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LOCALIZATION AND COMPLETION AT PRIMES 
GENERATED BY NORMALIZING SEQUENCES 

IN RIGHT NOETHERIAN RINGS 

A. G. HEINICKE 

1. Introduction. If P is a right localizable prime ideal in a right 
Noetherian ring R, it is known that the ring RP is right Noetherian, that 
its Jacobson radical is the only maximal ideal, and that RP/J(RP) is simple 
Artinian: in short it has several properties of the commutative local rings. 

In the present work we examine the properties of RP under the addi
tional assumption that P is generated by, or is a minimal prime above, a 
normalizing sequence. It is shown that in such cases J(RP) satisfies the 
AR-property (i.e., P is classical) and that the rank of P coincides with 
the Krull dimension of RP. The length of the normalizing sequence is 
shown to be an upper bound for the rank of P , and if P i s generated by a 
normalizing sequence Xi, x2, . . . , xn then the rank of P equals n if and 
only if the P-closures of the ideals Ij generated by X\} X2y • • • 1 %j 
(j = 0, 1, . . . , n), are all distinct primes. In such cases RP is a prime ring 
of right global dimension n, and the images of xiy x2, . . . , xn in RP behave 
like the members of an P-sequence. 

In § 6 we study the P(PP)-adic completion of RP. More generally, if / 
is an ideal generated by a normalizing sequence in a right Noetherian 
ring S, it is shown that the Padic completion S of 6* is right Noetherian 
provided / has the right AR-property and satisfies a certain technical 
condition. 

This condition is satisfied if / is generated by a centralizing sequence 
of generators, and is equivalent to / having the left AR-property if S is 
also left Noetherian. The condition is also satisfied when S = RP, where 
P is a localizable prime minimal over an ideal generated by a normalizing 
sequence, in a right Noetherian ring R, so in this case RP is right Noe
therian. 

In the final section we look at the question of whether RP has a Morita 
duality. The key result (Theorem 7.4) asserts that if S is a right Noe
therian semilocal ring whose Jacobson radical is generated by a normali
zing sequence then the injective hulls of simple right 5-modules are 
Artinian. If in addition / satisfies the technical condition referred to 
above (so that S is right Noetherian), then the injective hull Us of S/J 
induces a Morita duality between S and T = End (Us)- Also T is left 
Noetherian and TU is Artinian. 
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In the case where S = RP, where P i s a right localizable prime generated 
by a normalizing sequence, we conclude that the injective hull E of 
(R/P) + is Arthinian as a module over P P , over P P , and over T = End 
(ER), and that £ induces a duality between P P and T. 

2. Background. All rings discussed will have a unity and will be right 
(but not necessarily left) Noetherian, and all modules will be unital right 
modules, unless otherwise specified. If P is a prime ideal of R, one can 
form the hereditary torsion theory TP for which the torsion-free modules 
are those embeddable in a product of copies of the P-module injective 
hull of R/P ([6], [10], [11]). 

If R satisfies the right Ore condition with respect to ^ (P), we say that 
P is right localizable. In this case, we can write each element q of the right 
of quotients RP in the form q = ac~l where a is in R, c is in ^ ( P ) , and ~~ 
denotes coset modulo the torsion submodule TP(R). In such cases the 
homomorphism <p: R —• RP can be decomposed as R -» P >--> P P , where 
the first is injective, the second surjective. If 7 is a right ideal of P , ÎRP 

can be identified as {ûc~l:u Ç 7 and c £ & (P)} and is a right ideal of 
Pp. If 7 is a two-sided ideal of P , then ÏRP is known to be a two-sided ideal 
of RP. In particular, PRP is a maximal ideal in RP: it is the Jacobson 
radical of RP, and RP/PRP is Artinian. 

For any right ideal 7 of P , the closure of 7, denoted clP (7), is {r G P : 
re £ I for some c in ^ (P)}. It is identifiable either as <jrl (7PP) or as the 
inverse image of r P (P /7 ) in the natural homomorphism R—+R/I of 
P-modules. There is a one-to-one correspondence between the right ideals 
of RP and the P-closed right ideals of P , and under this correspondence 
two-sided primes in P P are in one-to-one correspondence with prime ideals 
of P contained in P . (Any prime ideal of P contained in P is necessarily 
P-closed.) Hence, rank(PP P ) = rank(P). 

An ideal 7 of a ring P is said to have the right AR-property if for any 
right ideal E of P there is a natural number n such that E C\ In C EI. If 
P is a localizable prime of P and, in addition, J(RP) has the right AR-
property, P is said to be a classical prime. (It is a consequence of this that 
Of J(RP)n must necessarily be zero if P is Noetherian.) The concepts of 
localizable and classical prime (or semiprime) ideals were discussed, for 
example, in [11]. 

An element x in a ring P is said to be normal (resp. central) if xR = Rx 
(resp. xa = ax for all a in P ) , and a sequence Xi, x2, . . . , xn is normalizing 
(resp. centralizing) if Xi is normal (resp. central) in P and the coset 
xj+i + 7^ is normal (resp. central) in P/7 ;- for j = 0, 1, . . . , n — 1, 
where 70 = {0} and 7?- = X ^ - i x ^ - Ideals which are generated by 
sequences which are normal, normalizing, and centralizing were discussed 
in [13] and [21]. 

In what follows P will always be a localizable prime in a right Noe-
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therian ring unless otherwise specified. For 7 a right ideal of R and u in R, 
u~lI will denote {r £ R: ur £ I}, and if T is a left ideal, Tu~l is {r Ç P : 
rw £ T). J(R) always denotes the Jacobson radical of R, and K(R) is the 
Krull dimension of R, as discussed in [4]. The notation I <] R means 7 
is a two-sided ideal of P , and të(P) denotes {c G R: ca £ P => a g P ) . 
For an element a in R, à will denote the coset a + TP(R), either as an 
element of R/rP(R) or of RP. As is standard, r(a) and /(a) denote the 
right and left annihilators of a respectively. 

3. Passing from R to RP. Throughout this section we assume R is 
a right Noetherian ring and P is a right-localizable prime of P . We show 
that if P is minimal among the primes containing a (fixed) ideal generated 
by a normalizing sequence, then P is classical, and that normalizing 
sequences in R pass to normalizing sequences in RP. 

The first lemma reduces in the case 7 = 0 to the observation [11] that 
a right-Ore set in a right Noetherian ring is right reversible. Since the 
proof in the more general setting is almost identical, it will be omitted. 

LEMMA 3.1. Let I < R and cr £ I where c Ç ^ ( P ) . Then rd £ I for 
somed G ^ ( P ) . 

Note that this result can be stated as r~lI C\ ^ ( P ) = 0 implies 
If1 H <£(P) = 0. 

In [7] Proposition 2.11 it was shown that if x is a normal element in a 
prime right Noetherian ring P , then xP = Px (assuming P is localizable). 
The next result generalizes that observation. Most of the lemma could be 
deduced from § 4 of [2], and also from the results of [23]. 

