Canad. Math. Bull. Vol. 18 (2), 1975

DIRECT PRODUCT DECOMPOSITIONS
OF TWISTED WREATH PRODUCTS

BY
JEFFREY M. BROWN

The twisted wreath product of two groups was first defined by B. H. Neumann
([1]) who used this construction to present a group-theoretic proof of a theorem
due to Auslander and Lyndon. In this paper we present a complete character-
ization of the direct product decompositions of a restricted twisted wreath product
of two groups 4 and B provided this product is not simply a semi-direct product of
A by B.

1. Preliminary results. To recall the definition let 4 and B be two groups, let
S<Band T aright transversal for S in B. Let p:S— Aut(4) be a homomorphism.
If 7:B—T denotes the obvious right coset representative map we denote by
1—7:B—S the corresponding projection of B onto .S, and accordingly

b= (""", beB.
Clearly B acts as a transitive group of permutations on the set T
* = (tb), teT, beB.
Likewise for the action of S on 4 we write:
a® = (p(s))(a), acA, seSs.
Also, convenience would have us adopt the notation
s, ) =(@b™", beB, teT.

The base group Fis defined to be the restricted direct product of | B: S| copies of
A indexed by the elements of T

F=TIX% 41, A=A
Neumann ([1]) established a homomorphism mapping B into Aut(F), the element
b € B being mapped to the automorphism which sends an element f€ F to the
element f* where
£ = (@) teT.
The restricted twisted wreath product W=W(4, B, S, p) is defined to be the
semi-direct product of F by B, i.e., B+ F, with respect to the above mentioned
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homomorphism. (If one allows F to be the cartesian product of the copies of 4
then, using the same mapping, one obtains the unrestricted twisted wreath product
which is not considered in this paper). Neumann ([1]) also established that, up
to isomorphism, W is independent of the choice of the transversal T.

Several special cases are of interest. If S=1 then W is the restricted standard
wreath product of 4 by B, while if S=2B then W is the semi-direct product of 4
by B with respect to p. We call ¥ a proper twisted wreath product if S B. Finally,
if p is trivial and S contains no non-trivial normal subgroups of B, then W is a
restricted (not necessarily standard) wreath product.

We now present several facts and establish some relevant notation. The largest
normal subgroup of B contained in S is denoted Corey(S): the intersection of the
conjugates of S in B. The centralizer Cg(4) of 4 in S is seen to be the kernel
of p. The centralizer C,(S) of S in 4, on the other hand, consists of those elements
which are fixed points of every automorphism in p(S). We also adopt the notation
7: W—B for the obvious natural projection of W onto B; and y(a) for the inner
automorphism of 4 corresponding to conjugation by a.

For any subgroup 4,<4 we define

D(4)) = {feF|f() =f(t) € Ap, t,t' € T}.

Clearly D(A4y)=~= A4, provided |B:S|< o, and is trivial otherwise. Using Lemma 3.3
of [2] it is easily verified that

1.1 Cw(B) = {(B) x D(C(S)),

and

(1.2) Nw(B) = BX D(C(S)),

from which

1.3) Cy(F) = {bf | b € Corey(S), p(s(b, 1)) = y(f (1)}

is easily deduced.
Another useful notation is to let a[¢] denote that element of F defined by

o -1 8 17
so that
(1.4) @) = @*" ), aed, beB, teT.
Observe that for any element bf € W and any ¢ € T such that t25¢, the element
(L.5) bfy = (bf)0 7
is conjugate to bf in W and has the property that f,(t)=1, a fact useful in the
sequel.
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For any fe F, let
o(f) = {teT|f() = 1}.
Then there exists a homomorphism 7:F—~A4[A4’ defined by

a(f) = f(t) - - - f(t)A4,
where {#;, ..., #;} is any ordering of o(f). Now, for 4,<4, define

M(4) = {feF | n(f) e 4,44’} < F.

As the kernel of = is obviously M(4"), it follows by a straightforward argument
that:

(1.6) If M+ is any subgroup of F containing M(A4") and if #(M+)=A%/A’, then
@H M= M4,

(i) At = M*T N A[1], teT,
and
(iif) A" is p(S)-invariant whenever M+ <« W.

Finally, generalizing the proofs of the corresponding results for restricted
standard wreath products ([2], Theorem 4.1 and Corollary 4.3), we have

() [B, F]1= M([4, S,
(1.7 (i) W =B A"[4,S], if |B:S|=1

(i) W’'=B'-F -M(4,S]), if [B:S|<al,
where
[4,S] = gps{aa*|acd,seS}.
2. Active and fully-active subgroups. In this section we establish results con-

cerning two classes of normal subgroups. Recall that #: W—Bis the obvious natural
projection.

