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Abstract

A Radon-Nikodym theorem for Banach valued polymeasures is proved.

1991 Mathematics subject classification (Amer. Math. Soc): primary 28B05,46G10.

1. Introduction

A Radon-Nikodym theorem for (scalar) Radon polymeasures was given in [5]. The
aim of this paper is to give a Radon-Nikodym theorem for (general) Banach valued
polymeasures. Despite the fact that the Radon-Nikodym theorem proved here extends
that of [9], Example 6 points out that a Radon-Nikodym theorem for polymeasures
(inclusive, for scalar bimeasures) cannot be stated using a condition of localization
which is just an extension of the Maynard's condition of localization in compacts.
The integrable <f-tuples used here belong to the first integrable class of [3], and their
integrals coincide with that of [3].

Finally, let us point out that, as predicted in [7], polymeasures that do not determine
a measure in the product space are increasingly appearing in areas as diverse as non-
stationary processes, harmonic analysis, operator theory and quantum physics (see
[6]).

2. Notation and preliminaries

In the following, d will be a fixed positive integer, E,, i = 1 , . . . , d,will be
CT-algebras of subsets of non empty sets £2,-, Xj, i = 1 , . . . , d, Y and Z will be
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given Banach spaces over the same scalar field K of real or complex numbers, and
0 : X i X - x X d x K - » Z will be a continuous multilinear mapping, that without
loss of generality, can be supposed to be such that | |0|| < 1. We also consider
two fixed polymeasures (in the usual sense of [2]) a : Ei x • • • x Erf -*• Y and
y : Yn x • • • x Ed -*• Z.

Denote by S;(£2,), i = 1 , . . . , d, the normed linear space of E,-simple functions
ft : Q, - • Xt with the sup norm ||/;||ni. = sup{|/,(?,)l : U 6 £2,}. Let / , € S,(fi,), i =
1, . . . , d, be of the form ft = ]C? = I*<J ,X^/J>

 W1^ixij, e X,, and with pairwise disjoint
Aij. € £, . Then the integral of the rf-tuple (f\,... ,fd) e SiC^O x • • • x Sd(£ld)
over (Ai, A 2 , . . . , Ad) e E, x • • • x Ed is defined (see [2]) by

, , . . . ,fd)da =
J l = l jd=l

In the sequel, if there is no confusion, we will simply write St, \\fj\\, f(A)(fd dot,

(/,) 6 X Si and (Ai) e X E , .
Following [2], we define the semivariation a : Ei x • • • x Hd —> [0, +oo] and the

variation |or | : Ei x • • • x Ed -*• [0, +oo], of the polymeasure a, by

«(A,

and

\ a \ ( A u . . . , * d ) = s u p ^ ; ••• ; _ u a i / i i , , , , . . . , /\d,jd

,Ad) = sup f (fi)da = ! , . . . ,d

, Ad) = s u p
jt=\

Aij. G E, pairwise disjoint with A, = U'A/j••} •
y,=i " j

Let us also consider the set function |d | | | : X E, —> [0, +oo] defined by

« , , . . . , A,-,.... nrf).

In the following, let us assume that a {SI u ... , £2rf) < +oo.

DEFINITION 1. A function / ; : Qt —*• X, is said to be u-simple if it is a uniform
limit of a sequence of simple functions from Qt into Xt. Denote by Ut, i = 1 , . . . , d,
the space of the H-simple functions / , : £2, -> Xt.
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If ( / , ) e XUh then the integral of the d- tup le (fu...,fd)eUiX---xUd over
(A<) e X E , is defined by

fd)da=hm[ (f ?,..., fd
n)da,

"~>0° J(AUA1 Ad)
/ [
(A,,A2 Ad) "~>0° J(AUA1 Ad)

where (/,")n(=N,« = 1, • • • , ̂ , is any sequence in 5, which is uniformly convergent to
/ , . It is easily proved that this integral is well defined and it has all properties of the
integral of d-tuples of simple functions.

A d-tuple of functions /,; : Q,•, —> Xt, i — 1 , . . . , d, is said to be a-measurable, if
for every e > 0 there exists (A,) e X E, such that |||a|||(£2i — Alt... , Qd — Ad) < s
and (fiXA.) e X Ut.

An a-measurable rf-tuple (/,) is said to be a-integrable, if for every e > 0 there
exists S > 0 such that for every </-tuple (A,) e X E, satisfying a(Au ... , Ad) < <5
and (fiXAi) £ X Ut, we have that

L (fi)da < £.

