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FIELD OF A CHARGED PARTICLE IN THE PRESENCE OF
SCALAR MESON FIELDS IN GENERAL RELATIVITY
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Abstract

Field equations for coupled gravitational and zero mass scalar fields in the presence of a
point charge are obtained with the aid of a static spherically symmetric conformally flat
metric. A closed form exact solution of the field equations is presented which may be
considered as describing the field of a charged particle at the origin surrounded by the
scalar meson field in a conformally flat space-time.

1. Introduction

The study of scalar meson fields in general relativity has drawn the attention of
many workers. Bergmann and Leipnik [1], Buchdahl [3], Bramhachary [2],
Stephenson [13], Penney [6,7], Gautreau [4], Rao et al. [9], Roy and Datta [11],
Roy and Rao [12] are some of the authors who have investigated various aspects
of the problem.

Recently, Penney [8] and Gurses [5] have obtained exact solutions for massless
scalar meson fields with a conformally flat metric while Ray [10] has given a
complete set of exact solutions for both massive and massless scalar mesons in a
conformally flat space-time. Here we have considered the energy-momentum
tensor due to a source-free electromagnetic field and have obtained an exact
solution of the Einstein-Maxwell-massless scalar field equations for a static
charged point mass with the aid of a conformally flat metric.
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2. Field equations

The general relativistic field equations for the interacting source-free electro-
magnetic, and zero mass scalar (meson) fields are given by

is the energy momentum tensor due to the source-free electromagnetic field and

is the energy momentum for the zero mass scalar field. Here FtJ satisfies the
Maxwell field.equations

F.j-Ai.j-Aj.i>) ( 4 )

F!j = 0, j

A, being the four potential and the scalar field </> satisfies the wave equation

*:* = 0. (5)

Here a comma and semicolon denote partial and covariant derivatives respec-
tively.

In the following section, we solve the field equations (1) to (5) for a static
spherically symmetric conformally flat metric

ds2 = ea(dr2 + r2do2 + r2sin2 od<&2 - dt2) (6)

where a is a function of r alone. The spherical symmetry assumed implies that the
scalar meson field <J> shares the same symmetry.

From (2), (4) and (6) the non-vanishing components of the energy momentum
tensor for the electrostatic case are found to be

where q is a constant which is identified with the electric charge.
Taking <f> as a functioin of r only and using (3), (6) and (7) in (1) and (5) the

coupled Einstein-Maxwell-massless scalar field equations for a charged point
mass can be written explicitly as
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B1 + ^ = «1 - « _ A *

V f I

Here a superscript prime indicates differentiation with respect to r.

(11)

3. Solutions of the field equations

It can be easily verified that when the charge q = 0, the field equations (8) to
(11) yield a solution which describes an empty flat space-time in Einstein's theory
with <j> = constant. The constant may also be set equal to zero. That is a static
spherically symmetric conformally flat solution of the Einstein field equations in
the presence of zero mass scalar fields describes simply the empty flat space-time
of general relativity.

When the massless scalar field <J> i= 0 and when the charge q ¥= 0, we solve the
field equations (8) to (11). Since there are four field equations with only two
unknowns, the derived solution is substituted in the equations and found to
satisfy all four.

It is a simple matter to see that the field equations (9) to (11) reduce to

and

which in turn give us

eaa' = -2<72//-3

r2e%' = C,

q2/r2, C2 * 0,

1 +u

(12)

1 -u
(13)

where u - (]/-C2 /q)r and C,, C2 and <£0 are constants of integration. It is seen
that the solution (13) satisfies each of the field equations (8) to (11) provided the
constants C,, C2 and q2 are related by

C2 + 3C2q
2 = 0, (14)

and 4>0 can be set equal to zero.
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It can be seen that equation (14) together with C\ > 0 and q2 > 0 implies
C2 < 0. Therefore (q]/-C2) in (13) becomes real. Thus equations (6) and (13)
along with (14) constitute an exact static spherically symmetric conformally flat
solution of the Einstein-Maxwell-massless scalar field equations.

Physically the solution (13) along with (14) may be looked upon as describing
the gravitational field of a charged particle at the origin surrounded by the field
of a zero-mass meson in a conformally flat space-time. It can be seen that the
solution (13) is asymptotically flat and has a singularity at u — 1. It is interesting
to note from (14) that the constant C, = 0, implies q = 0 (C2 ¥= 0) and the
solution goes over to the empty flat space-time of Einstein's theory with <J> = 0.

4. Conclusions

The need for exact solutions in the general theory of relativity is well known.
Here we obtained a closed form exact static spherically symmetric conformally
flat solution of the coupled Einstein-Maxwell-massless scalar field equations
corresponding to a charged mass point at the origin surrounded by the field of a
zero mass meson. It is heartening to realise that we are able to obtain an analytic
solution of a problem with three fields coupled non-linearly. The solution (13)
will play a physically significant role in studies of the interaction of electromag-
netic and scalar meson fields in a conformally flat space-time. It may be
mentioned here that the study of interacting electromagnetic and meson fields is
of considerable interest in the field of high energy physics.
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