable if X is stable and satisfies — X 2 x.
An R-valued random variable X is symmetric a-stable (0 < a < 2) if and
only if Fexp(izX) = exp(—c|z|¥), z € R, for some ¢ > 0. Especially, when
a = 2, X is Gaussian with mean 0. An R%valued random variable X is
d-dimensional symmetric a-stable (0 < o < 2) if and only if

d
Eexp(i szj) —eXp(—/ zjé’j
j:zl é (617527 7£d ESd 1 Z

7j=1
z=(21,22,..,24) € R%,

for some symmetric finite measure I" on the (d — 1)-dimensional unit sphere
S4=1_ This T is uniquely determined by the distribution of X and is called
the spectral measure of X.
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The problem whether an R%valued random variable X = (X1, Xo, ...,
X,) is stable if all 1-dimensional projections Z;l:l 2jXj, zj € R, are stable
is studied variously. An R%valued random variable is symmetric stable
(respectively, strictly stable) if and only if all 1-dimensional projections
are symmetric stable (respectively, strictly stable) (see Theorem 2.1.5 in
G. Samorodnitsky and S. Taqqu [2]). If 1 < o < 2, an R%valued random
variable is a-stable if and only if all 1-dimensional projections are a-stable.
However, if 0 < o < 1, there exists a non-stable R2-valued random variable
such that all 1-dimensional projections are a-stable (D. J. Marcus [1]).

Two Rf-valued random variables X = (X1, Xs,...,X,) and X =
(X1,Xs,...,X,) are identically distributed if 2?21 2 X 4 2?21 2 X;
for all z; € R. In the case where two 2-dimensional random variables
X = (X1,X9) and X = (X, X5) are Gaussian with mean 0, they are
identically distributed if (cos 6y)X1 + (sin ;)Xo g (cos 0) X1 + (sin )Xo,
k =1,2,3, for some 6, 03 and 03 (0 < 6; < 03 < 03 < 7). In this paper
we study the problem whether a given 2-dimensional symmetric a-stable
distribution (0 < a < 1) is determined by its 1-dimensional projections in
some specified directions. In Section 2, we see that for any 2-dimensional
symmetric a-stable random variable X = (X1,X2) (0 < a < 1), there
exists a 2-dimensional symmetric a-stable random variable X = (Xl,f(g)

such that 215(1 + ngg 4 21X1 + 22X for uncountably many pairs (z1, 22)
. d

with 22 + 22 = 1 although X # X. In Section 3, we see that for a certain

2-dimensional symmetric a-stable random variable X = (X1, X5) (0 < a <

1), there does not exist a 2-dimensional symmetric a-stable random vari-

~ ~ o~ -~ d ~ ~
able X = (X1, X) such that X # X and 21X + 22 Xs < 2, X1 + 22X for
some specified vectors (21, 22) € R2.

82. The existence of distribution with common projections in
uncountably many directions

Henceforth we identify the unit circle S! with [0,27) and denote & =
cos&, & = sin for € € [0, 27).

THEOREM 2.1. Let X = (X1,X2) be a 2-dimensional symmetric a-
stable random variable (0 < o < 1). If the spectral measure I' of X satisfies
I'((0,7/2)) > 0, then there exists a 2-dimensional symmetric a-stable ran-
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~ ~ ~ . d
dom variable X = (X1, X2) satisfying X # X such that
(Cl) 21X1 + ZQXQ i 211 X1+ 20Xo  if 2129 > 0.

Proof.  First we consider the case I'([r/2,7]) = 0. If there exists an
R2-valued random variable X = (X7, X5) such that

(21) Eexp(i(lel + ZQXQ))

exp <—/ | |z161 + 22§2|a1“(d§)> if 2129 >0,

)

exp (—/[ : |21§1 - 2252|a1—‘(d§)) if 2129 < 0,
0,27

then X is symmetric a-stable and satisfies the condition (C1). Further, we

have X ;é X since I'((0,7/2)) > 0 and |£; +&2|* > |£1—&|“ for £ € (0,7/2).
Therefore we have only to show the existence of X.

