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Abstract. In this paper, using a recent critical point theorem of Ricceri, we
establish two multiplicity results for the Schrodinger equation of the form

—Au+ a(x)u = M(x, u) + ug(x,u), xeR" ue WH(R",
where f, g : R" x R > R (n > 3) are Carathéodory functions, A and u two positive
parameters.
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1. Introduction. In the last few years, several authors have studied the following
Schrodinger equation

—Au+a(xu=f(x,u), xeR" ue W>R" (S)

establishing, under suitable assumptions, existence or multiplicity of solutions. We refer
the reader to [1], [2], [6]. Very recently, in [4], Kristaly obtained two results concerning
three weak solutions for the Schrédinger equation of the form

—Au+ a(x)u = Ab(x)f (), xeR", ue WR") (P,)

under the following conditions:

(ap) a € L3.(R") with essinf gra > 0 and

m({x € B(y,r) : a(x) < M})— 0 as|y| = oo,

for each M > 0, r > 0, where m stands for the Lebesgue measure.
(bo) b e L'NR")NL®(R"), b >0, and supg_qessinf y<zb(x) > 0.
(1) f € C(R, R), and there exist ¢ > 0 and ¢ €]0, 1[, such that

If(s)] <cls|? forseR.

) im?® _o.
s—>0 |S|

*Corresponding author. Because of a surprising coincidence of names within the same Department, we have
to point out that the author was born on August 4, 1968.
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s
(3) sup F(s) > 0, where F(s) = / f()de.
seR 0

In particular, under the above assumptions, he proved the existence of an open interval
of positive parameters A and a number v for which (P;) admits at least two distinct
nonzero weak solutions, whose norms are less than v.

Motivated by this fact, we obtain the same multiplicity results for the following
more general nonlinear Schrodinger equation

—Au+ a(x)u = M(x, u) + ug(x,u), xeR" ue WHR"), (P

where f, g: R”" x R — R (n > 3) are Carathéodory functions, A and u being two
positive parameters. The proofs of our theorems are all based on a recent two local
minima result of Ricceri (see [8]), while in [4] the aim is achieved using a three critical
points theorem of Bonanno (see [3]).
We shall use in this paper the following conditions on the nonlinearity f:
(fo) there exist a nonnegative function b € L'(R")N L*®(R") and a constant
q €]0, 1], such that

f(Cx, )] <b(x)|t]? forteR, ae. xeR”,

t
(f) ling €SS SUP eR” ‘f(xl, ) =0,
—
(f) there exists a constant d € R such that sup inf F(x,d) > 0, where F(x, ) =

R>0 IXI=R
t
f f(x,s)ds.
0

A weak solution of (P;_,) is any function u € W'2(R") satysfying (P;_,) in the
weak sense. We shall consider W!2(IR") endowed with the norm

12
||u||=< f (|Vu|2+u2)dx> ,
Rn

and the subspace of W!2(IR") defined by
E = {u e WL R - fR a(x)u* < +oo}.
The space E, endowed with the inner product
(u, v)p = /Rn(Vqu + a(x)uv) dx

and the corresponding norm

172
lulle = (u, u)g ™,

is a Hilbert space.
It is known (see [1]) that (ag) implies that £ can be continuously embedded into
n

L7(IR™) whenever p € [2, 2*], and the embedding is compact when p € [2, 2*[,2* = nsz
In the sequel, we denote by k, the Sobolev embedding constant.
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The main tool is a recent critical point result by Ricceri [8]. We state it below in a
form which is enough for our purposes.

THEOREM 1.1. ([8], Theorem 4) Let X be a reflexive real Banach space, I C R an
interval, and W : X x I — R a function such that V(x, -) is concave in I for all x € X,
while W(-, X) is continuous, coercive and sequentially weakly lower semicontinuous in X
for all A € I. Further, assume that

sup inf W(x, A) < inf sup W(x, A).
rel X€X YeX jer

Then, for each p > sup;infy W(x, L) there exist a non-empty open set A C I with the

following property. for every ) € A and every sequentially weakly lower semicontinuous

functional ®© : X — R, there exists § > 0 such that, for each u €]0, 8], the functional

W(-, 1) + ud() has at least two local minima lying in the set {x € X : W(x, A) < p}.

