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Abstract

This paper deals with a sufficient condition for the infinite product of rational numbers to be an irrational
number. The condition requires only some conditions for convergence and does not use other properties
like divisibility. The proof is based on an idea of Erdds.
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1. Introduction
Following Erd6s [4] we prove the following theorem.

THEOREM 1.1. Let {an},2 | be an increasing sequence of positive integers such that

lim,, a,i/zn = 00. Then the number ]_[flil(l + (1/ay)) is irrational.

The authors do not know if the number ]_[ff’:l a+y (2%" 4 1)ay)) is irrational for
all sequences {a,};2 , of positive integers although we know from another theorem of
Erdss [4] that the number fo’zl(l /22na,,) is irrational for every sequence {a,}>,

of positive integers. We are also not able to find a sequence {a,},>, of positive

integers with lim,— o a,i/zn = o0 and such that the number ]_[flozl(l + (1/ay)) is
algebraic. On the other side we know that ]_[f;il(l + /22n)) =4/3. Erdés [5]
asked if the number ZZOZI 1/ (22" + 1)ay) is irrational for all sequences {a,}7; of
positive integers. Duverney [3] partially answered this question when he proved that if
{an};2 | is a nondecreasing sequence of positive integers such that log a, = 0(2") then
the number ZO=1(1 / (2%" 4 1)ay) is irrational. His result implies that the number

;’;1(1 / (2" 4+ 1)) is irrational. This can also be simply proved when we suppose

that there exist positive integers p and ¢ such that Y > ,(1/ (22" + 1)) = p/q, so the
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number

oN+2

| VO Lo C* +1
3q Z : Z :

N+2
272 2~

)
is an integer, which leads to a contradiction for a sufficiently large N.

Another partial solution was given by Badea [2] when he proved that if {a,}} | is
a sequence of positive integers such that @, > 2a? for all large n then the number
3% (1/(2%" + 1)ay) is irrational.

There is a long history regarding the irrationality of infinite products. Badea [1]
proved that if {a,};2 | and {b,},2 ; are two sequences of positive integers such that

bn-H 2 bn-i—l(bn - 1)
a,
by by

an+1 > an+1—>by
holds for every sufficiently large n then the number [, (1 + (b, /ay)) is irrational.
Using Brun’s criterion, Laohakosol and Kuhapatanakul [12-14] worked in the spirit
of Badea. Zhou and Lubinski [16] found some irrationality results regarding the
Imnmasrﬁiﬂliq_h“+q_”&) Zhou [15] proved the irrationality of certain
multivariable infinite products. All this shows that the irrationality of infinite products
is of substantial current interest.

Erdds [4] proved that if a = {a,}; | is an increasing sequence of positive integers

such that lim,,_, o a,/z = oo then the expressible set £, = {ZZOZI (1/aycy) ¢, €N}
does not contain a rational number. Using this idea of Erdds, Hancl et al. [8] found
some necessary conditions for the Lebesgue measure of E, to be equal to zero in
the p-adic case. For other applications of this method see, for instance, [6, 7, 9, 10]
or [11]. It seems that Erdds’ idea still has great potential.

Theorem 2.1 is the main result. Its proof is quite involved but does not require any
other knowledge beyond what has already been discussed. We denote the set of all
positive integers by Z™.

2. Main result

THEOREM 2.1. Let & be a positive real number. Let {a,}>> | and {by},2 | be two
sequences of positive integers. Assume {ay},_ | is nondecreasing and

1/21

lim sup a,’” = oo. (2.1)
n—oo
Assume that for all sufficiently large n
n'te =ay (2.2)
and "
by <ay°t 8, 2.3)

Then the number x = HZOZ] (1 4 (by/ay)) is irrational.
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3. Proofs
Theorem 1.1 is an immediate consequence of Theorem 2.1.