Let ¢(21, 22) denote the right hand side of (2.1). Let € € (0,7/4) be a
constant with I'((e,7/2 — €)) > 0 and we have

c:/ P(z1, 22) dz1dzg
R2

= 2/ @(21, 22) dz1dzo + 2/ (/3(,21, ZQ) dz1dzo
21>0,22>0 21>0, 22<0

4/ exp <—2/ |z1&1 + 22§2|0T(d§)) dz1dzo
21>0,22>0 [0,7)

< 4/ exp (—2/ |z1&1 + 22§2|0T(d§)>dzld22
21>0, 22>0 (e,m/2—¢)

< 4/ exp(—cy|z1]|® — e2]22|?) dz1dze < 00
21>0, 22>0

for some c1,co > 0. Since @(z1,22) is positive, ¢(z1,22)/c is a density
function of a distribution on R2. Let f(x1,22) be

1 . -
flxy,29) = —2/ exp(—i(x121 + x222))P(21, 22) dz1dzs.
(27'[') R?2
Then we have
1 , R 21)?
E/Qexp(z(xlzl + x929))P(21, 22) dz1dze = (27) f(z1, x2),
R
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using @(—z1,—22) = @P(z1,22). Suppose that we have shown that
Jre | f (@1, 22)| dz1dry < 00. Then we have

2 2
™) f(z1,22) dridzs

£P1) = oz [ expl-iman o))

by inverse Fourier transform and therefore

P(z1,22) = / ) exp(i(z121 + x222)) f (1, x2) dxidz),
R

using f(—xz1, —x2) = f(x1,2z2). If we further show that f(z1,z2) is non-
negative, we find that ¢ (21, 22) is the characteristic function of a distribution
with density f(x1,x2). That is, X exists.

Let us show that f(x1,x2) > 0. The function f(z1,z2) can be written
as

flzy,z2) = % /000 cos(r222) /000 cos(x121)

Y[
X exp <—2/ (2161 + 2252)ar(d§)> dz1dz.
(0,7/2)

We note that if a function g : (0,00) — R is summable and ¢” > 0 on
(0,00), then [ g(z)cos kx dz > 0 for any k € R. Let us define

I, (z9) = /000 cos(x121) exp (—2 /(0 /2)(2'151 + @@)‘T(dﬁ))dm.

Then

d2 00 82

——1, (z9) = cos(z121) —= exp| —2 21&1 + 22£2)°T(dE) | dz.
d2s? 1 (22) /o (w121) 252 P< /(o,w/z)( 161 + 2262)°T( 5)) 1
We find that

0?2 o
@GXP<—2/(OJ/2)(21§1 + 2262) F(df))

= exp (—2/ (2161 + 2252)ar(df)>
(0,7/2)

2
X {(QCV/ (2161 + 2252)a_1§2r(d5))
(0,7/2)

—2a(a —1) /(0 /2)(2151 + 2252)a2§§r(d5)}
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is summable on (0, 00) with respect to z; for any fixed zo > 0 because
82
-2 “T'(d
257 eXP< /(O,ﬂ/Q)(Zlfl + 2082)“I( 5)) '
< eXP<—2/ (2161 + 2252)ar(d§)>
(0,m/2)

X {(Qa /(OJ/Z)(Zzﬁz)alsz(df))Q

+2a(1 — o) /(O /2)(2252)“2€§T(d§)}-

And we obtain that 8 2 az 7537 XD (=2 fig 7o (2161 + 2065)°T'(d€)) > 0 by

direct calculations, so that dz; I,,(z2) is positive for any x;. Moreover,
I,,(22) is summable for any 21 and therefore we find f(x1,z9) > 0.