LEMMA 3.2. Suppose I is an ideal of R contained in P , and x an element 
of R which is normal modulo I. Ifx~lI C P then i) Px + I = xP + / , and 
ii) if xc — dx G I for elements c and d of R, then d is in *$ (P) if and only 
if c is in ^ ( P ) . 

Proof. Since R/P is prime and right Noetherian, any two-sided ideal 
of R is either contained in P or meets ^ (P). In particular, x~lI and Ix~~l 

are two-sided ideals. The assumption x~lI C P guarantees by Lemma 3.1 
that Ix-1 Ç P also. 

i) Set T = (xP + / )x - 1 , an ideal of R. If T were not contained in P, 
P would meet ^ ( P ) so by Lemma 3.1, x~l{xP + I) would meet ^ ( P ) , 
say at d. Then xd = xp + w, where p G P and u £ I, so d — p £ x~xI C\ 
& (P)} contradicting x - 1 / C P . Therefore T Q P and so Px + J C 
Px + P However x being normal modulo / implies Px + / = xP + i", 
hence xP + 7 C Px + 7. 

Define K0 = P and Ki+1 = a r 1 ^ * + 7) for i = 0, 1, 2 Each 
Kt <\ P , and xKi+i + 7 = i£pc + 7. Since xP C Px + 7 we have 
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Ko C Ki and, by induction, Kt C Ki+i for each i. R is Noetherian so we 
eventually get Kn+i = i£w. Then 

Xn_!X + 7 = xKn + / = x^ n + 1 + / = 7Cnx + / 

so 

We conclude i£n = i£n-i> and by induction that 2£i = i£0 = P, so x£> + 
J = px + 7. 

ii) Suppose xc — dx 6 7. We show that c G ^CP) implies a7 £ ^ {P)\ 
the proof of the converse is similar and will be omitted. Suppose then that 
c € &(P), and that da £ P for some a in R. We can write ax = xr + u, 
where u £ I and r £ R. Then 

xcr + 7 = dxr + I = dax + / Ç Px + / = xP + ^ 

so cr is in P -f x_17 = P and hence r £ P . Then ax G Px + 7 and so a is 
in P + 7x_1 = P , as desired. 

PROPOSITION 3.3. If 7 is a two-sided ideal of P , and x in R is norm a 
modulo 7, then x in RP is normal modulo IRP. 

Proof. If 7 is not contained in P , then I C\ & (P) 9e 0, and (since 
elements of të (P) become units in RP), lRP = RP so there is nothing to 
prove. Thus we may assume 7 C P . Furthermore, if x - 17 (£_ P , then 
x - 17 C\ c€ (P) contains an element c. Then x = xc c~1 is in 7PP , and the 
result is trivial. 

Thus we may assume 7 C P and x - 17 C P . First of all, Px + 7 = 
x7^ + 7 is a two-sided ideal of R. Now 

RP(xR + 7) C (xP + 7 )P P = xRP + lRP, 

so 

RPx + 77^P C x7^P + 7PP . 

To show x P P C P P x + 7Pp, consider an element xq where q is in RP. 
We may write q = â c~l for some a in P and c in ^ ( P ) , and since x is 
normal modulo 7 we have xa = rx + w and xc = dx + p for some r, a7 

in P and some w, z> in 7. By Lemma 3.2 (ii), d is in fë (P). Now, (dropping 
the ~ for ease of notation) 

xq = xar - 1 = (rx + w)c-1 = rd~l(dx)c~l + wc-1 

= rd~l(xc — ?;)c-1 + wc_1 = rd~lx + (elements of RPIRP). 

Therefore xRP C P P x + 7PP , as desired. 

COROLLARY 3.4. If I is an ideal of R generated by the normalizing 
sequence Xi, x2, . . . , xn, then Xi, x2, . . . , xn is a normalizing sequence in 
RP which generates ÏRP. 
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Proof. Apply the obvious induction argument. 

PROPOSITION 3.5. Let X \ , X 2 j • • • > ™n 

be a normalizing sequence in a right 
Noetherian ring S, and assume that i) S/J(S) is Artinian, and ii) J(S) is 
the only prime which contains In = XiS + x25 + . . . + xnS. Then J(S) 
has the right AR-property. 

Proof. According to Lemma 8 of [13] it is sufficient to show that if N 
is a Noetherian 5-module with an essential submodule M such that 
MJS = 0 for some s, then NJl — 0 for some t. 

Since Xi is normal, Ann^Xi*) is a submodule of N and since N is 
Noetherian, there is a natural number / such that Ann^Xi') = 
Anriiv(#i*+;') for all j ^ 0. It follows easily that Nxi1 (which is a sub-
module) satisfies 

NxS C\ Ann^Od') = 0. 

However Xi £ J and MJS = 0 so 

M Ç Ann^Oci*) Ç Ann^Od'**) = AnnAr(xi'). 

As M is essential in N, Nxi1 is forced to be zero. 

The proof now proceeds by induction on n. If n = 1 then / = J(S) is 
the only prime over X\R. As S is Noetherian, Jk Ç %\S for some & so 
NJkt Q Nxi'S = 0, as desired. 

The proof of the induction step follows exactly as in the proof of Lemma 
B of [13] provided we can show that xJ = Jx for any normal element x. 
Now xJ = Tx for some ideal T (namely {xJ)x~l). If T (£ J then, since 
J is the only maximal ideal, T — S and xJ = Sx = xS. By Nakayma's 
Lemma this would force x = 0, in which case xJ = Jx = 0. If x 5* 0 then 
T Q J so xJ = Tx C /# . Similarly Jx = xT ; for some ideal T' and if 
T' (ji J then Jx = xS = Sx, again forcing x = 0. Thus either x = 0 or 
x / Ç / x C x / : in either case xJ = Jx. 

THEOREM 3.6. Let be a normalizing sequence in a right 
Noetherian ring R, and suppose P is a prime, minimal over I = x\R + 
x2R + . . . + xnR. If P is localizable then P is classical. 

Proof. By Corollary 3.4, a normalizing sequence in 
RP. In view of the one-to-one order-preserving correspondence between 
primes in .R contained in P and primes of RP, the Jacobson radical 
J(RP) is minimal over IRP. Proposition 3.5 is applicable to RP so J(Rp) 
has the AR-property. 

Remark. It is necessary to assume a priori that P is localizable in 
Theorem 3.6. For example, as is pointed out in [17], if we take R to be the 
enveloping algebra of the two-dimensional Lie Algebra (over a field of 
characteristic zero) with basis x, y where [x, y] = x, then the prime P 
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generated by the normalizing sequence x, y is not localizable. However, 
if P is generated by a normalizing sequence and P 2 = 0 then P is local
izable ([2], Theorem 4.5) and hence classical by Theorem 3.6. Moreover, 
if R is right Noetherian and P is generated by a centralizing, or by a 
normal, sequence, then P is classical; for in these cases P has the AR-
property [13] and from this it follows that P is localizable and therefore 
classical. (See Proposition 2.1 of [21] or Theorem 4.6 of [2].) 