DerINITION 2.1. A subgroup G W is said to be active if for every ¢ € T there
exists b € 7(G) such that r2#¢.

Clearly, if #(G)< Coreg(S) then G is not active. On the other hand suppose
G is normal and not active. Then there exists some ¢ € T such that ¢=¢® for every
b € n(G). If ¢ is any element of B, then

(tc)b = 1 — t(cbc-l)c = ¢

for every b € 5(G). But B acts transitively on T, hence b fixes every element of T,
that is, b € Corep(S). Thus we conclude that a normal subgroup G is active if and
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only if #(G)<< Coreg(S). As a consequence we have:

Lemma 2.1. If N is an active normal subgroup of W, where W is proper (S#B),
then
(i) for every teT and a€ A there exists an element fe N N F such that

f)=a,
(i) <N N F.

Proof. As N is active there exists, for every ¢ € T, an element bg € N such that

t#1, Letting
f=1Ibg altll = g™ - (a'[t])’ - g - alt],
we have, using (1.4),
() =g (Dg(t)a = a,

and as a is arbitrary the proof of (i) is complete.

Clearly (ii) follows if it can be shown that for every t € T, A'[t{]<N N F. Hence
let teT and a;, a, € A. Since N is active, there exists bf € N such that #°#¢.

Moreover, by (1.5), we may assume that f(#)=1. However, any commutator of the
form [bf, g] must be an element of N for any g € F; in particular each of

S = [bf, ailt]],
fo = [bf, as[t]],
fs = [bf, (a"az)[t]]

is in N. Upon expansion,

fifar fs = ([ay, a;DI1] € N.
Since the set of such elements generate A'[¢] the proof is complete.
The second, more restricted class of subgroups, is defined as follows.

DErFINITION 2.2, A subgroup G W is said to be fully-active if, for every a € 4,
te T and § € B, there exists an element bf € G such that

(alt])’ = (alt)™.
The most important property of fully-active subgroups is described in

LemMA 2.2. If N is a fully-active normal subgroup of a proper restricted twisted
wreath product W, then

M4, S) < NNF.
Proof. It is sufficient, by (1.7)(i), to prove that

[B,FIKNANF.
Consider the element [, a[t]] for an arbitrary f € B, a€ 4 and t € T. Clearly

[, alt]] = (a~[t)alt].
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From our definition there exists an element bf € N such that
@'1)’ = (@7'11)",

[B, a[t]] = [bf, a[t]le N N F.

Since such elements generate [B, F] this proof is complete.

and hence

3. Direct product decompositions. It will be shown in this section that the direct
product decompositions of a proper restricted twisted wreath product are of two
types. The first type, called the regular decompositions, are characterized by the
fact that at most one of the factors is active. The second type of decomposition,
the irregular decomposition, occurs only under special restrictions on 4, B, S
and p, as will be clear from the statement of Theorem 3.1.

In order to avoid a more cumbersome notational change at a later date we let
Bp=1n(P), Bu=7(Q), Bprp=B NP, and Bynp=B N Q, where 7:W—B is
the natural projection of W onto B.

We begin by considering some of the conditions necessary for a regular decom-
position. If W=PxXQ and Q is not active then, since S#B and B=Bp - B,
clearly P is active; hence, by Lemma 2.1, for every a € 4 and every ¢ € T there
exists an element f€ P N F such that f(t)=a. As [P, Q]=1, it follows that for
everyac dandeveryteT

(alt)* = alt], bgeQ,
and hence, in fact, Q < Cp,(F). From (1.3) we have

s(b, 1) = y(f(1), bfeQ, teT,

and
pQNB)=1.
Now, since Q< Cpr(F), it is clear that P is fully-active, and by Lemma 2.2

M[4,S]<PNF.
Moreover, since F'<P N F (Lemma 2.1), it follows that
MANYLPANF.
Thus, by (1.6), there exists a p(S)-invariant normal subgroup 4p~,<4 such that
P NF=MAp~g)-
At the same time, since P is normal the set
Pp={feF|bfeF,beBp=n(P)}

is a subgroup of F containing P N F, and again by (1.6) there exists a normal sub-
group 4Ap< 4 such that
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Returning to Q we see that
Q NF < Cy(B),

since P is fully-active and [P, Q]=1. Hence, by 1.1, there exists a subgroup
Agnp<C4(S) such that