We write I = [g» f(x1,22) dz1dzs. Although we need only to show
that I < oo, let us show that I = 1. We have

ko k1
I= lim f(a:l,xg)dazldxg

kl,kg—wo

= — lim / / exp( / (2’151 + ngg)ar(df)>d21d2:2
72 k1,ka—o0 (0,7/2)
/ / cos(z121) cos(zoze) drydrsy
_ 4 lim / / sin( klzl Sln(kQZQ)

2 k1,ka—00

X exp <—2/ (2161 + 2252)ar(d§))d21d22
(0.7/2)

4 °© sin 27 sin 29
= — lim
7T k1,ko—00

xexp( 2/o7r/2)(k31§1+ 52) F(d§)>d21d22

4 2(n+1)7 p2(m+41)w
= — lim / / sin z7 sin z9
2n

7T2 k1, k‘2—>00
—_— —2 d dz1dzs.
iz eXp( /(o,n/z)(/ﬁ St §2> o §)> e
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Here we define g, ,(21,22) = zlle exp(—2 f(o,n/2)(z_i£1 + ;—252)“F(d§))
and Q(kh k27 Z1, %2, W1, U)Q) = le,kg (217 22) - le,kg (wlu 22) — Gk ,ko (Zlu ’lUQ) +

Gk ko (W1, w2). For wy > 21 and wo > 2o, we find Q (K1, k2, 21, 22, wi,w2) > 0

because
aimé(kl,k2,z1,zg,w1,w2)
_ wi%{z% exp <_2 /(OM) (Z’—llgl v Z—zfz)ar(dﬁ)>
Ly <_2 /(W) (Re+ Z—j&z)af(dﬁ)> }
x ( /«mm (P ,j—j@)‘“‘%ﬂd&))
Lo (_2 /(W) (Fa+ l,j—jgz)“r(d@)
« ( /(W) (Z—jgl + Z—j@)‘“‘%ﬂdé)) }
>0

and 8;5]2@(kq7 k27 21,22, W1, U)Q) > 0. We define le,k‘Q (Zlu 22) = le,kg (217 ZQ)
— k1 ko (21 + T, 22) — Qiey ko (21, 22 + ) + Gy ko (21 + 7, 22 + ), then we have

4 0 2n+)7m  ,rC2m+)7
I=— Ilim Z / / sin z1 sin 29 Qp, g, (21, 22) dz1d2o.
2 2

2
T k1,ka—00 a0 ) 20 ma

By Qk, ko (21, 22) = Q(k1, ko, 21, 22, 21+ 7, z2o+m) > 0, we obtain Iy, p k4, =

n+1 omt)m . .
2(n;l+ " Q(m”:r )™ sin 21 810 29 Qpy ko (21, 22) dz1d2za > 0. And we have

o -
8—]€1Q(k17 ko, 21, 22, w1, wy)

_2a]1 N Aoy 22,0\
= {22 (eXP( 2/(077#2)(]{:151 + k2§2> F(df))

x < /(o,n/2)<2_1£ + Z—Z@)“&Ndé))
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~exp <_2 /(W) (e + Z—Z&z)af(df)>
. < /(W) (Fa+ Z—i@)“lfﬂdé)))
L (exp<_2 [ (Ea+iza)rao)
x ( /@,ﬂ/z) (Z—i@ + %gg)a_lﬁlF(dé))

— exp <—2 /(o ) (Z—llﬁl + %f2)ar(df)>

wy wWo a—1
g </(077r/2) <k_1£1 + k_2§2) fﬂ‘(df))) }
We find that

exp(—2 /w,m) (%5 + Z—Z@)amds))
~e(-2 [, Gras Zg)"T(as))
> exp <—2 /(o,n/2) (%51 + Z—j@)af(df)>

— exp (—2 /(0 ) (Z—llﬁl + Z—j&)ar(df)),

/(O,W/Z) (2_151 + 2—252) a—1§1F(d§)
B /(O,w/2) (1/~lc}_11fl + Z_Z@)Q_I&T(df)
- /(O,w/2) (%& + %£2>a_lf1f(df)