If the J-tuple (fj) is a-integrable, then the integral of (/",-) over (A,) e X E, is
defined by

/ (/i,--. ,fd)da= lim / (fi)da,
J(AI,A2 Ad) (SiXsXE.np^,) J(Bi)

where p (A,) denotes the family of all subsets of A,(/ = 1, . . . , d).
It is easily proved that the above integral is well defined. Furthermore, every

a-integrable rf-tuple belongs to the first integrable class, defined in [3, pp. 592, 593],
and its integrals in both senses coincide. Let us also point out, that this integral
coincides, when d = 1, with the vector integration introduced in [4].

3. A Radon-Nikodym theorem

Suppose that 0 < |a|(J2i,... , Sld) < +oo.

DEFINITION 2. Let(A1 ; . . . , Ad) e (E, x •• • x Ed)+ = {(B,) e X E, : |a|(Bi,
. . . , Bd) > 0}. A mapping (p : (0, +oo) -> X 5/(A,) will be a localization for
(Ai,... , Ad) if the following assertions hold:

(2.1) ly(Bi,... , Bd) - f(B)(p(e)daj < e, for every s € (0,+oo) and every

d-tuple (Bj) e X E, such that (S,) c (A,) (that is, B{ c A,, i = 1 , . . . , d).
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(2.2) ||7r,<p(£) — Tti<p(e')\\Ai < s, for every 0 < e' < e < + o o and i = 1 , . . . , d,

where nt : X 5 , ( A , ) ->• Si(At)y i = I,... ,d, denotes the usual projection (7T,-(/i,

. . . , /„)=/ ,)•
We say that a d-tuple (At) € ( X E,)+ is localized, when there is a localization for it.

A sequence of d-tuples {(A^)}neN C ( X E,)+ is said to be localized if (A^,. . . , A"d)
is localized for every n e N.

If (pj is a localization for (AJ
t) e ( X E,)+, j = 1, 2 , and (A!) c (A]), we will say

that cpi and <p2 are consistent if HTT,-̂  (£) — 7T,#>2(£)XA; II A! < e,i = I,... ,d,for every
£ > 0. Let {(A")}neN c ( X E,)+ be an increasing localized sequence of d-tuples. If
there exists a localization <pn for (A"), n e N, such that <pn and <pm are consistent for
all n, m € N with m > n, then we say that {(A")}neN is consistent.

REMARK 3. A d-tuple (A,-) € ( X E,)+ is localized if and only if there exist d non
empty compact subsets Kt c X,, i = 1 , . . . , d, such that for every £ > 0 and every
finite family {K\ } j e J . of non empty compact subsets of X, with diameter less than or
equal £, such that AT, = M.ey. AT/, i = 1 , . . . , d, there exists A > 0 (depending on £
and {AT,}f=1) such that:

(3.1) For every i = 1 , . . . , d, there exists a measurable and finite partition {E\ }jeJ.
c E, of ft, and x{ 6 K\ ,j e 7,, such that if/, = ^ / e 7 x\ XEJ (i = 1 , . . . , d), then

/ ( B , , . . . ^ , ) -

for every d-tuple (B,) e X E, with (B,) c (A,).
(3.2) If (i) 0 < s' < £, i = 1 , . . . , d, and {C, } j e J ; is a finite family of non empty

compact subsets of X,, with diameter less than or equal e', such that AT, = \Jj€j; C\,

and (ii) for every i ~ 1 , . . . , d and every j e /,', there exists hj € Jh with C\ c A*f;,
then there exists a finite partition [FJ } j e J ! c E, of ft, and yf € Cf 0 € 7/) such that
i f gj = Y^,j eJ: y \ XF> (i = I, ••• , d ) , t h e n | |/, — g , || < 2 £ f o r e v e r y i = I,... , d a n d
\\y(Bu ... , Bd) - f(B)(gi)da\\ < £ 'X|a|(B,, . . . , Bd), for every (B,) € X E, with
(Bi) c (A,).

THEOREM 4. The polymeasure y has a Radon-Nikodym derivative with respect to
a (that is, there exists an a-integrable d-tuple of functions (ft) such that y(Au ... ,
Ad) — f(A)(fi)da, for every (A;) € X E,) if and only if the following assertions
hold:

(4.1) | |}/1 | « a ( t h a t i s , l i m | | y ( A , , . . . , A d ) \ \ = 0 a s & ( A U . . . , A d ) - • 0 ,
(A,)e X E , ) .
(4.2) There exists a consistent sequence {(A")} neN c ( X E , ) + such that \^a\^(fii —
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PROOF. Suppose that there exists a Radon-Nikodym derivative (f\,... ,fd) of
y with respect to a. Since (4.1) follows immediately from the properties of the
integral, let us prove (4.2). In fact, since (fu ... ,fd) is a-measurable, there exists
(Bf) e X E,-, n e N, such that