4. Properties of RP. We are interested in studying the properties of 
RP in the case where P is a localizable prime minimal over an ideal 
generated by a normalizing sequence. We know now that RP is right 
Noetherian, that J(RP) = PRP is minimal over a normalizing sequence 
in RP, and that J(RP) has the AR-property. 

One aspect we wish to study is the (right) Krull dimension K(RP). 

Since P is localizable, the submodule lattice of RP is isomorphic to the 
lattice of submodules of R which are closed relative to the torsion theory 
determined by P , so K(RP) is the same as KP(R) in the notation of [7]. 
From [4] we have that rank(P) = rank(PRP) ^ K(RP) and it follows 
from [7], Corollary 3.3, that K(RP) is finite. In our present situation, we 
will show that rank(P) and K(RP) are equal. 

The assumptions on R and P are the same as in the last section. 5 
will denote a right Noetherian ring: generally we will think of S as being 
the ring RP. 

The first result is essentially due to Walker [23]. 

PROPOSITION 4.1. Let be a normalizing sequence of ele
ments of J(S). Then K(S) ^ n + K(S/I) where I = X\S + x2S + . . . + 
x^o. 

Proof. Once the result for n = 1 is shown, the result follows easily by 
induction. To prove the case n = 1, one proceeds exactly as in Applica
tion 2 of [19] where the result is proved in the case where %\ is central 
instead of normal. The only difficulty arises in showing that each right 
ideal of 5 is closed in the topology defined by the filtration 5 "DxiS 3 
Xi25 5 . . . and this is done in the first part of the proof of Theorem 1.8 
of [23]. 

THEOREM 4.2. Let She a right Noetherian ring for which J = J{S) satis
fies i) S/J is simple Artinian, and ii) J is a minimal prime above a finite 
normalizing sequence Xi, x2, . . . , xn. Then K(S) = rank(P), and this is 
bounded above by n. 

Proof. Let I = XiS + . . . + xnS, an ideal of 5. Since J is the only 
prime over / , J ' C J for some t, whence S/I is right Artinian and 
K(S/I) = 0. By Proposition 4.1, K(S) g n, so k = K(S) is finite. We show 
that rank(7) also equals k by induction on k. The case k = 0 (S is Arti-
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nian) is trivial, so assume the result is true for rings S' for which k' — 
K{S') is less than k. By [4] there is a prime ideal Q of 5 such t ha t 
K(S) — K(S/Q), and without loss of generality we may pass to S/Q and 
thus assume S is a prime ring. Then / contains a non-zero normal ele
men t x which must have zero right annihilator. As is well-known, this 
forces K(S/XS) < K(S) which, together with 4.1, gives (S/xS) = k — 1. 
By our induction assumption, rank (J/xS) = k — 1 and (put t ing the 
zero ideal below a longest possible chain of primes between xS and / ) we 
have k ^ rank (7) . But rank (J) ^ K(S) (see [4]), and we are done. 

COROLLARY 4.3. Let R be right Noetherian and P a localizable prime 
minimal among the primes containing a normalizing sequence of length n. 
Then K(RP) = r a n k ( P ) ^ n. 

Proof. Apply the theorem and recall t ha t r a n k ( P ) = rank ( P i ? P ) . 

Suppose S is as in Theorem 4.2 and tha t / is minimal over the normal
izing sequence Xi, x2, . . . , xn. The next result shows tha t there is a maxi
mal chain of primes related to the ideals Jo, h, . • . , In where I0 = 0 and 
Ij = ^23t=iXtS for j = 1, 2, . . . , ». 

PROPOSITION 4.3. Let S be right Noetherian and suppose J = J(S) 
satisfies i) S/J is simple Artinian, and ii) J is a minimal prime over the 
normalizing sequence xif x2, . . . , xn. If r ank(7) = k then there exists a 
chain of distinct primes Qo C Qi C • . • Qk — J and a sequence of integers 
0 ^ no < n\ < . . . < nk = n such for each j , Inj £ Qj but xnj+i $ Qj. 

Proof. We proceed by induction on k. If k = 0, take then n0 = n and 
Qo = J. Assume then tha t k > 0, and tha t the result is known whenever 
the Krull dimension is less than k. Since K(S) = K(S/IQ) = k and 
K(S/IU) = K(S/J) = 0, there must be an integer n0 such tha t K(S/IU) = 

k bu t ic(S/In +i) < k. From [4] we know there is a prime Ço containing 
IHQ such t ha t K(S/QO) = k. Clearly xnQ+i $ Co- Then x' = XHQ+I + Qo is a 
normal element in the prime ring S' = S/Qo, so (as in the previous 
theorem) 

K ( S ' ) = 1 + KiS'/x'S*), 

whence K(S//X/S/) = k — 1. The Jacobson radical of S'/xfS' is minimal 
above a normalizing sequence of length n — n0 — 1 (the images of the 
x/s for i ^ n0 + 2). By induction there is a chain of primes Q0" C 
<2i" C • • • Qfc-i" in S'/x'S', each Q / ' containing the appropriate members 
from the image in S'/x'S' of this ' ' t a i l " of the x-sequence. We pull each 
Qi" back to Qi+i in 5 to obtain primes Q\ C Qi C . . . Qk, all containing 
Qo. I t is routine to verify tha t these Q/s contain the required members of 
the x-sequence. 
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Remark. The <2o that was constructed above is necessarily minimal over 
Inoy and Qi can be seen to be minimal over Ini. Also Qn ( = / ) is minimal 
over In/c (~In). However, it is not clear whether the other <2/s are neces
sarily minimal over the Ini

Js. As the proof of the next result shows, this 
would follow easily if we knew that K(S/IUJ) = k — j = 0, 1, . . . , k. 

PROPOSITION 4.4. Suppose that S is a right Noetherian ring such that 
S/J is simple Artinian and that J is a minimal prime over a normalizing 
sequence x\, x2j . . . , xn of length n, and suppose further that rank (J) = n. 
Then there is a chain of primes Ço C Qi C . • • Qn — J such that each Qt is 
minimal over It and xi+\ (? Qt. 

Proof. Since rank(J) = n, the integers nj of the previous theorem 
must be wo = 0, wi = 1, n2 = 2, etc. Now, by repeated application of 
Proposition 4.1 we obtain 

n = K(S) ^ 1 + K ( S / / I ) ^ . . . è j + «(SSI,) ^ ... 

^ n + n{S/In) = n, 

so K(S/IJ) = n — j for j = 0, 1, . . . , n. Thus r a n k ^ / / ^ ) = n — j , so 
the chain 

Qi/h C Qj+i/I, C . . . C QJh 

cannot have any additional primes added to it. In particular, Qj is mini
mal over I j . 