: /(o,ﬂ/z) (l/:_ll& " Z_j@)a_lglr(df)’

using that * (0 < a < 1) is concave and 2! (0 < @ < 1) and e~ are
convex for x > 0. We note that if Ay, As, A3, Ay, By, B2, B3 and By are
positive numbers such that A1 > Az, By > By, Ay — Ay > A3 — A4 > 0
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and By — By > Bg — By > 0, then A1B1 — AsBy = Al(Bl — Bg) + (A1 —
AQ)BQ > Ag(Bg — B4) (Ag — A4)B4 = A3B3 — A4B4. Therefore we find
ang(kh/%Zl,Z%’wl,wz), I Q(k1, k2, 21, 20, w1, wa) > 0, 50 that Lk, k,
monotonously increases in k1, ko. Hence we obtain

> 2n+1)7  p@2m+1)7T
Z lim / sin Z1 sin Z9 le’]€2 (21, 22) ledZQ

— klvk?ﬂoo onm

7& /2(”+1 / (m+D7 i 21 sin 29
m,n= 0 2n #2

%  lim exp(—2 / ( €+ 52) (dg))dzld;:g
k1,k2—00 (0,7/2)

4 [ sinzn  sin 29
= ) le d22
T 0 21 0 z9

=1.

>1M| B~

3
[\

Next we consider the case I'([7/2,7]) > 0. Let I'1, I'y be

['1(B) =T(BN((0,7/2) U (7, 37/2))),
I'y(B) =T(BN([r/2,7] U[37/2,2x])) for a Borel set B C [0, 27).

Then I' =T + I'y. Let us define X = (X, X5) such that

Eexp( (Zle + ZQXQ))

exp<— / 2161 + zzfz’afl(df)) eXp<— / 2161 + 2252’ar2(df))
st 5!

lf Z1%9 Z 0,

exp(_ / 2161 — 2252]a1“1(d£)> eXp(_ / 2161 + 2252’ap2(d£)>
st st

if z129 < 0.

We can easily see that there exists a 2-dimensional symmetric stable random
variable whose characteristic function is exp(— f o 2161 + z2£2\arl(d§)) if
2129 > 0, and exp( Jo1 12161 — 22§2|O‘F1(d§)) if 2129 < 0. Its spectral mea-
sure is denoted by T'; and we have Eexp( (21X1+22X2)) = exp(—fs1 |z1&1+
2o | (T + Fg)(df)). Obviously, I'; + I'y satisfies the properties of spectral
measures and we find that X exists and satisfies the condition (C1). [
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We note that, if & > 1, any symmetric a-stable random variable has a
differentiable characteristic function. Therefore, if & > 1, I'((0,7/2)) > 0
and I'([r/2,7]) = 0, then the right hand side of (2.1), ¢(z1,22), cannot
be the characteristic function of a symmetric a-stable random variable,
because ¢(z1, 22) is non-differentiable on z; = 0 and z3 = 0.

Theorem 2.1 can be extended to the following proposition. Here, if
(21,22) € R2\{(0,0)} is written as z; = rcos@, zo = rsiné (r > 0), then 0
is denoted by arg(z1, z2).

PROPOSITION 2.2. Let X = (X1, X2) be a 2-dimensional symmetric
a-stable random wvariable (0 < o < 1) whose spectral measure I' satisfies
['((#1,62)) > 0 (0 < 6 < 62 < 7). Then there exists a 2-dimensional

- - - . d
symmetric a-stable random variable X = (X1, X2) satisfying X # X such
that

(02) 21X1 + ZQXQ i 21X1 + ZQXQ if arg(zl,ZQ) S [(92 - 7'('/2,91 + 7T/2].
Proof. Let Y = (Y1,Ys) be a 2-dimensional symmetric stable random

variable such that

3/1 = X1 sin92 — X2 COS92
Yo = —Xysin 6y + X5 cosf;.