LEMMA 3.1. Let the sequence {a,},> | satisfy all conditions stated in Theorem 2.1.
Then for every sufficiently large n

o 1/(log"* logan)—1  —ej2(l

Za /(log 8 dny j <a; &/2(1+¢) 3.1)

n+j
j=0

PROOF. From (2.2) and the fact that the sequence {a,}- | is nondecreasing we obtain

o0
1/(0g"*¢ log a1 j)—1
Z A

j=0
1/(log"** log ay ;) —1 1/(log" ™ log a, 1 j)—1
= D @y S DI
ntj<al/ 1+ nt joal 1+
1/(log"t¢ 1 -1 1/ 1/(log"+¢ log a1 j)—1
San/( og og ap) an/( +e€) + Z ni(j g 2 dn+tj)
nt j>al/0+9
I+e —_ I+e 14
Sar]l/(log log a,,) 1ali/(l+e)Jr Z (n+j)(1+e)(1/(log ¢ log(n+;)!*%)—1)
nt joal/ 0+
1/(log!*¢ 1 -1 1/ \— —¢/2(1
San/(og og an) an/( +€) + Z n+ j) (14+(2¢/3)) <a, e/2( +s)‘
nt jal/0+0
This concludes the proof. O

LEMMA 3.2. Let the sequence {ay},- | satisfy all conditions stated in Theorem 2.1
and instead of (2.2) require

2" < ay (3.2)
for every sufficiently large n. Then
00 I+s N 1+(/2) _
Z rlli(;og log anj)—1 - a}i/(log log a,)—1 (3.3)

j=0
holds for every sufficiently large n.
PROOF. From (3.2) and the fact that the sequence {a,}- | is nondecreasing we obtain
o~ 1/(log"** log dyy )~ 1
Z U j
Jj=0

1/(log! ¢ log ay4 i)—1 1/(og'* ¢ log apy i)—1
— Z a /(g 2 Antj) + Z a /(g 2 Antj)
n+j n+j

n+j<loga, n+j>logay,
< al/(logp“S log ay)—1 log an + Z 1/(log'** log a,4 j)—1
> dn n n+j
n+j>logay
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Sar1l/(1og'+slogankllogan_|_ Z o (n+j)(1/(log'*¢ log 20+7)—1)

n+j>log a,
1/(og!te 1 —1 e 1+(2¢/3) uy_
San/(og og ap) log ay +/ pu(l/(log log2)=1) 4,
log a;,
<a ;/(log‘“/@ loga,)—1
This concludes the proof. O

LEMMA 3.3. Let €* and & be two real numbers with 0 <8 <1 and 0 < &*. Let
{an}p2 | be a nondecreasing sequence of positive real numbers such that

/nf2r

lim sup a,, 0. (3.4)
n—oo
Then for infinitely many N
1/(N+1)52N+!1 1 1/k52k
Ayt >\ 1+ N1+HEH/4) k=1?3).(,N A 3-3)
and
1 (N+1)%2N+1 N N y §/2
n
aN+1 > (1 + m) (l_ll Cln) (l_ll ay ) . (36)
n= n=

PROOF. From (3.4) we obtain that there exist infinitely many N such that (3.5) holds.
Otherwise there exists Ng such that for each N > N

5AN 1 Sk
allv/N 2 =< (1 + —) k_lmax a,i/k 2

1 1
f"'f(”m)(”m)”
1 Sk Sk
x |14+ ——rx max a;/k2§8* max a,l/kz,
NITED | =1, No—1 k=1,...,No—1
0

a contradiction with (3.4). From (3.5) we obtain that for infinitely many N

1 (N+1)52N+1 o2 (N+1)52N+1
NI+E/H jal X T

1 (N+1)2 2N+ Lo (N+1P@N 42N =124 1)
> 1 —+ m max Clk

1 (N+1)32N+L N N y 8/2
n

>(1+—N1+(8*/4)) (nlan)(nan ) .
n

n=1

a1 > (1 +

This conlcudes the proof. O
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PROOF OF THEOREM 2.1. Assume that the number x is a rational number. Then
there exists (p, q) € Z* x Z* such that x = p/q. So for each (P, Q) € ZT x Z*

is an integer. To prove our theorem it is enough to find (P, Q) € ZT x Z* such

that
0<H—‘ Q(x—ﬁ)

Conditions (2.2) and (2.3) yield that the infinite product defining x is convergent. Let
N be a sufficiently large positive integer. Set Qy = ]_[,11\]:1 ay and

PN:(lﬂ[)lﬂ[(lJrX:b—)

n=1 n=1

=|pQ — Pq|

< 1. (3.7)

Then
Py

°<HN=\QQN<X‘E>\

([ 2) - 110+ 22))

=qu(”:1°—;[+1(1 +2))=1).