In many situations it will be the case that rank (J) = n and J is 
generated by a normalizing sequence of length n. This is the case studied 
in [23], and much more can be said there. This situation is described in 
the following theorem. 

THEOREM 4.5. Let She a right Noetherian ring for which S/J(S) is simple 
Artinian and J(S) is generated by a normalizing sequence Xi, x2, . . . , xn of 
length n. Then the following are equivalent: 

1) K(S) = rank(J) = n; 
2) the coset xj+i + Ij is not a zero-divisor in S/Ij} for j = 0, 1, . . . , n; 
3) Jo, Iij • • • , In

 are distinct prime ideals. 
If these conditions are satisfied, then the right global dimension of S equals n 
also, and S is a domain if S/J is a division ring. 

Proof. The assertion that 2) implies all the other statements is pre
cisely the content of [23], Theorem 2.7. Also, it is evident that 3) implies 
2) since a normal element in a prime ring cannot be a zero-divisor. It 
remains to show that 1) implies 3). We know that In ( = J) is prime, so it 
suffices to show that if Ik is prime then so is Ik-\. From 4.1 we have 

n = K(S) ^ 1 + K ( 5 / 7 I ) g 2 + K(S/I2) Û • . . 

^ n + K(S/IU) = », 
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so for each k we have 

*(S/J*-l) = 1 + K(S/Ik). 

Passing to the ring S' = S/Ik and denoting the image of xk in 5 ' by x', 
we have the following situation: xf is a normal element in J(S') generating 
a prime ideal I ' , and we wish to conclude that 5 ' is a prime ring. This will 
follow from Lemma 2.6 of [23] provided we can show that xf is not a zero-
divisor. Thus, to complete the proof it remains to show that the conditions 
i) / ' = x'S' = S'x' is a prime ideal, and 

ii) K{S') = 1 + K{S'/X'S') 

together guarantee that x' is not a zero-divisor in S'. 
Since S' is Noetherian, the ascending chain r{x') Q r{x'2) C . . . is 

eventually stationary: suppose r(x'k) = r(x'k+l), and denote each 
r{xri) by At. We show first that Ak is contained in / ' . 

From [4], Corollary 7.5, there is a prime Qr in 5 ' for which K(S') — 
K{S'/Q'). Clearly Qf can't contain J' yet VkAk = 0, hence ,4* C Ç' and 
K(S') = K(5V<<4*). Since ^U = 4̂*+i the image x of #' in the ring S = 
Sf/Ak has zero right annihilator. Also x is normal in S and is in / ( 5 ) . 
From 4.1 and the fact that r(x) = 0 we have 

K(S') = K(S) = 1 + K(S/XS) = 1 + K(S'/I' + Ak) 

or 

K ( S ' / J ' + Ak) = K(S') - 1. 

If it were the case that Ak (£_ I', then (Ak + I')/1' would be essential in 
the prime ring 5 ' / / ' , and we would have ([4], Proposition 6.1) 

K{S'/I' + Ak) < K{S'/I') = K{Sf) - 1, 

which is false. Therefore Ak Ç / ' . 
Now we proceed inductively: suppose we have established that 

Ak C x"S' . Denoting {5 G S':xfjs Ç 4*} by r , we have Ak = xfjTj. 
Then 0 = x'kAk = x/k+jTj so Tj C 4*+, = ,4* Ç a'S' and hence 
4* £ x /y+1S. Therefore 

1 

Now x' is normal and in J(Sf), and S' is right Noetherian, so / ' = x'S' 
has the right AR-property, and this implies Of xfjS' = 0. Thus ^ = 0 
and so A\ — r(xf) = 0. It follows [12] that l(x') = 0, so x' is not a zero-
divisor. The proof that 1) implies 3) is complete. 

If we start with a right localizable prime P in a right Noetherian ring 
R, the map X —» XJR P of right ideals of i^ to right ideals of i?P gives a 
one-to-one correspondence between all right i^P-ideals and right ideals 
of R which are closed in the torsion theory determined by P. Under this 
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correspondence, primes of RP correspond to primes of R contained in P, 
and vice-versa. The application of Theorem 4.5 (with S = RP) to the 
original ring R is the following. 

COROLLARY 4.6. Let P be a right localizable prime in a right Noetherian 
ring Rj and suppose P is generated by a normalizing sequence xi} x2, . . . , xn 

of length n. Then the following are equivalent. 
1) rank(P) = n, 
2) c\p(x\R + . . . + XjR) is a prime not containing xj+i} for j = 0, 

1, . . . , n - 1, 
3) Xj+i is not a zero-divisor modulo c\P(xiR + . . .XjR), for j = 

0, 1, . . . , w - 1. 

5. Examples. 1) Let g be a finite-dimensional solvable Lie algebra 
over a field of characteristic zero, and let R be the universal enveloping 
algebra of g. For rj an ideal of g, let P be the prime ideal of R generated 
by f). If i) is nilpotent, then RP satisfies the conditions of Theorem 4.5, 
and K(RP) = dim(fc) ([23], Theorem 3.7). 

2) If R is either 
a) the universal enveloping algebra of a finite-dimensional nilpotent 

Lie algebra over any field, or 
b) the group ring FG of a finitely-generated group G with a finite 

normal subgroup H such that G/H is torsion-free nilpotent and o(H) is a 
unit in a field F, 
then for any prime P of R, RP satisfies the conditions of 4.5, as is shown in 
[22]. Moreover, in these cases, each ideal of R is generated by a centrali
zing sequence. It follows easily that any ideal of RP is then generated by 
a centralizing sequence. 

3) If G is a polycyclic-by-finite group and F is a field for which either 
a) char(F) = 0 and G is finite-by-nilpotent, or 
b) char(F) = p ^ 0 and G is finite £'-by-(nilpotent-by-finite p), 

then ([18], Corollary 3.12) every ideal of the group ring FG has a cen
tralizing sequence of generators. Therefore 4.2, 4.3, and 4.4 are applicable 
to RP for each prime P. 

4) A commutative Noetherian local ring of finite global dimension is 
regular, and hence has its prime ideals generated by ./^-sequences. Since 
(2) of 4.5 attempts to extend the concept of i^-sequence to noncommuta-
tive rings, it is reasonable to wonder whether, in the case where 5 is a 
right Noetherian ring for which J(S) is generated by a normalizing 
sequence and S/J(S) is simple Artinian, knowing gl. dim. (5) is finite 
might ensure that all the conditions of 4.5 hold. This is not the case, as 
the following example (pointed out to the author by K. A. Brown) 
demonstrates. 