Q0 NF = D(4gnp)-

Indeed, applying Lemma 2.1(i) to P and using the fact that [P, Q]=1, it is clear
that

AQnF = C(A)’

where {(A) denotes the center of A. If |B:S|=n and (4p~p)*'" denotes the
n-isolator of 4 p~p, then

Agnr O (Apap)'™

is trivial; for if @ is in this set, then the element fe Q N F for which f(1)=a has
the property that

ﬁ(f) € APﬁF/AI9
contradicting the obvious restriction that
M(Apnp) N D(Agar) = 1.
The set
Or = {feF| bf€Q,be B, =7(Q)}

also can be seen to be a subgroup of F, since Q is normal. In fact, we can now
prove that

Or < Cw(Bp);
for if bf € Q and b'f’ € P then

1

bf = (N7 = @) "= b = b,

since Q< Cyp(F) and [Bp, Byl=1. To determine the structure of QO we sidestep
for a moment.

Since P is fully-active there exists, for each ¢ € T, at least one element bf € P such
that

@' = (a[l)”, acA
If we select one such element b, f, for each ¢ € T we have, by (1.4),
@™ = @)1,  acd.
Now for each ¢ € T define
ai) =1, teT.

Then the set of elements {ﬁ(t)]t € T} has the property that for every 7 € T there
exists an element b € Bp (namely b,) such that

1PP=t
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and
p(s(b, ™) = p(a(t)).
Coming back to Qp we have that
Qr < {feF|f(1) =a,f(t) =a™,teT,acd},
since Q< Cppr(Bp). Letting

Adg={acd|a=f(1),feQp}
we observe that

(3.1) @) = (a®")[®), aecd, beBp, teT.

169

Based on this development we are led to make the following definition. Caution
should be taken concerning the notation of this definition as it is perhaps suggestive.
The subscripts which appear, though very useful for visualizing what is happening,
must at all times be considered only as labels, especially when attempting a proof

of the sufficiency of the conditions set forth in Theorem 3.1.

DerFINITION 3.1. Let 4 and B be two groups, S a proper subgroup of B, T a
fixed right transversal for S in B, and p:S—Aut(4) a homomorphism. A system

consisting of four normal subgroups

APa APnF: AQa AQnF
of A4, and four normal subgroups
BP, BPnBs BQ’ BQﬁB
of B, will be called a p(S)-fracture of 4 and B provided that:
(1) () A4p-Ag=4,

(i) Ap>Apnp2[A4, S]- 4,

(iii) Apnp is p(S)-invariant,

(iv) AQnFSAQ N {(A) N C4S),
(note that A,=1 if |B:S|=00)

) Agnr N (APnF)I/n=1, n=|B:S§|;
(2 () Bp-By=3,
(ii) [Bp - Byl=1,
(iii) By< Corep(S),
(iv) Bunp<By,
(V) Bynp<Cg(4)= Ker p,
(Vi) Bpnp<Bp,
(vii) Bpnp N Bynp=1;

(3) at least one of 4p, Bp and one of 4,, B, must be non-trivial.
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The substance of the previous discussion is that the appropriate subgroups do
form a p(S)-fracture of 4 and B. The existence of a p(S)-fracture unfortunately is
not sufficient to ensure that the corresponding restricted twisted wreath product
will have a direct product decomposition; indeed we need additional compatibility
conditions to ensure that the pieces of our fracture will fit together.

DEerINITION 3.2. A p(S)-fracture is said to be mendable provided there exist
two isomorphisms,
7p:Bp/[Bpnp — AplApags
and
and a set of elements

{a(neA|teT},
such that

() @O[=(@"")[t],a€ Ay, beBp, teT,
() p(s(b, )y )=p(a*?), b€ By, a € my(bBynp),
(i) the map a—np (adp) - wg'(a24,) is an isomorphism of (4dp)V" N 4,
to B/(Bpngp* Bonp)
(iv) the map b—mwp(bBp) - mo(b7'By)" is an isomorphism of Bp N B, to
AlApnp (Aonp)™)-

The fact that the subgroups of our discussion form a mendable p(S)-fracture is
also quite direct. Indeed, condition (i) has already been verified (see (3.1)). The
isomorphisms 7p and 7 arise in the following natural way. To each element
b € Bp there corresponds a set of elements f' € F such that bf € P. This correspond-
ence is in fact a homomorphism from Bp onto M(A4p)/M(A p~y) Which in turn is
isomorphic to Ap/A pap. The kernel of this homomorphism is simply B Az, and
we let 7p then be the appropriate induced isomorphism. If to every b € B, one
assigns the set of all fe F such that 5f~* € Q, it is easily shown that this defines a
homomorphism from B, onto Qz/Q N F while 0;/Q N F=~Ay[A4 5. The kernel
of this homomorphism is clearly By ~p, and 7, can be taken to be the corresponding
induced isomorphism.

