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ON THE DETERMINATION OF THE
RAMIFICATION INDEX IN CLIFFORD’S THEOREM

by ROBERT W. VAN DER WAALL
(Received 6th February 1987)
(Dedicated to Professor Dr B. Huppert on his sixtieth birthday)

Introduction

Let K be a field, G a finite group, V a (right) KG-module. If H is a subgroup of G,
then, restricting the action of G on V to H, V is also a KH-module. Notation: V.

Suppose N is a normal subgroup of G. The KN-module Vy is not irreducible in
general, even when V is irreducible as KG-module. A part of the well-known theorem of
A. H. Clifford [1, V.17.3] yields the following.

Theorem (A. H. Clifford). Let V be an irreducible KG-module. Let N <G. Then V is
a completely reducible K N-module. Moreover

VN=VI++VM

where V;#V; as KN-modules if i#j, and each V, is a direct sum of e isomorphic copies of
an irreducible KN-submodule W, say, and W, ¢ W, if i%j. We write V,=eW,. It holds that

Vize(W, + -+ W)=W, +-+ Wi+ + W+ + W,
;_Y_—J |

e times e times

There exists a group A with NS ACQG, |G:A|=n, and a K A-submodule T of V such that
Ty=eW, and V=T X)x,KG, as KG-modules. The integer e is called the inertia index (or
ramification index) of V over N. It is independent of ie{l,...,n}.

Consider the groups G, A, N as in Clifford’s Theorem. It is important to know what
the actual value of e is, in particular whether e divides the order of A/N. In two well-
known cases it is indeed true that e divides |A/N |, namely

1. K algebraically closed of characteristic zero or of positive characteristic not
dividing the order of G (see [6, p. 35]).

2. K a finite field of odd characteristic not dividing the order of G and containing.the
primitive mth-roots of unity, where m=|G|,., G/N an elementary abelian p-group
(see [4, Theorem 13]), due to W. Willems.
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It is not true that the divisibility property of the inertia index always holds. As an
example, take R cyclic of order 3, K=F,, {1}=N < R. Then there exists an irreducible
two-dimensional F,-representation of R with inertia index 2 over N. So here e Y|R/N |-

In [5, Theorem E], it was shown that e=1, e=q or e|q—1 in the case where G/N has
prime order g, G arbitrary finite, K any finite field. It is the purpose of this paper to
generalize that Theorem E of [5], and to give full information about the number ¢ in
the case where G/N is cyclic of prime power order and K is a finite field. It follows from
Clifford’s Theorem that it is sufficient to consider the homogeneous case Vy=¢W, W an
irreducible KN-submodule of the irreducible KG-module V. As a corollary to our results
we conclude that e always divides |G/N| in the case where G/N is a cyclic 2-group and
K is a finite field.

Most of the notation is standard and can be found in [1, 2, 3] or is otherwise clear or
self-explanatory. We use:

E =an algebraic closure of the field E,
F,=finite field consisting of ¢t elements,
F(x): see the definition given in the last lines of page 151 of [3].

This paper is dedicated to Professor Dr B. Huppert on the occasion of his sixtieth
birthday, as a token of homage to him for all his work in finite group theory. Needless
to say the books he has written will be landmarks for ever.

The theorems and their proofs

Theorem 1. Let G be a finite group, N G, G/N cyclic of order q", q prime. Assume V
is an irreducible FG-module for a certain finite field F. Suppose Vy is a direct sum of e
irreducible FN-submodules, each isomorphic to the irreducible FN-submodule U of Vy. We
write Vy=eU. Let F(n)=F(y(n)|neN), where n is the trace function of some irreducible
constituent of the FN-module U R)sF. Put X 2 N, |G/X|=q. Suppose Vy is homogeneous
but not irreducible. Then e2>2 and either (1) or (2) holds.’ o

1. Suppose e=q", a=1. Then (charF,q)=1 and q
FM-submodule W of V such that N MG, |G/M|=q°, Vyy=q"W, Wy =U, unless
g=2 and |F(n)|= — (mod4). If q=2 and 2°||F(n)|+1, 2°* ' f|F(m)|+1, B22, then
there exists an irreducible FM-submodule W of V with N<M <G, |G/M|=2"*¢"1,
Vi =2°W, Wy=U, unless e=2.

2. Suppose e does not divide |G/N | Then (charF,q)=1. It holds that e divides
#(G/N))=q"""(q—1). So q is odd. Write e=fq"~", f|q—1. Then 2< f and f is the
order of |F(n)| modulo q. When y22, then there exists an irreducible FM-submodule
W of V with NIMS<G, |G/M|=¢", Vyy=eW, Wy=U, where ¢°||F(n)]*—1 but
¢ A |F)l—1. |

It follows from the construction of the proof of Theorem 1, that each of the cases

actually occurs in practice.
The following observation elucidates why the case e =2 deserves separate treatment.

|F(m)|— 1. There exists an irreducible

Remark 2. Let K be a finite field such that 2||K|+1, 26*' Y |K|+1, f=2. Let G be
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a cyclic group of order 2°>4. Then G admits a two-dimensional irreducible K-
representation. Its restriction to N ={1} is twice the trivial K-representation of {1}.