Let F be the field GF(2) and G the group generated by x, y, z where 
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[x, y] = s4, z~lxz = x - 1 and s - 1 ^ = ^ - 1 . G has a chain of normal sub
groups 

1 Q {z2) C <x, s2> C (x, y, z2) C G 

where the top factor is of order 2 and the other factors are infinite cyclic. 
As in 3) above, every ideal of R = FG has a centralizing sequence of 
generators, and R is left and right Noetherian. The FC subgroup of G is 
(z2), which is torsion-free, so R is prime ([18], Theorem 2.10). Also, 
gl. dim. (R) = Hirsch number (G) = 3. If we let P be the augmentation 
ideal then 

gl. dim. (RP) ^ gl. dim. (R), 

so RP has finite global dimension. 
If we let Ii be the ideal of R generated by 1 — z2 then R/I\ is the group 

ring over F of the group 

(x, y, z: [x, y) = z2 = 1, z~lxz = x~l, z~lyz — y~l), 

and this is a prime ring. Therefore I\ is a prime ideal. Similarly, the ideal 
12 generated by 1 — z2 and 1 — x is prime. Therefore rank(P) ^ 3. As 
noted above, P has a centralizing sequence of generators. Such a sequence 
is Uu U2, . . . , UQ where U\ — 1 — z2, u2 = x -\- x~l = x_ 1( l — x2), u% — 
y + y~l = y~l(\ — y2),U\— 1 — x, uh = 1 — y, u$ = 1 — z. Note however 
that if T is the ideal generated by uu u2, and w3 then R/T is the group 
ring over F of the group G/(x2, y2, s2) (which is abelian) so R/T is com
mutative. Any prime ideal containing T also contains 1 — x2 = (1 — x)2, 
and so contains ^4 (and, similarly, u5 and #e). Therefore P is a minimal 
prime above T. From 4.3 we have K(RP) = rank(P) ^ 3,sorank(P) = 3. 

If the conditions of 4.5 held in RP, then there would be a sequence 
Wi,W2, Wz generating PRP such that W\ is regular (i.e., not a zero-divisor) 
in RP, w2 is regular modulo WiRP = Qu and w^ is regular modulo WiRP + 
W2RP = Q2, and Qi and Ç2 would be primes. In fact, RP/PRP is a field 
so Rp/Qi would be an integral domain. Now the ideal (V = Qi C\ R oî R 
would contain a non-zero central element of R, i.e., an element of R 
whose support in G is in the centre (z2) of G. Multiplying by some power 
of z2, Qi would contain a polynomial over F in z2. Suppose p(z2) = 
a0 + aiz2 + . . . akz

2k is of smallest possible degree k in z2 among such 
elements of Qi . Then p(l) = 0 since p(z2) is in the augmentation ideal 
P of P . Therefore 

p(z2) =p(z2) -p(l) = ( z 2 - 1)/^(E2) 

where the degree of h(z2) in s2 is k — 1. Since RP/Qi and R/Qi are 
domains, 22 - 1 or fe(s2) is in Ç/ . Since & is minimal, we conclude z2 — 

https://doi.org/10.4153/CJM-1981-027-3 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1981-027-3


336 A. G. HEINICKE 

1 = (z — l) 2 , and thus z — 1, is in Q/. But then 

x2 — 1 = x(s_1x -1s) — xz~lx~l + xz~lx~l — 1 
= xz~lx~l(z — 1) + xz~l(l — z)x~l 

is in (V, and so (V contains 1 — x and (by the same reasoning) 1 — y. 
But then Qi contains P, which is not possible. Therefore, in this example, 
the conditions of Theorem 4.5 cannot hold, although RP is of finite global 
dimension. 

6. Completion of RP. If P is a classical prime of a right Noetherian 
ring, then J = J(RP) has the right AR-property, which ensures that 
r\™ Jn = 0. If we endow RP with the J-adic topology, then the completion 
RP of RP is a ring, and can be identified as the bicommutator of E{RP/J), 
the i^p-injective hull of RP/J [8]. The next section arises from the ques
tions posed in [17], where it was asked when (if) RP is Noetherian. 

For any ideal I in any ring S, one can define the i-adic topology on S, 
and the completion S of S with respect to this topology is a ring. Ques
tions relating to whether S is Noetherian were considered in [14] and 
more recently in [15]. In the latter, it was shown that if 5 has a central
izing set of generators and if S/I is right Artinian, or if 5 is right Noe
therian, then S is right Noetherian. An example was cited of a left and 
right Noetherian ring 5 with ideal I generated by a normalizing sequence 
for which S is not left or right Noetherian, so one cannot replace "cen
tralizing" by "normalizing" in the theorem. It is significant that in the 
example, I does not have the right or left AR property, for we will show 
that if 5 is right and left Noetherian, and I is generated by a normalizing 
sequence and has the AR properties, then S is right and left Noetherian. 
We also will obtain a "one-sided" result, but a technical assumption on 
/ is needed. 

As in the case of commutative rings, the passage from 5 to S is via the 
graded ring G/(5). As an additive group, GZ(S) = S/I © I/P © . . . , 
and multiplication proceeds by extending the obvious multiplication for 
which 

(In/In+l) • (Pn/Pn+l) C p+m/jn+m+i^ 

We begin by citing the following results from [14]. 

LEMMA 6.1. a)Gf(S) ^ Gf(S). 
b) If G/(o) is right Noetherian, so is S. 
c) If S/I is right Artinian and I finitely generated as a right ideal, then 

a right ideal F of S is finitely generated if and only if for each k ^ 0 there is 
an n ^ 0 such that F C\ ln C FP. Hence S is right Noetherian if and only if 
I has the right AR-property. 

Proof. See page 145, Lemma 2.2, and page 149 of [14], respectively. 
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LEMMA 6.2. ([15], Proposition). Let x be a normal element of a ring S, 
and set I = xS. If i) r{xn) = r(xn+l) for some n, ii) l(xm) = l(xm+1) for 
some m, and iii) S/I is right Noetherian, then the I-adic completion S of S 
is right Noetherian. 

Proof. From Lemma 6.1, it suffices to show that the graded ring G7(S) 
is right Noetherian. 

Case I. Suppose r{x) = 0. Then ii) guarantees l(x) = 0 as well, and 
the map p:S —>5 defined by xs = spx is an automorphism of S. Since 
I = 1% p induces an automorphism a of S = S/I and, as is pointed out 
in [23], p. 32, G/(5) is isomorphic to the twisted polynomial ring S[Z; a] 
whose elements are polynomials snZ

n + sn-iZ
n~l + . . . s0 in Z with 

coefficients in S, and multiplication defined by Zs = saZ. The usual proof 
of the Hilbert Basis Theorem works in S[Z; a] so S[Z; a], and hence 
G7(5), is right Noetherian. 