Moreover, the application of Theorem 1.1 in proving our main result is made
possible by the following proposition.

ProPOSITION 1.1. ([7], Proposition 3.1) Let X be a nonempty set and ®, J two real
functions on X. Assume that there exist o > 0, uy, € X, such that
JG
D(ug) = J(up) =0, @) > o, sup J(u) < o(—bi).
(u)<o ol@)

Then, for each p satisfying
J(w)

sup J(u) < p <o———,
P(u)<o q)(”)

one has

sup in)t;(cb(u) —AJ(u) + 1p) < in)t; sup(®(u) — AJ(u) + Ap).
ue A>0

2>0 ue

2. Main results. The following theorems guarantee the existence of one and two
nontrivial solutions in which the perturbation term g satisfies conditions of the types
(go) there exist two positive constants ¢, s with s €]1, %[, such that

lg(x, )] < c|t]f forteR, ae. xeR"

(g1) there exist a nonnegative function ¢ e L'(R")N L*(R") and a constant
r €]0, 1], such that

lg(x, D) < ce(x)]f]” forte R, ae. x € R".

THEOREM 2.1. If the assumptions (ag) and (fo)-(f2) hold, then there exist a number r
and a non-degenerate compact interval C C [0, 400 such that, for every A € C and every
Caratheodory function g : R" x R — R satisfying the condition (gy) there exists § > 0
such that, for each p €0, 8[, the problem (P, ) has at least one nonzero weak solution
whose norm is less than r.
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Proof. Put X = E and define the following functionals:

D(u) = %Ilullé, J(”):fw F(x, u(x)) dx

foreach u € X.

It is well known that assumptions (ag) and (fp) and compact embedding, imply
that the functional J is well defined and of class C! on E.

In particular we have

T = [ fs oo ds

forallu,v € E.
By (f) there exists Ry > 0 such that py := inf F(x,d) > 0. Let 0 <€ < 1, and

[X|<Ro
define u, € E such that u.(x) =0 for any x € R"\ B(0, Ry), u.(x) = d for any x €
B(0, €Ry), and ||z~ < |d|. One has

J(ue) = / F(x,d)dx + / F(x, u.(x)) dx
B(0.€Ry) B(0,R))\B(0.€ Ry)
> po€"m (B(0, Ro)) = IIbll z=d "' m(B(0, Ro)).

Now, for some € close to 1, the expression above will be strictly positive. Denote &z = u,
for such a value.

Fixing p with 2 < p < 2* and using the hypotheses (fy) and (f;), we find, for each
¢ > 0 a constant ¢, > 0 with

|F(x, )| <elt] +c.|tf’ foreveryte Rand a.e.x e R". (1)
JG
Applying inequality (1) with ¢ = (—Lf) we get
()
|F(x, )] < 4%m2 + c.|t]’ foreveryt e R and a.e.x € R". (2)
2

At this point, in order to apply Proposition 1.1, choose

_ . 2/(p-2)
0 <o <min @(ﬁ), (W) .
enp

For every u € E with ®(u) < o we have
&
Ju) < — 2d / ’d
= 4 [ R s [ ueor as

& & 1
< —llullf. + cellull}, < Sllullz + ckbllullly < S0 + ckbo )y,
45 4 2

Thus

Sup(b(u)ga ‘](u) <

& J(u)
o =2 D(@1)

/25 @/2=1)
+ k2o < T
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Then, choosing

J(u)
sup J(u) < p <o——,
P(u)<o qD(u)

Proposition 1.1 ensures that

sup inf W(u, A) < inf sup W(u, 1),
)\ZO uek ueE )LEO

where
W(u, L) =dw)—ArJ(u)+rp YueE, VA >0.