Proof of Theorem 1. It turns out that g#charF for otherwise Green’s Theorem
VIL9.19 of [2] yields e=1. By Theorem VIIL.2.6 of [2] there exists a finite field K
containing F such that K is a splitting field for G and all its sections. Consider V (X%K.
Then, for suitable integers u and s, we have the foilowing decompositions into
irreducible KG-modules R; and irreducible KN-modules T;:

VRK=R,;+ " +R, (eU)®K;e<U®K)=e(T1 + 4+ T).
F F F

By [2, VIL1.16(e)] it follows that the R; are pairwise non-isomorphic absolutely
irreducible KG-modules affording characters which are galois conjugated to each cther;
see also [4, 9.21]. The same statement holds for the KN-modules T,.

(1) Let R,y be not homogeneous. Let W be an irreducible constituent of the KN-
module R, y. By considering the algebraic closure of K, the fact that G/N is cyclic,
Clifford’s Theorem, the fact that char K ,}’|G/N |, and combining these with Theorems
9.9. and 9.18 of Chapter VII of [2], it follows that R,y is a direct sum of pairwise
non-isomorphic KN-submodules of Ry y. Such a W is isomorphic to some T;, as KN-
modules. It follows that, say, R, y=T, +- 4 T;. The inertia group I of T, in G is
here different from G by assumption. Hence X212 N as G/N is cyclic of prime power
order. The ramification index of R, over X is one (by [2, VIL.9.18]) and f=|G/I|22.
Therefore there exists an irreducible KI-module D with D), KG=R,. Hence
D)k KX is an irreducible constituent of Ry |x. So R, x decomposes into a direct
sum of g pairwise non-isomorphic irreducible KX-modules, again by [2, VIL9.18].
Each of these modules gives R; when induced up to G. By galois conjugacy
something similar holds for each of the Ry, ..., R,. It follows that (V(X)¢K)y is a direct
sum of pairwise non-isomorphic irreducible KN-modules. However this is in conflict
with the assumption that Vy should be homogeneous but not irreducible.

(2) Suppose now that all R,y are homogeneous. Then, by [2, VIL. 9.9] and [2, VIL
9.18] combined with the facts G/N cyclic, Clifford’s Theorem, char K ,{’|G/N |, it now
follows that all the R;y are absolutely irreducible KN-modules. Let now x be the
trace function of R;. Note that the field F(y) does not depend on the index i, by [4,
9.21(c)]. So we have V®,IF(x)=Sl +---+8S,, where, say, R,-E'Si®m)K, and where
S;%8; if i#j, as F(x)G-modules. Observe that any S; is an absolutely irreducible
F(x)G-module. Since R,y is an absolutely irreducible KN-module, it holds that S;y
is an absolutely irreducible F(y)N-module, for any i. Notice that u=[F(y):F]=
|Gal(IF(x)/[F)] and that Gal(F(x)/F) is cyclic, generated by the Frobenius automorphism
x—x*, any xeF(x). We have et=u, where t is determined by (V®,IF(X))N=
(S, + - +SIvze(UXRiF(x))=e(L, +---+L); the L, are pairwise non-isomorphic
(absolutely) irreducible F(y)N-submodules of U (X)%F(x). Consider F(r), where n is
the trace function of an irreducible KN-submodule of U ®,IZ. Hence F(n=K.
Then t=s, where U®,IF(n)=Y1~i~----i-}§ is the decomposition into (absolutely)
irreducible F(y)-submodules of UX)F(n). Since Gal(K/F) is cyclic, it is easily seen
that F(n) = F(y).
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(2.1) Assume from now on that e22. Then some of the §;y are isomorphic to one
and the same (absolutely) irreducible F(y)N-submodule A of UX)F(x). Let the
cardinality of the set S, consisting of all these S; with S; y= A4, be c. Without loss of
generality, put S={S,,S,,...,S.}. Then, just as it is done in [5, Theorem E, Proof],
it follows that cs=u=ct and that c=|Gal(F(x)/F,)|, where r=|F|. Hence c=e. Let
{y> =Gal(F(y)/F,). Then, according to [2, VIL.9.13], a unique one-dimensional F(3)G-
module A exists, on which N acts trivially, such that S7 =S, X, A. By iteration and
employing [2, VII.9.12(c)], it follows that A" is equal to the trivial one-dimensional
F(x)G-module, where h=(r*—1)/(r—1). The order of A divides |G/N|. So |A|=¢* a<n.
Since 1#y, a=1 holds. Further, it follows from a repeated application of y that no
integer (r'—1)/(r—1) is a multiple of ¢° for any i=1,...,e—1. We now consider two
possibilities: (1) g|r—1, (2) gfr—1. ,

(2.1.1) Let g|r—1. Suppose gq™|r—1 but g"** fr—1. In the cases {g odd, m>1} and
{g=2, m22} it follows that the integer (r*?—1)/(r — 1) with g ¥ g and k20, has precisely
k divisors g in its prime decomposition. From this it follows that e=g®. On the other
hand, in the case {g=2, m=1} we can write r=2%p—1 with 22, 2 tv. It follows that
for k=1, 2.tg, the integer (r2"*—1)/(r—1) has precisely f+k—1 divisors 2 in its prime
decomposition. Observe that for k=0 (rf—1)/(r— 1) is odd.