Case II. General case. By replacing n and m in i) and ii) by k = n + m 
we may assume that r(xk) = r(x*+1) and Z(x*) = l(xk+1). Therefore in 
the ring 5 ' = S/r(xk) the element x' = x + r(x*) has zero right annihila-
tor. Also S'/I' is right Noetherian, so by Case (i), G7 '(S') is right 
Noetherian. In the ring G7(5), the ideal 

Wk = ®?xiS/xt+1S 

can be regarded as a G(Sf)-module, where we define the multiplication via 

I ^H~ê X ~7ï+TTJ —* m-M+1 ~ 
vA/ O A ' k j vV O 

where 

(xma + xm+1S, xns' + x'i+lS') »-> (xwaxz5 + xw+z'+15). 

VTjfe is cyclic, generated by xk + x*+1.S; the annihilator in G7 '(5') of this 
is zero, and the G7(S) and G7 '(S') submodules of P^ coincide. Therefore 
Wit is Noetherian as a G7(5) module, and G 7 (S) / "Ĥ  is finitely generated, 
and thus Noetherian, as an S//-module, and as G7(5)-module. Hence 
G/(5) is right Noetherian. 

LEMMA 6.3. Le/ / < S, and S the I-adic completion. Suppose that I 
has the right AR-property, and let x be any element of S. Then: 

i) If Sx C xS then Sx Ç xS; 
ii) If rs(x

n) = rs(x
n+1), then rs(xn) = rs(xn+1). 

iii) / / 5x = x5 awd x/* Ç ix /or ^owg &, /feew x5 = Sx. 7/ in addition 
we have h(xm) = ls(x

m+1), then 

ls(xm) = ls(xm+1). 

Proof. First note that since I has the right AR-property, for any k and 
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t there is an integer n = n(k,t) (depending on k and t) such that 

i) Suppose Sx C xS and consider ax G ox. The element a is the limit 
of a Cauchy sequence (sn)i°°, of elements in 5, and for each n we can 
write snx = xan where an G S. Since the sequence (sn)i° is Cauchy, for 
each k there is an integer Mk such that st — Sj G J71^*1) for i,j ^ ikf̂ , 
and we may assume Mi < M2 < Mz . . . . Then, for j ^ Mkl 

x{cij — aMj) = (^; — sMk)x £ xS C\ In(*k'V Ç x P 

so 

#M/C+1 - a j ^ G I* + r(x)\ 

say ^Mfc+1
 — <̂ iwfc = Wic + ^ where u^ G J* and xrfc = 0. The sequence 

(/n)iœ defined by tn — aMn — X^T1 ru is Cauchy and so converges to an 
element r of S. Then 

XT = lim(x^) = \\m(xaMi) = lim(sMtx) = ax 

and ax G xS. 
ii) Suppose rs(x

n) = rs(x
n+l) and let a G r,s(xw+1), where a- is the limit 

of the Cauchy sequence (sw)i°° of elements of 5. The sequence 
(xn+lSj)j=iœ converges to 0 in 5, so for each k there is an Mk such that 
xn+1Sj G In«'n+» for j è M*. But then x*+1^- is in xn+1S H J"(*.n+i) c 
x n + i p s o 

5;- e l * + r(xn+l) = Ik + r(xn), 

and so 

xnSj G xw7* C 7* for j ^ i7*. 

Therefore the sequence (nnSj)j==iœ converges to 0 and hence xna = 0. 
Therefore r§(xn+l) C fs(xn), as desired. 

iii) Suppose xS = Sx and xP C 7x. From (i) we know Sx C x5, so we 
wish to show x5 C Sx. Let c be in 5, suppose o- = lim^oo (sz) where 
5j Ç 5, and suppose xsi = ^x. We may assume V H — sn G 7n for each 
n, so 

OW+1) - ^ ) X = *(**(n+l) - **») £ ^ ^ ^ ^ 

and 

^u+D - kn G 7W + /(x). 

If we write /fc(n+i) — /̂ n = vn -{- cn where vn G 7n and cnx = 0, then the 
sequence (6^)i°° defined by 

j-i 
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is Cauchy and so converges to (say) /? in S. Then 

px = l im^œ (bjX) = limMoo [tkjx) = limMoo (xs^) = Xo-

and xo- £ 5x. 
Just as this proof is a modification of the proof of i), so the proof of 

the last part of iii) is a modification of the proof of ii). The details are 
omitted. 

If M is an 5 module, and I < S, then one can define a topology on M 
by taking as neighbourhoods of 0 the sub-modules MIn for n = 1 , 2 , . . . . 
Denote by M the completion of M in this topology: then M can be 
regarded as a right 5-module. The following lemma and its proof (exactly 
as in the commutative case) are well known. 

LEMMA 6.4. Let S be right Noetherian and I an ideal of S with the right 
AR-property. IfO—>Xi-^X2-^X^—^0 is an exact sequence of finitely 
generated right S-modules, then 0 —» Xi —> X2—> Xz—> 0 is an exact 
sequence of S-modules, and each X t is generated as an S module by any 
finite generating set for Xt. Furthermore, Xi is a closed submodule of X2 

in the I-adic topology. 

In particular, we note that if S is right Noetherian, then for any right 
ideal E of S, Ê = ES is a closed right ideal of S. This means Ê = 

n? (E + p). 
THEOREM 6.5. Let S be a right Noetherian ring and I an ideal of S for 

which: 
i) I is generated by a normalizing sequence X\, . . . , xn, 

ii) / has the right AR-property, and 
iii) there is an integer k such that, for 1 ^ j ^ n, 

3-1 

Xjl ^ IXj ~\~ / j Xi<0. 

1 = 1 

Then the I-adic completion S of S is right Noetherian. 
Proof. The proof of the theorem is by induction on n (cf. [15]). When 

n = 1, Lemma 6.2 gives the result. Assume the result is true for ideals 
generated by normalizing sequences of length n — 1 or less. By the induc
tion hypothesis, the completion of 5 = S/xiS in the J-adic topology is 
right Noetherian. However, the 7-adic topology on 5 is the same as the 
7-adic topology, and so we have that the 7-adic completion S* of S is 
Noetherian as a right 5-module. From Lemma 6.4, 0 —> Xi§ —» S —> o —» 0 
is exact, and from Lemma 6.3 we see that X\ is a normal element of S, 
that l§(xm) = ls(xm+1) and rs(xn) = rs(xn+1) for some integers m and n. 
Therefore by Lemma 6.2, the Xi5-adic completion of S is right Noe
therian. 
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It remains to show that S is itself complete in the XiS-adic topology. 
Let (pj)iœ be a Cauchy sequence in the XiS-adic topology: we may 
assume pn+i — pn £ (xiS)n = XinS. This is then Cauchy in the 7-adic 
topology and since S is /-complete, (pj)iœ converges to (say) p in the 
J-adic topology. We may assume p — pj £ Ij by passing to a subsequence 
if necessary. Then for any n and any r, 

p - Pn = P ~ Pn+r + Pn+r ~ Pn 6 P+r + X^S, 

SO 
oo 

P - p n £ n (x"s + îT) = Xl
ns 

(from Lemma 6.4). Therefore (p;)i°° converges to p in the Xi-S-adic 
topology, as desired. 