Then

Eexp(i(zlYl + ZQYQ))
= Eexp(i(z1(X7sinfy — Xy cosy) + zo(—X7 siny + Xy cosby)))
= Eexp(i((z1sinfy — z2sin 1) X1 — (21 cos O — z3 cos 01)X32))

= exp<—/ |(21 sin 0y — z9sin 67) cos €
[0,27)

— (21 cos b — 29 cos 6y) Sinélaf(dé))

= exp<—/ |z1(sin @2 cos & — cos Oy sin &)
[0,27)

+ 2zo(sin € cos 1 — cos € sin 01)\°T(df)>

= exp<— / |21 8in(f2 — &) + 2z sin(§ — Hl)laf(d§)> .
[0,27)
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Here let us define the function o : £ € [0, 27r) — 1 € [0,27) such that
cosn = sin(fy — £)/+/sin?(# ) +sin?(€ — 61)
sinn = sin(¢§ — 01 /+/sin? 02 — §) + sin? (€ — 0y).

We note that the function ¢ is one-to-one correspondence. Therefore we
have

Eexp(i(z1Y1 + 22Y2)) = exp (— / |z1 cosn + 2o sinn\afy(dn)) ,
[0,27)

where I'y (dn) is the spectral measure of Y and satisfies I'y (dn) = (sin®(#2—

o~Y(n)) +sin®(c71(n) — 91))a/2f(d0_1(77)). We see that n = o(§) changes
from 0 to /2 as £ changes from 6; to 62 and therefore I'y-((0,7/2)) > 0.
By Theorem 2.1, there exists a 2-dimensional symmetric stable random

variable Y = (}71,)72) such that z1Y; + 22Ys 2 21Y1 + 20Y5 for 2129 > 0
_d
although Y £ Y. )
_ Let us define a 2-dimensional symmetric stable random variable X =

(X1, X>2) such that

}71 = Xl sin92 — XQ COS 92

172 = —Xl sin 61 + Xg cos 0.
Let w = (w1, w2) be wy = 21 sin Oy — z9 sin 1 and wy = —2z1 cos Oa + 29 cos 0.
Then we can easily see that wlffl + ngg 4 w1 X1 + we Xy for z12z9 > 0.
When z9 = 0 and z; > 0, we have w; = z1sinfy and we = —2z1 cosfy so
that argw = 0y — 7/2. When z; = 0 and z3 > 0, we have w; = —z9sinf;
and wy = 29 cos 01 so that argw = 61 +7/2. Since the linear transformation

from (z1,22) to (w1, w2) has a positive determinant, we obtain that argw
changes from 0y — 7/2 to 61 + 7/2 for z1,22 > 0. Hence we find that

lel + U)QXQ i w1 X1 + we Xy for argw € [92 — 7T/2,(91 + 7T/2] Obviously

_d

X #X. {
Proposition 2.2 implies an interesting corollary as follows.

COROLLARY 2.3. For any non-zero 2-dimensional symmetric a-stable
random variable X = (X1,X2) (0 < a < 1), there exists a 2-dimensional
symmetric a-stable random variable X = (X'l, XQ) such that Zle"‘ZQXQ 4
21 X1 + 20Xy for uncountably many pairs (z1, z2) with z% + z% =1 although

d

X +£X.
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83. The distribution determined by its projections in some spec-
ified directions

As for Theorem 2.1, in the case I'((0,7/2)) = 0, we have an example
with the opposite property.

PROPOSITION 3.1. Let X = (X1, X2) be a 2-dimensional symmetric
a-stable random wvariable (0 < o < 1) whose spectral measure I' satisfies
that Tljx) is concentrated on at most three points on [w/2,7). Suppose

that a 2-dimensional symmetric a-stable random variable X = (X1, X5)
satisfies the condition (C1). Then X 24X,

Proof. We handle the case where I'||g r) is supported on exactly three
points in [7/2, 7). (In the case where it is supported on one or two points,
the proof is similar.) Namely we assume that I'({#,}) =p; >0 (j = 1,2,3)
and I'([0,m)\{01,02,65}) = 0 for 7/2 < ; < 03 < 63 < w. Calculating the
characteristic function of 1-dimensional projection of X, we have

—% log E exp(i((cos 8) X1 + (sin6)X>))