-B",... ,nd-B") <

and (fiXB.) e X [/,,

If A? = Ui<m<n
 B,m for e v e r y « e N and every z = 1,

1, ...,An
d)> \a\(Bl... , Bd)

and{(Ap}n € NC(XE,)+.
Furthermore,

. , d, then

n, -
neN

- UA;) <

1 +m

for every /n e N, and therefore,

Thus we have only to prove that the increasing sequence {(A")}ngN is consistent.
Let us prove first that (A", . . . , A"d) is localized for every n e N. In fact, since
(fiXA") e X Ui (and therefore, | |/, | |A^ < +oo, for / = 1 , . . . , d), for every e > 0
there exists (g"£) € X 5,(Ap such that

iXA; - gT'U < min [l, + max | (1 + a(A,, . . . ,

for every i = \,... ,d. Let î n : (0, +oo) -> X 5, (A") be the function denned by
<Pn(e) = {g\\ . . . . gn/) for every e > 0.

If (fl,-) 6 X E, verify that (B,) c (AJ), then

,. , Bd) - I <pn{e)dct
J(Bj)

f (ft)dot- f (g"e)da
J(B<) J(Bi)

https://doi.org/10.1017/S1446788700039306 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700039306


194 F. J. Fernandez, P. Jimenez Guerra and M. T. Ulecia [6]

f
J(Bi)

f (g'T,...,gm
d':i,f4-8r

Id (1 + m a x u ^ H/.-IIAJ) (1 + « ( A , , . . . , Ad))

< e.

Furthermore, for every 0 < e' < s,n,m € N with n < m and / = 1 , . . . , d ,we have

and

m.t _ n,t I
i 6 ; |

|| m,£ _ r |
|| Si J '\

II r _ n,£
\\J ' « ' —

Therefore (4.2) holds.
Conversely, assume that (4.1) and (4.2) are verified. Let {(A")}neN c (X E,)+ be

a consistent sequence verifying that

For every n € N, let <pn : (0, +00) -» X 5,(A") be a localization for (A") such
that <pn and <pm are consistent for all m, n e N with n < m. Let us set <pn(l/m) =
(gTm,--- - 5 - D e XS,(A»). Since || gT"1 {t) - g"" (r)|| < 1/m for every m, n , p e N
with m < p and every / e A", it follows that (g"'m(?))meN is a Cauchy sequence for
every t e A". Let

g"(t) = limg"'m(0

foreveryf e A". The above limit is uniform on A", and thus the function g" : A" —*• X,
is u-simple. Furthermore, g™ |A»= gj1 for all m, n € N with m > n, because

g"(t)- g? (o I < || gi it) - gi-p (o 1 + 1 g"-p (0 - Cp (01 + 1 #rp (0 - g? (0II

for every /? e N.
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If n e N, (£,) e X E, and (£,) c (A,), then

y ( £ , , . . . ,Ed)- [ (gi)dci = l i m y{Eu ... ,Ed) - ! {g1m)da

< lim (-) = 0,

and therefore,

(4.3) y(Eu...,Ed)= f {g1)da
J(E>)

For every / = 1 , . . . , d, consider the function / , : Qt -> X, defined by

f ̂ " ( ' ) ' if there exists n e N such that t e A"

Let us prove that (f\,... , / d ) is or-measurable. In fact, since

195

neN neN

and |a| is a positive d-polymeasure, for every e > 0 there exist
verifying that

... ,rd e N

Thus setting r = max {ru ... , rd] we have

and the function/, \Ar= gr
t is M-simple, for / = 1 , . . . , d.

Let us prove now that ( / i , . . . ,fd) is a-integrable. Let £ > 0. Since ||y|| <?; a,
there exists S > 0 such that | | y ( B 1 ; . . . , Bd)|| < e/2 for every (B,) 6 X E, with
d ( B i , . . . ,Bd) < 8. Let (£,) G ( X E , ) be such that 6c(Eu ... , Ed) < S and
C/IXA,, • • • ,fdXA<) G X [/,. Then, there exists /i: > 0 such that | |/, | |£, < K for all
i = 1 , . . . , d. Proceeding as before, we can find m e N such that

2Kd'
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)da

I-A;,E2

• +

ifd da (Id da
-A^,E3 Ed)

/ (f,)da\+ I (fi)da\

< II/IIIE, • • • ll/dllE,t«(£i - A?, £ 2 , . . . , Ed)

+ a(E{ n A™, E2 - A2
m, £3, • • • , Ed)

+ • • • + « ( £ , HA7, . . . ,Erf_, nA™_,,£^-A^)]

< Kd(e/2Kd) + (e/2)