Suppose for the moment that m+#1. Then order A=q"=e (g=2 is possible here).
Let NeMcG, M<G, |G/M|=g¢" Then A, is the trivial one-dimensional F(x)M-
module. Hence S;jp=8; = " =S, M and Syjp is an irreducible F(y)M-module.
Since S|y is an absolutely irreducible F(y)N-module, we see that S,y is even
absolutely irreducible as an F(y)M-module. Consider Vj,=d(X,+ - +X,), d=1, the
X/s irreducible FM-submodules of V, X;2X; if i#j, as FM-modules. Using
S m=Syu foreach i=1,...,¢, it follows from the Deuring-Noether Theorem applied
on the irreducible constituents of VM®F(1), that e<d. However, regarding eU =V}
via Vyn, d<e holds. Hence d=e, z=1 and so Vj,=eX,=¢"X,, X, y=U.

Now let m=1, g=2, r=2%v—1, =2, 2 v. We see that if e=2% with §=>2, then

order A=28*%"1 Conversely, when order A=2/**, w=1, then e=2"*l
Just as before it now follows that there exists an irreducible FM-submodule W of V
with NIM <G, |G/M|=26*%"1 V,, =2°W, Wy=U. The case e=2 is treated in
Remark 2.
(2.1.2) Let qtr—1. Since also gfr=|F[%, it follows that g is odd. Then obviously e is
equal to the order of r modulo ¢°. Hence elq""(q— 1), by Euler’s Theorem. Hence, as
¢°||G/N|, we have e|¢(|G/N))=q""'(q—1). So write e=q""'f, 1<y<a, flq—1
Observe f=2. For otherwise, just by (r—1, q)=1=(r, q), we get a contradiction. Now
suppose that y>2 and that q‘lrf"'_l—l, e>a, ¢ Yr’" " —1. Then q“‘lrf""z—l,
whence ¢°|r” 4" _1, contrary to the definition of e. Hence we conclude that ¢°|re—1,
g**'yr*—1if y=2. Let f be the order of r modulo g. Hence f|f. Also ¢°|r/¢ " —1,
whence e|fg°~! by definition of e. Since (g, f)=1, fg*~!| fg°~! implies f|f. Therefore
f=/f Again by the same reasoning as in (2.1.1) the required result on the FM-module
W now follows. Next suppose y=1. Here e=f is the order of r modulo ¢°. When
a22, then order f of r modulo ¢°~! divides f. Also q"|rf“—l and so f | fq. Hence
S|/, whence f=f. Inductively it follows that f is the order of r modulo g.

The proof of Theorem 1 is complete. O
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Proof of Remark 2. Let m=min{n, f+1}. Suppose { is a primitive 2”-th root of
unity in some extension field of K. Hence { can be regarded as an element from
Fik;22K, but here {¢K. It follows that the Frobenius automorphism x—x!* (xeF g,.)
of Fig2 has order 2 and {!¥!#{. By Exercise (9.6) of [4] there exists now an irreducible
(possibly non-faithful) 2-dimensional K-representation of G. O

We come now to the final Theorem 3 in which the decomposing behaviour of Vj is
demonstrated via normal subgroups between G and N.

Theorem 3. Let G/N be cyclic of order q",q prime. Assume V is an irreducible FG-
module for a finite field F. Suppose Vy=eU, U an irreducible FN-submodule of V. Then
precisely one of the following holds.

(1) If NSM <G, |G/M|=q, then V) is the direct sum of q pairwise non-isomorphic
irreducible FM-submodules.

(2) There exists N QT QG such that Vy is an irreducible F T-module and either e=1 or
Theorem 1 holds for {T, Vy, N, U}.

In either case e divides q"(q—1) and e<q".

Proof. We may assume that (1) does not hold and that e=2. Hence Theorem 1
holds for {G, ¥, N, U} or, setting N <M QG with |G/M|=g, V) is irreducible as an FM-
module. So we assume that V), is an irreducible FM-module. Take any subgroup S of M
with NS M. Note that N+M by e=2. If V; is not homogeneous, then the property
G/S cyclic of prime power order would yield that V,, would not be homogeneous, a
contradiction. Hence Vs is homogeneous. So there exists Nc LS T <M =G such that V;
is an irreducible FT-module and such that ¥, is homogeneous but not irreducible as an
FL-module, where | T/L |=gq. Therefore Theorem 1 holds for {T, V, N, U}.

In case (1) we put Vy=L,+- +L as the required sum decomposition. Hence
Lyy=eq ™ 'U for each i, by the Krull—Schmldt Theorem. So by induction e|q"(q— 1) and -

e<q".

If in case (2) T+#G then by induction e||T/N|(g—1) and e<|T/N|. Hence e|q"(q—1)
and e<q".

If in case (2) T=G then we read of directly from Theorem 1 that e|q"(q—1) and
e<q". O
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