Remark. If I has the left AR-property, then for each j we have 

for some k, from which iii) easily follows. Conversely, if 5 is also left 
Noetherian, the proof of Lemma B of [12], Corrigenda and Addenda can 
easily be adapted to show that iii) implies I has the left AR-property. 
(Caveat: Lemma B is incorrect as stated: the expressions xxI and Ix\ 
should be interchanged, as examination of the proof will reveal.) 

COROLLARY 6.6. If P is a right localizable prime of a right Noetherian 
ring R, and if P is a minimal prime for an ideal I generated by a normalizing 
sequence Xi, . . . , xn, then the J(RP)-adic completion RP of RP is right 
Noetherian. 

Proof. From 3.4 and 3.6, the sequence xi, . . . , xn is a normalizing 
sequence in RP, J = J(RP) is the only prime containing the ideal 
J = 22ï Xi RP (so Jk C I for some &), and J has the right AR-property. 
Since Jk C I Ç / , it follows that Jk and then / have the right AR-
property, and that the I-adic and J-adic topologies on RP are the same. 
Furthermore, / is the only maximal ideal of RPj so (as in the proof of 3.5) 
in any homomorphic image RP of RP we have xJ' = J'x for any normal 
element x of RP . In any such image we thus have 

By 6.5, the J-adic ( = J-adic) completion of RP is right Noetherian. 

7. Duality for J$P. Let 5 be a right Noetherian ring whose Jacobson 
radical J has the right AR property, and assume further that S is semi-
local; i.e., that S/J is Artinian. It was shown in [8] that under these 
assumptions, the J-adic completion S of 5 is canonically isomorphic to 
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the bicommutator of Us, the injective hull in Mod-5 of S/J. Further
more, U can be regarded in a natural way as right 5-module and the 
conditions i) S is right Noetherian, ii) Us is 2-injective, and iii) J has 
the right AR-property were shown to be equivalent. 

In studying the question of whether S is right Noetherian, several 
authors have found that this question is closely related to the questions 
of whether Us is Artinian, and whether U induces a Morita duality 
between S and T = End (Us) = End (Us)- (To say that a bimodule TUs 
induces a Morita duality between 5 and T means Us and T U are injective 
cogenerators, that S = End(TU) and that T = End (£/#).) For example, 
if S is a (left and right) Noetherian semilocal P.I. ring, then Varnos [24] 
showed essentially that U induces a duality between S and T, that S and 
T are Noetherian, and that Us and TU are Artinian. Also, Deshpande 
[3] showed that if 5 is an HNP ring with non-zero Jacobson radical, (S 
is automatically semilocal) the same conclusions may be drawn. (Note 
that some authors take U to be the injective hull of S/J, others take U 
to be the injective hull of the direct sum of simple modules, one from each 
isomorphism class: the proofs for one case are easily translated into 
proofs for the other.) 

The approach taken in establishing results such as those just cited is 
to show first that Us is Artinian. Once this is known, many other things 
follow, as the next result shows. 

PROPOSITION 7.1. Let S be a right Noetherian semilocal ring whose 
Jacobson radical J satisfies the right AR-property, and let Us be the injective 
hull in Mod-5 of S/J, and T = End ( Us) • Then the following are equivalent: 

1) Us is Artinian. 
2) Us is linearly compact. 
3) T is left Noetherian. 
4) TU is infective. 
Furthermore, when these conditions are satisfied, T is a left Noetherian 

ring whose Jacobson radical H satisfies the left AR property. 

Proof. For (2) <=> (4) see [16], and (1) =» (3) is contained in Theorem 
B of [24]. In that proof, it is shown inter alia that for any finite set 
ti, . . . , tn in T, we have 

( m \ m 

PlKer / , j = X) TU: 
from this one concludes Ann T (Ann UL) = L for each finitely generated 
left ideal L of T. On the other hand, ([5], Proposition 23.13) it is known 
that 

Ann^Ann^ V) = V 

for each submodule V of Us- Therefore if T is left Noetherian, A n n ^ ) 
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and Ann r ( ) are inverse anti-isomorphisms between the submodule 
lattices of T Tand Us, so Us is Artinian: hence (3) => (1). It is immediate 
from the definition of linearly compact (see [15]) that (1) => (2). To 
show that (2) implies (1) recall ([5] Corollary 19.16B) that a module is 
Artinian if every factor module has finitely generated essential socle. In 
our situation, the fact that J has the AR-property implies 

oo 

US=U AnnD(Jn), 
1 

whence every factor module of Us has an essential socle. Now if Us is 
linearly compact, so is any submodule of any factor module. In particular, 
the socle of any factor module is linearly compact. An infinite direct sum 
of nonzero modules cannot be linearly compact, so the socle of each 
factor module of U must be finitely generated as well. Hence (2) =» (1). 

Suppose these conditions are satisfied. Then (using the fact that Us is 
a cogenerator), one can show that, for each n, 

Socn(TU) = Annu(H") = Ann^(J^) = Socn(Us), 

and that for each n Socn(Us) induces a duality between S/Jn and T/Hn. 
Also T is semiperfect so T/H is semisimple: thus T is left Noetherian 
and semilocal. Since fU is an injective cogenerator and equals 
Ui° Annu(Hn)j it follows easily that if TX is a finitely generated module 
with an essential submodule TY such that H Y = 0, then HnX = 0 for 
some n. This is equivalent to saying H has the left AR-property [13]. 

COROLLARY 7.2. Suppose that S is right Noetherian and semi-local, and 
that J has the right AR-property. Then U induces a Morita duality between 
S and T if and only if Us is Artinian and one /all of the following hold: 

i) S is right Noetherian.-
ii) Us is injective. 

iii) TU is Artinian. 

Proof. If U induces a duality between T and S then Us and TU are 
injective. By 7.1, Us is Artinian. 

Conversely, suppose Us is Artinian. We can use 7.1 to conclude that 
TU is injective, that T is left Noetherian and semilocal and that H has 
the left AR-property. Now we can apply the left-hand version of 7.1 to 
the module TU and conclude that i), ii) and iii) are equivalent. Thus if 
Us is Artinian and any/all of (i)-(iii) hold, then Us and TU are injective 
cogenerators: hence we have a duality. 

The next lemma is due to Jategaonkar. The proof given here is more 
direct than the one given in [9]. 

LEMMA 7.3. Let S be right Noetherian and I an ideal of S generated by a 
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normalizing sequence Xi, . . . , xn. If M is a simple right S-module such that 
MI = 0, then ES(M) is Artinian if and only if ES/i(M) is Artinian. 

Proof. Set E = ES(M). Also, let Ik = xxS + . . . + xkS and Ak = 
AnnE(Ik), for k = 0, 1, . . . , n. Then Ak = ES/ik(M), as is well-known. 
T h e "only if" is therefore clear, and the "if" par t follows easily by 
induction once we have established the result for n = 1. We may 
assume then t ha t I = xS = Sx. 