= £

and the J-tuple ( / 1 , . . . ,/d) is a-integrable.
Let us see now that ( / 1 , . . . , /<<) is a Radon-Nikodym derivative of y with respect

to a. In fact, since |H| |(«i - U « N A?, . . . , nd - U«€N
 AS) = °> w e h a v e t h a t

And having in mind that \\y\\ <§: a, we obtain that

Therefore, for every (Eu ... , Ed) e X £; and m 6 N we have

\\Y (Ei, . . . , E d ) ~ yiE, n A m
x , . . . , Ed n A^1) ||
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neN

neN

Since the sequence {\\\y ||| ((JneN A? - A ? , . . . , L U A^ - A j ) ) ^ is convergent
to zero (because the variation |y| of y is a positive polymeasure), it follows that

(4.4) y(Eu...,Ed) = lim y (£, HA? , . . . , Ed n

for every (£,-) e X E,.
Furthermore, for every e > 0 there exists 8 > 0 such that

(L, Ld)

£

for every (L,) € X E; verifying that a ( L , , . . . , Ld) < 5. Then, noting that
the sequence (J2i=i « ( ^ i . • • • , fi/ — A™,... , ^2rf))mgN converges to zero (because
(|||a|(J2i — A " , . . . , £ld — A™))mgN is convergent to zero), it results the existence of
n0 € N such that

for every n > n0. Therefore, for every (£,-) € X E, we have

(fi)da-l
) J(,E,nA;(E,

I (fi)doc + f (fdda
J(E,-A".,E2 Ed) J(£,nA;,£2-/4;,£3 Ed)

/
J(E

(fdda

< d- = s,
d

and consequently,

(4.5) f (fi)da= lim / (fdda.
J(E,) n^+oo J(EinA. EdC\A4)
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Now it follows from(4.5), (4.3) and (4.4) that

(fi)da= lim f (ft)da
, Ed)

 n^+00J(EinA1 Edr\A"d)

= lim / (g1)da
+ J

/ (g1)
J(ElnAn

l,...,EdnAn
d)

= lim j / ( £ , n A ; , . . . ,EdC\An
d)

n-*+oo

= y(Eu... ,Ed)

for every (£,-) e X E,. Consequently, the d-tuple (/,) is a Radon-Nikodym derivative
of the polymeasure y with respect to the polymeasure a. •

REMARK 5. In view of condition (iii) of [9, Theorem 2.1] and Remark 3, it is
natural to consider the possibility of replacing condition (4.2) in Theorem 4 by the
following:

(4.6) For every (A,) e ( X E,)+ , there exists a localized d-tuple (B,) e ( X E,)+

such that (Bt) c (A,-).

Conditions (4.2) and (4.6) are equivalent if d = 1, but the following example shows
that it is not possible, in general, to replace (4.2) by (4.6) in Theorem 4 when d > 2.

EXAMPLE 6. Let us consider £2; = [—1, 1], E, the Borel a-algebra on [—1, 1],
i = 1, 2, Xi = X2 = Y = Z = R, (p : IR x IR x IR ->• K the ordinary product of
scalars and a : Si x S 2 —> R the restriction to Ei x E2 of the Lebesgue measure ct\
onBor(J2i x fi2).

Let yi be the measure denned on the Borel a -algebra of Q\ x £22> by

= J fdau

where/ = 1 - X[o,iMo,i]-
If y denotes the restriction of / i to Ei x E2, then it is easily proved that y is a

bimeasure verifying (4.1) and (4.6).
Let us prove that y has no Radon-Nikodym derivative with respect to a. In fact, if

there exists an a-integrable 2-tuple ( / i , / 2 ) such that

y(A,,A2)= I (fufi)da
J(Ai,Ai)

for every (AUA2) e E[ x E2, t h e n / ^ is a-integrable and

f
JA
f f
AxB JAXB
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forevery(A, B) e E, x E2.
It follows now from the Fubini theorem that there exists D € Ei suchthatA(D) — 0,

where A. denotes the Lebesgue measure on [—1, 1], f\(x)f2 is a-integrable for every
x e Q.\ \ D and

f(f(x,-)-fl(x)f2)dy = 0
JB

for every B e E2 and every x € Q\\ D. Therefore, there exists E e E2 such that
k(E) = 0 and/(jc, y) =f1(x)f2(y) for every (x, y) e (Ql x £22) \ (D x £).

Since X(D) = X(E) = 0, there exists xx e [0, 1] \ D, y{ € [0, 1] \ E, x2 e
[-1, 0] \ D and y2 e [ -1 , 0] \ £, verifying that

yi) =f(xuyi) = l =/(*2,yi) =

Therefore, /i(;ci) ^ 0 ̂  f2(y\), and we have a contradiction because

•
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