To verify condition (ii) it is necessary to investigate the product of two elements
of Q, for (ii) follows from the fact that this product must be in Q.

The last two conditions follow from the definitions of 7 and 7 and arise in the
following natural way. For every b € B there exists b, f; € P and b, f; € Q such that

b = b, fibs f;.
Since Q< Cp (F), it is clear that fy=f7". If we assign to each b € B this unique

element f; € Pp N Qp, we obtain a homomorphism having kernel Bpng * Bynp.
Hence

B[Bpng * Bonp = P N Qp.
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It is not hard to show that
Pp N Qp~(4p)'" N A,
and condition (iii) is then easily verified. Condition (iv) arises in like fashion by
considering an arbitrary element f € F.
Conversely, proving the existence of a regular direct product decomposition

of W, given a mendable p(S)-fracture of 4 and B is straightforward, though
lengthy. As candidates for the factors we let

P= {bf| b € Bp, f € M(mp(bBpnp) * Apnr)}

0 = {bf| beBg, f(™ = f(1) € mo(b™ Bons) * Aonr)-

This proof will not be presented here.
Our theorem then reads:

and

THEOREM 3.1. A4 proper restricted twisted wreath product W(A, B, S, p) has a
non-trivial direct product decomposition if and only if either:

1. A and B have a mendable p(S)-fracture, or
2. (i) A4 is abelian, with a unique square root for every element;
(ii) |B:S|=2, with right transversal t,, t,;
(iii) p(S) consists of the identity and the automorphism (denoted ( )™) which
sends every element of A to its inverse;
(iv) B=BpX B,
where (a) Bp< Coreg(S)=S, By<S,
(b) for b € By, p(s(b, t;))=( ) if and only if t?;éti, i=1,2,
(c) for b € Bp, p(s(b, t))=1, i=1, 2.
The proof consists of showing that W has an irregular decomposition if and only
if W satisfies condition 2 of Theorem 3.1. We begin by showing these conditions to
be necessary. Let Bp=17(P) and By=1(Q) as before. The fact that 4 is abelian

follows from Lemma 2.1 since both P and Q are assumed to be active. Then,
since F is abelian,

[BPoF:I:[PaF]SP:
and

For each t € T let Bp[t]={b € Bp l t*7£t}. Since P is active, Bp[t]% @ for each
t € T. Then for each b[t] € Bp[t]

[b[t], alt]] = (@7 [t])°™ - a[t]leP, a€A.

Since this element commutes with every 8 € By, we have

(@D alt] = (@[ - (alt]’
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for every e B, te T, ac A and b[t] € Bp[t]. Since Q also is active there exists
some triple
(t05 bO’ ﬂo), to € T’ bO € BP[t]’ /30 € BQ’

such that

alto] = (a7 [t 16 # to acA,
and

(@[t) = (alte)™,  0°#t, acA
It now follows that s(b, #,)=1 for every b € Bp such that t2=t,, and likewise for
any b € B, for which to=t,. It is also clear that 4 has no element of order 2, and
that no element of A4 is a fixed point for every automorphism in p(S), i.e., C4(S)=1.

A short argument also proves that if b is an element of Bp not centralizing F,

then b acts like b, at ¢,, that is

(a[tO])b = (a[tO])bo, ac A’ b € BPa b ¢ CW(F)
Likewise
(alto])® = (alto)’>, a€d, beBy  b¢Cy(P).

But Bp:By=B, hence |B:S|=2. Moreover, either p(s(by, 2))=( )" or
p(s(By, 15))=( )~* but not both. For definiteness we assume the latter. It follows that
p(S(b, t)) = 1: be BP’ te T,

while
ps(h,) =( )%, beBp, t°#teT.

In particular

Cr(Bp) = [By, F],

Cr(Bg) = [Bp, F],
and in fact

F=({P NF)xX(Q NF);
hence
B=B P X B Q-
The fact that 4 has a unique square root for every element now follows easily from
the direct decomposition of F above, and the necessity of condition 2 is established.
The proof that condition 2 is sufficient will again be omitted since it is lengthy

but not difficult provided one takes as candidates for the direct factors

P = Bp- [Bp, A[1]],
and

Q = By [Bg, A[1]].
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