Now, we can apply Theorem 1.1. Clearly, W(u, -) is concave in I = [0, +o0[ for every
u € E. By (ap), (fo) and the compact embedding, the functional J’ is compact and so
sequentially weakly continuous, (see Corollary 41.9 of [9]). Then, we have that W(-, 1)
is sequentially weakly lower semicontinuous.

Now, we prove the coercivity of W(-, A) for each A € I. For fixed A € I, by (fy) one
has

1 1 1 1
W(u, 1) = znuné — () + Ap > §||u||é — MBI oo 1l + 0.

Since g < 1, ¥(u, ) — 400 as ||ul|g = +oo.

Now, for fixed « > sup,; inf,eg W(u, ), Theorem 1.1 ensures that there exists
a non-empty open set 4 C I with the following property: for every A € 4 and every
Carathéodory function g : R” x R — R satisfying condition (gy), there exists § > 0
such that, for each u €]0, §[, the functional

Enn(u, v) = W(u, ) — uGu)

has at least two local minima lying in the set {u € E : W(u, A) < o}, where G is the
sequentially weakly continuous functional defined by

G(u) = /R" (/O-u(x) g(x, 1) dt) dx.

These minima are also the critical points of &, , and hence weak solutions of the
equation (P, ,).
Finally, let [a, b] C A be any non-degenerate compact interval. Observe that

U {ueE: Y(u, 1) <a}
refa,b]
ClueE: Yu,a)<alU{ueE: Y(u,b) <a}.

This implies that the set S := U,\E[u’ plue E: W, 1) <a} is bounded. Hence, the two

local minima of &, ,, have norm less than or equal to r, taking r = sup ||u||.
ueS
Finally, since one of them may be the trivial one, we shall have a nonzero weak

solution. O
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Through the same arguments made in the proof of Theorem 2.1, but applying also
the Palais-Smale properties, we obtain the following result.

THEOREM 2.2. Let us assume the same hypotheses of Theorem 2.1. Then, there exists
a non-empty open set A < [0, +-o0[ such that, for every » € A and every Caratheodory
function g : R" x R — R satisfying the condition (g)) there exists § > 0 such that, for
each . €]0, 8[, the problem (P, ,,) has at least two distinct nontrivial weak solutions.

Proof. Reasoning as in the first part of proof of Theorem 2.1, there exists a non-
empty open set 4 with certain properties. In particular, fix a Carathéodory function
g :R” x R — R satisfying the condition (g;), for each A € A. There exists § > 0 such
that, for each p €]0, §[, the problem (P; ,) has at least two solutions which are critical
points of the functional &, (1) = W(u, A) — nG(u), where G(u) is the weakly sequential
continuous function defined by

G(u) = /R" </OH(X) g(x, 1) dt) dx.

From (g;) we have
G(u) < K5 el paramn ull 5!

for each u € E and so the functional &, , is coercive for each A € 4 and u €]0, §[.
Now, by Example 38.25 of [9], the functional &, , has the Palais-Smale property.
Since this functional is also C' in E, Corollary 1 of [5] ensures that there exists a
third critical point of the functional &, , that is a solution of equation (P; ,). Since
one of the solutions may be the trivial one, we conclude that the equation (P, ) has at
least two distinct, nontrivial weak solutions. O

EXAMPLE 1.1. As an example of nonlinearity of f satisfying (fy)-(f2), g satisfying
(go) (resp. (g1)) of Theorem 2.1 (resp. Theorem 2.2), let 0 < ¢ < 1, and consider the
functions defined by

S(x, 1)

= quinl,
TENTOE

. . 2
g(x, t) =cos|x||sin?)* with s € }1, i[,

(g(x, 1) = |sin¢|" with r €]0, 1[) .

1
(14 1x")?
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