= / | cos @ cos§ + sinfsin &|T(d€) = / | cos(0 — &)|*T'(d€).
[0,7)

[0,m)
Suppose that X is a 2-dimensional symmetric a-stable random variable

which satisfies the condition (C1) and let T' be the spectral measure of

X. If0 =0; —7/2 (j = 1,2,3), then we have (cos#)X; + (sin)Xs 4

(cos0) X1 + (sin ) Xo. Therefore we have
1) [ lsno; ~ O[T = sines ~00)I°ps
+ ’Siﬂ(@j - 92)‘012?2 + ]Sin(ﬁj - 93)‘01193, 7 =12,3.
If 0 =0; —n/2+ € (j =1,2,3) for sufficiently small ¢ > 0, then we also
have (cos )X + (sin 8) X, 4 (cos 0) X1 + (sin#)Xs. Therefore we have
(3.2) /[ | |sin(0; + e — €)|°T(d€) = |sin(; — 01 + €)|*p1
0,7

+ |Sin(9j — 0y + €)|ap2 + |Sin(9j — 03+ €)|ap3, 7 =1,2,3,
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for small e > 0. Adding the equations (3.1) and (3.2) respectively, we obtain
) 3 3
(33) . POTE) = 33 sines 00"
and
3 3
B [ edOR@) = 3D alsin; — 0+

for any a1, as, as, where (&) = | sin(6; —&)|* +| sin(f2 — &) |* + | sin(f3 — &)|“
and ¢ (§) = a1|sin(fy + € — &)|* + as|sin(ba + € — &)|* + a3| sin(f3 + € — &)|°.
Now let us determine the coefficients aj, ag, as so that ¢(§) = ¢(&) at
& =01,09,03. That is, determine a1, as, ag satisfying the equation

| sin e|* |sin(f2 — 61 +€)|* |sin(03 — 01 + €)|*\ (a1
|sin(6; — O + €)|“ | sin €| |sin(f3 — 02 + €)|* | | a2
|sin(0; — 03+ €)|*  |sin(fy — O3 + €)|* | sin €| as

‘SiH(QQ — 61)‘01 + ‘Sin(eg — 61)‘01
= | sin(01 — (92)|a + | sin(03 — 02)|a
\sin(&l — 63)‘01 + ‘Sin(GQ — 63)‘01

Let Ac (¢ > 0) be the determinant of the coefficient matrix in the left
hand side. Then we see that A, is continuous in € and Ay = 2|sin(f; —
02)|%| sin(f2 —03)|*| sin(f3—61)|* > 0, so that we have A, > 0 for sufficiently
small € > 0. Thus a1, as, ag exist uniquely for any fixed small € > 0. For
these a1, a2, as, we notice that the right hand sides of (3.3) and (3.4) are
equal to each other and therefore

(3.5) /[Om) (€T (dE) = /M pe(€)P(de).

Next let us show that
(3.6) aj =1—kje* +O0(2*™M) (j=1,2,3)
for some k; > 0 as € — 0. We show it only for a1, as a2 and a3 are treated
similarly. By Cramer’s rule, we have

| sin(@2—61)|“+| sin(03—01)|* |sin(f2—01+¢€)|* |sin(f3—01+¢€)|“
| sin(01—02)|*+]| sin(03—02)|* | sin €] | sin(@3—62+€)|> | .
| sin(01—03)|*+|sin(62—03)|* |sin(f2—03+¢€)|* | sin €|

1
Ae

a) =
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Therefore we obtain

B A0+61€a +O(€2a/\1) B 1+ j‘_loea _|_O(€2a/\1)

A+ be* + O(e?ant)y 1 4 ALOEa + O(e20n1)

_ C_l a 2anl o i

_<1+A06 +O(e ))(1 Aoe
b—

Aocl e + 0(6204/\1)’

ay

a O(€2a/\1)>

—1—

where

b= —{(\ sin(fy — 91)\0‘)2 + (| sin(f3 — 91)\0‘)2 + (| sin(f3 — 92)\0‘)2},
Ccl1 = —’ Sin(92 — 91)‘01(‘ sin(01 — 92)‘01 + ‘Sin(eg — 92)‘01)
— | sin(f3 — 01)|%(| sin(01 — 03)|* + | sin(f2 — 63)|*).