The ideal / is generated by a normal element, and hence has the right 
AR-proper ty , from which we obtain [13] E = U ? En, where En = 
Ann#(xw) . By assumption, E\ is Artinian, and it now follows by induction 
t ha t each Ex is Artinian. For suppose En is Artinian. For any submodule 
W of En+i, Wx is a submodule of En, and W*-^> Wx induces a one-to-one 
order-preserving correspondence between submodules of En+i containing 
Ei and submodules of En. Hence En+i/Ei is Artinian, whence En+i is, too. 

If E were not Artinian, then some factor E/X would fail to have a 
finitely-generated and essential socle, and by Zorn's Lemma there is an 
X which is minimal with this proper ty; call it W. The minimali ty of W 
guarantees t ha t W is an Artinian module. 

Since E is the union of the (Artinian) E/s, the socle of E/W is essential, 
and is contained in AnnE/w(I). Suppose this annihilator is A/W, where 
A = {e G E : el C W\. For any submodule Z satisfying E\ + W Ç 
Z Q A, Zx is a submodule of W, and Z •—> Zx induces a one-to-one 
order-preserving correspondence from the submodule lattice of 
AI (Ex + W) to t ha t of W/Wx: hence A/{EX + W) is Artinian. But 
(E\ + W)/W is also Artinian, and thus A/W is Artinian. Therefore the 
socle of E/W is Artinian (and essential in E/W), a, contradiction. There
fore E is Artinian. 

T H E O R E M 7.4. (a) Let S be a right Noetherian semilocal ring whose 
Jacob son radical J is generated by a normalizing sequence Xi, . . . , xn. Then 
J has the right AR-property and Us is Artinian. 

(b) If in addition there is an integer k such that XjJk C J%i -f xiS + . . . 
Xj-iS for 1 fg j <; n, then Us and TU are Artinian, TT and S s are 
Noetherian, and U induces a duality between S and T. 

Proof, (a) 5 is semilocal, so each simple right module M is injective 
as an S/J module. By Lemma 7.3, each ES(M) is Artinian so Us, a 
finite direct sum of Es(M)'s, is Art inian as well. For any u in U, the 
sequence uJ, uJ2, . . . must eventually become stat ionary, so by Naka-
yama ' s Lemma uJ1 = 0 for some t. Hence 

oo 

U = U Ann„(jr<). 
l 

T o show tha t / has the AR-proper ty , it suffices ([13], Lemma 8) to 
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show tha t if F is a Noether ian right 5-module with an essential sub-
module X such t h a t XJ = 0, then YJm = 0 for some m. For such an 
X and F, X would be a Noether ian semisimple module, embeddable in 
a direct sum of (say i) copies of S/J. By injectivity we get an embedding 
of F into Ul. T h u s F i s Art inian and Noetherian, so F has a composition 
series, and the result follows. 

(b) S is right Noetherian by Theorem 6.5, and the rest of the assertions 
follow from 7.1 and 7.2. 

T H E O R E M 7.5. Let R be a right Noetherian ring, P a right localizable 
prime generated by a normalizing sequence. Let E be the infective hull in 
Mod-R of R/P, T = End(ER) and R' = End(TE). Then T is left 
Noetherian R' is right Noetherian; TE and ER> are Artinian; E induces a 
duality between R' and T; and Rf is canonically isomorphic to RP. 

Proof. Since P is r ight localizable, we have the commuta t ive diagram 
in M o d - P : 

0 • P-

0 >PRP 

where the second row can be regarded as the application of the localiza
tion functor Q to the first rowr (c.f. [6], § 3) . T h e m a p 7]R/P may be re
garded both as a homomorphism of i?-modules and as the embedding of 
the prime right Noether ian ring R/P into its classical r ight quot ient ring. 
As an P-module homomorphism, T)R/P is one-to-one, and lm(rjR/P) is 
essential as an P-submodule of RP/PRP. We identify R/P with its 
image under rjR/P, and we can embed RP/PRP, as an R module, in E. 
But then E may be regarded as an J\P-module in a canonical fashion, as 
is well known. (Briefly: for c in ^ (P) and e in E, the m a p cr i—» er of cR 
to E is well defined and lifts to d: R —> E. Then 6(1)c = e, so E = Ec 
for any c in ^ ( P ) . Since P is localizable, the elements of cé? (P) are not 
zerodivisors on E. Therefore for e in E, ec~l is defined as the (unique) 
solution / of fc = e.) 

As an RP module, E is essential over RP/PRP and E is in fact the 
Mod-RP injective hull of RP/PRP. (Show t h a t the embedding of E into 
this hull mus t split in M o d - P , and then t h a t the other summand mus t be 
zero.) Fur thermore (again as is well-known), 

-+R-

\VR 

-*-RP-

•+R/P-

PRP 

- *0 

- *0 

E n d ( £ * ) = End(ERp). 
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Now, J(Rp) = PRP is generated by a normalizing sequence (Corollary 
3.4) and has the right AR-property (Theorem 3.6). As the proof of 
Corollary 6.6 shows, the condition of 7.4(b) is satisfied so RP (which can 
be identified with End(TE)) has a duality with T by Theorem 7.4. 

Remark. In 3.6 and 6.6, it was sufficient to have the localizable prime 
P a minimal prime for an ideal I generated by a normalizing sequence, 
in order that J{RP) have the AR-property and that RP be Noetherian. 
However, in order to show that RP has a duality, it appears necessary to 
assume in 7.5 that P is generated by a normalizing sequence (or rather, 
that PRP is so generated). 

An example was given in [20] of a left and right Artinian ring 5 with 
J2 = 0 such that (in the context of 7.3) Us is not Artinian. The example 
is constructed by considering division rings I Ç i ) such that dim(TD) 

is finite but dim(D r) is not. ([1], Chapter VI). Let S = I n T\, a sub-
ring of the 2 X 2 matrices over D. It is easy to verify that (D, 0) is 
simple, and is an essential submodule of the non-Artinian module 
(D,D) = {(e,f ) :e,f £ D}, so the injective hulls of simple right 5-
modules need not be Artinian. 

In this example, / is not a prime ideal. However, as is pointed out in 
[20], suppose there exists a division ring D and an endomorphism 0 of D 
such that dim(,£(£>)£)) is finite but dim(A£(D)) is not. Then the ring 

would be left and right Artinian, yet Us would not be Artinian. (Again 
consider (D, 0) and (D, D).) In this case J would be a minimal prime 
above the ideal 0. 
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Note added in press. The additional assumption in (b) of Theorem 7.4 
is superfluous, for under the assumptions of (a) it follows that S is right 
and left Noetherian. (See Theorem 4.3 of J. C. McConnell, Israel J. Math. 
32 (1979), 305-310.) 
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