From this and the fact that x > Py /Q y we obtain that

wezsan( 1 0+2)) )

This and the fact that the series Y .- | b, /ay is absolutely convergent imply that there
exists a positive real number K which does not depend on N and such that

o0 b X b
HNS(]QNX<< l_[ <1+—n>)—1>SKC]QNX Z —.
n=N—+1 Gn n=N+1 9n

From this, (2.3) and the definition of Qy we obtain that

by u o 1/(log!* logan)—1
Hy<KqQnx 3 = <Kqx([[a) 3 a SERNEED

n=N+1 """ n=1 n=N+1

Now the proof falls into four cases.
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(1) Let us assume that (3.2) holds for every sufficiently large n and there is a § with

0 < é < 1 and such that
. 1/n%2"
lim sup a,, = 0. 3.9
n—oo

This and Lemma 3.3 imply that there exist infinitely many N such that

1 (N+1)%2N+ N N y 8/2
n
an1 > (1 + m) (1_[ an) (1_[ an )

n=1 n=1

From this, Lemma 3.2 and (3.8) we obtain that for infinitely many sufficiently large N

N = 1/(log'*e 1 1
0<HN<qu(l_[a"> Z an/(og og n)=

n=1 n=N+1

N
1/(og* /2 log ay 41)—1
< qu(l_[ an)aN+1

n=1
M, an T @l ™21

u 1/(log"+€/2) log((14(1/N1+E/H))N+1°
l_[ Gn Jap

§qu<

—_

n=

N
(1/N|+(€/3))_]
= (T ot

n=1

N 1 (N+1)%2N+ N N y §/2 (1N
n
=(e)((rmmm) (e)(11") )
n—=

n=1 n=1

N
14(e/3)y_
- (1—[ o 1FG/2m)/N ) a/z> -1

n=1
So (3.7) holds when we set P = Py, Q = Oy and H = Hy.
(2) Let us assume that (3.2) holds for every sufficiently large n and there is not a §
with 1 > § > 0 and such that (3.9) holds. From this we see that for every § > 0

an <27 (3.10)
holds for every sufficiently large n. Let § be sufficiently small. Lemma 3.3 and (2.1)

imply that for infinitely many N
1 N
anN+1 > <1 + m) (1_[ an>.
n=1

This, Lemma 3.2, (3.8) and (3.10) imply that for infinitely many N

N 00
I+e _
0< Hy < qu(l—[ an) Z arlz/(log log ap)—1

n=1 n=N+1

N N
1/d 1+(£/2)1 -1 1/NHEBy
= qu(l | an)alv/i(l)g ceavt) = | | an a;\]il )

n=1 n=1

oN+1
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N 1 N (1/N1+(s/3))_1
= (H a") ((1 * N1+(8*/4)> (1_[ “n))
n=1 el
1 ((1/N1+(€/3))_1)2N+1 N 1/NI+(€/3)
< <1 + —N1+(g*'/4)> (1_[1 a,,)
n—=

1 ((1/N1+(£/3))_1)2N+1 N 1/N1+(£/3)
8on
(4 mm) ()"

2N+l

N1+ /4)

n=1

So (3.7) holds when we set P = Py, Q = Oy and H = Hy.
(3) Now let us assume that for infinitely many n

a, <2" (3.11)

and there is a § with 0 < § < 1 such that (3.9) holds. Let A be a sufficiently large
positive integer and § sufficiently small. From (3.9) we see that there exists n
such that

al"? A (3.12)

Let k be the least positive integer satisfying (3.12) and s be the greatest positive integer
less than k such that (3.11) holds. Then

ap > AR = plog MK (3.13)

Hence there is a positive integer n such that

Son
a/"? =2, (3.14)
Let ¢ be the least positive integer greater than s such that (3.14) holds. It follows that
foreveryr=s,s+1,...,t—1
ap <277 (3.15)
and
a =27 (3.16)

Let us note that k, s and ¢ depend on A and if A tends to infinity then also k, s and ¢ tend
to infinity. From (3.11), (3.15) and the fact that the sequence {a,};> ; is nondecreasing
we obtain that

e ()11 )= (1) (T =)

3.17)

< 2s22152’(1—(8/2t))—2" < 2152’(1—(8/20).
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Lemmas 3.1, 3.2 and (3.16) imply

o o
1/(log!*¢ 1 -1 1/(log't% 1 -1 1/(log!*¢ 1 -1
Zan/( 0og og an) — Z an/( og 0g an) + Zan/( 0og og ap)

n=t n=t n=k

1/(log+ /2 | -1 —e/2(1
at/(og ogar) +a £/2(14¢)

=<
< 912/ (1/(og /) 1og 2°2') 1) n ak—i/2(1+s)

< P2/ 1y | —e/2(0te)
= k,1 .