We see that
b—61 = | Sin(93 _02)|a(| Sin(92 _91)|a + | sin(03 _01)|a - | Sin(93 _92)|a) >0

and hence we obtain the formula (3.6) by setting k1 = (b — ¢1)/Ao.

Now let us show that ¢.(£) < ¢(§) at & # 61,0, 05 for sufficiently small
€. We show it on (01, 62). (The proof is similar on (#2,63) or (03, 7)U[0,61).)
We note that d%\ sin(g; —&)|* - —ocoas§ — 6,0, d%] sin(f; —&)|* — oo as
¢ —6;+0and %| sin(f; — €)|* < 0 at £ # 0; for j = 1,2, 3. Therefore we
have ¢c(§) < ¢(&) on (01,01 + €] for sufficiently small € by ¢c(61) = p(61).
And we have

ap|sin(fy + e — &)|* < |sin(by + € — &)|* < |sin(6; — &),
as|sin(fs + € — )| = (1 — kze® + O(**™))(|sin(f — £)* + O(e))
< |sin(f5 — £)|

on (01 + ¢,603) for sufficiently small e. Let § be § = 2ae!=*/ky. (We note
that § — 0 as € — 0.) Then we obtain

|sin(fy + € — €)|* < |sin(By — €)|* + easin(fy — &)t cos(hy — &)
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for 01 + € < £ < 05 — § by mean value theorem and we have

az|sin(fy + € — €)|*
< (1 = ke + O(2* M) (| sin (82 — €)|* + ea sin(By — €)|]* 1)

= |sin(fy — &)|* + ea|sin(fy — €)|*1 — koe®|sin(fy — €)|* + O(e2*M)
< |sin(fy — €)|* + €ad® ! — koe®5™ + O(**M)
— |Sin(92 o £)|a o 2a—laak%fa€—a2+2a + O(€2a/\1)

(62 — &)

Sl

on (01 + €,02 — 0] for sufficiently small e. Therefore we find ¢.(£) < (&)

on (01 + €602 —6]. And we see p.(§) < (&) on (62 — 9, 02) for sufficiently

small € by ¢c(2) = ¢(f2). Therefore we have ¢ (§) < p(§) on (61, 65).
Hence, by (3.5), we conclude that f|[07,r) is concentrated on {61, 03,03}.

We can easily verify that f({ej}) =p; (j =1,2,3). U

Remark 3.2. This proposition is also true if we replace [7/2,7) in the
statement with [7/2,7) U {0}.

Remark 3.3. We note that Proposition 3.1 fails when e = 1 and T| [0,7)
is concentrated on {0,7/2}. For example, let us define X = (X1, X») and
X = (X1, X2) such that

Eexp(i(z1X1 + 22X2)) = exp(=(|z1] + |22])),
Eexp(i(21X1 + 22X2)) = exp(—(§]21 + 222 + §[221 + 22))).

~ ~ _d
Then 21 X7 + 20X 4 21 X1 + 29X9 for z120 > 0 although X # X.

CONJECTURE 3.4. [t seems that Proposition 3.1 remains true if we
replace “at most three points” by “a finite number of points”.

Similarly to the extension of Theorem 2.1 to Proposition 2.2, we have
the following proposition.

PROPOSITION 3.5. Let X = (X1, X2) be a 2-dimensional symmetric
a-stable random wvariable (0 < o < 1) whose spectral measure T' satisfies
that Tj x) is concentrated on at most three points on [01,02] (0 < 61 <
Oy < 7). Suppose that a 2-dimensional symmetric a-stable random variable
X = (X1, Xy) satisfies the condition that

(03) 21X1 + ZQXQ i 21X1 + ZQXQ if arg(zl,ZQ) c [(91 + 7T/2,(92 + 7T/2].
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