From this, (3.8), (3.13) and (3.17) we obtain

t—1 00
1+ _
0< H 1 < qu(l | a,,) E a,]l/(log log a)—1

n=1 n=t

< qusz(1—(3/2z))(2z52f((1/zl+<5/3>)—1) +ak—i/2(1+a))

< quzﬂzf(l—(a/zz))(2z52f((1/,1+<s/3>)_1) +2-(s/2(1+s))(1og2A)k82k) <1

So (3.7) holds whenweset P = P;_1, Q = Q;_1and H = H,_.

(4) Finally let us assume that for infinitely many » inequality (3.11) holds and there
isno § > 0 with 1 > § > 0 and such that (3.9) holds. This implies that for every § > 0
and sufficiently large n inequality (3.10) holds. Let § be sufficiently small and A
sufficiently large. From (2.1) we obtain

a* > A (3.18)
for infinitely many n. Let k be the least positive integer satisfying (3.18). Then
ag > A% =208 02" (3.19)

Let s be the greatest positive integer less than k such that (3.11) holds. From (2.1) and
Lemma 3.3 we obtain that (3.5), with § = 0, holds for infinitely many N. Let ¢ be the
least positive integer greater than s such that

1/2! 1 121
a’'” > (1 + m)}_:g}%_l a; (3.20)

and

1/27
max a .

P 1H(e/4) )j:S’__.’,_l j @.21)

o' < <1+

for every r=s4+1,...,t—1. Inequality (3.20) and the fact that a, <2° for
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allr=1,2,...,syield

ot 1/2/ 2t71+2t72+.“+23+1
Z( t1+(a/4) ( max . d; ) (3.22)

z ( t1+(s/4)

From (3.21) we obtain
12" 1 1/21
ay S <1 + m) max aj
<[1 —1 1 —1
=\t omem U o oomem ), umL 9

1 128
= 1_[ <1+]1+(a/4)) =D,

j=s+1

| /\

where 1 < D <2 ]_[;?Ozl(l + (1/j'*/9)) is a positive real constant which does not
depend on A and k. It follows that

a, < D? =D (3.23)

for every r =5 + 1, ,t — 1. From this together with a; < 2° and the fact that the
sequence {a,};2 | is nondecreasmg, we obtain

o= (14)( 1)< (1) =)
r=1 r=1 r=s+1 r=1 r=s+1 (3.24)

< 9s%9(logy D)(2'=2%) _ H(log; D)2

Lemmas 3.1, 3.2, (3.22) and (3.24) imply

o 1/(10g"*¢ log a,)—1 1/(log'*¢ log a,)—1 o 1/(og!* log a,)—1
> a =Y a Y al :

n=t n=t n=k

Sall/(log”(e/z)loga,) 1_|_ —&/2(1+¢)
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27 -l 1/Qog" /2 Tog(1-+(1 /e +e/ )2 ™ ([TZ] a1
r=1

—8/2(1+s)

+
2=l 1 (1/¢1+E3) 1 2ty
—& t3
(i) (Oe)) +a
=
2= Py 1y -1 1/014E3 11 —1
(o) ) ()
r=
+
+

78/2(1+€)

r=1
t—1 -1
p(logy D)2 (1/1'+E/) a
1+(£/4) r

r=1

)2t—l((l/tl+(5/3))1)

—8/2(1+s)

t—1 —
- (1 <1—[ ar) ta —¢/2(1+¢)

r=1

From this, (3.8), (3.19) and (3.24) we obtain

— 1+e _
0<Ht < qu<1_[ >Z rll/(l()g log a,)—1

n=1 n=t

t—1 1—1 _
- qu( > (2_(1/,1+<s/3>)2: (1—[ ar) n k—e/2(1+8)>
= r=1

:1

t—1
_ 1+(e/3)yot —&/2(1
= qu(Z st )2 + (1_[ an)ak &/ +8)>

n=1

< qu(zf(l/t”(gm)? _|_2(10g2D)2’27(8/2(1+8))(10g2A)2k) <1
So (3.7) holds when we set P = P;, Q = Q; and H = H;. d
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