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Abstract

A Radon-Nikodym theorem for Banach valued polymeasures is proved.
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1. Introduction

A Radon-Nikodym theorem for (scalar) Radon polymeasures was given in [5]. The
aim of this paper is to give a Radon-Nikodym theorem for (general) Banach valued
polymeasures. Despite the fact that the Radon-Nikodym theorem proved here extends
that of [9], Example 6 points out that a Radon-Nikodym theorem for polymeasures
(inclusive, for scalar bimeasures) cannot be stated using a condition of localization
which is just an extension of the Maynard’s condition of localization in compacts.
The integrable d-tuples used here belong to the first integrable class of {3], and their
integrals coincide with that of [3].

Finally, let us point out that, as predicted in [7], polymeasures that do not determine
a measure in the product space are increasingly appearing in areas as diverse as non-
stationary processes, harmonic analysis, operator theory and quantum physics (see

[6D.
2. Notation and preliminaries

In the following, d will be a fixed positive integer, X,, i = 1,...,d,will be
o-algebras of subsets of non empty sets 2;, X;, i = 1,...,d, Y and Z will be
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given Banach spaces over the same scalar field K of real or complex numbers, and
¢: X, x-x Xy xY — Z will be a continuous multilinear mapping, that without
loss of generality, can be supposed to be such that ||¢]| < 1. We also consider
two fixed polymeasures (in the usual sense of [2]) ¢ : X x --- x ¥; — Y and
Yy XXXy > Z.

Denote by S;(€2;), i = 1, ... ,d, the normed linear space of X;-simple functions
fi: Q; — X, with the sup norm || f;|lq, = sup{lf:(%:)| : t; € Q;}. Letf; € 5;:(R)),i =
1,...,d,beoftheformf, = } 7 _, x.j. Xa,;, Withx;;, € X,, and with pairwise disjoint
A;;, € %;. Then the integral of the d-tuple (fi, ..., fs) € Si(Q2)) x - x §;(84)
over (A1, Ay, ..., Ay) € T, x --- x L, is defined (see [2]) by

/ (fir.oo, fa)do =Z~-'Z¢(Xu.~-- Xajgr @(Avs, - Aay,))
(A A,

LA =l ja=t

In the sequel, if there is no confusion, we will simply write S, IIf:ll, f, (f)) de,
(f)e XS;and (A)) € XZ;.

Following [2], we define the semivariation & : ; X --- x £; — [0, +00] and the
variation |a| : ; x -+ x X; — [0, 400], of the polymeasure «, by

a(Ay, ..., Ay =SUP{ (fldaj|: fie S, Ifill<l i=1,... ,d]
(A)
and
](Xl(A], ,Ad) =Ssup [Z.”Z“(X(Al‘j" vAd,j,,)“ R
ji=! ja=1

A;j, € X, pairwise disjoint with A; = |} "Ai,j,,] .

ji=1

Let us also consider the set function ||&||| : X Z; — [0, +0c] defined by

d
lallAr ... AD =D la] (. ... . Ai.... Q).
i=1
In the following, let us assume that @ (2, ... , Q4) < +00.

DEFINITION 1. A function f; : €; — X, is said to be u-simple if it is a uniform
limit of a sequence of simple functions from ; into X;. Denote by U, i =1, ... ,d
the space of the u-simple functions f; : Q, — X,.

’
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If (f;) € X U,, then the integral of the d-tuple (fy, ..., fq) € Uy x --- x Uy over
(A;) € XX, is defined by

/ (f1, ..., fa)da = lim Ul f)da,
(ALAz...Ag) "0 J (A, Ar. Ag)

where (f")nen, i = 1, ..., d, is any sequence in S; which is uniformly convergent to
fi. Itis easily proved that this integral is well defined and it has all properties of the
integral of d-tuples of simple functions.

A d-tuple of functions f; : Q; — X;,i = 1,...,d, is said to be a-measurable, if
for every € > 0 there exists (A;) € X I; such that ||| (2 — Ay, ... , Qs —Ay) <&
and (fixa,) € X U.

An a-measurable d-tuple (f;) is said to be a-integrable, if for every ¢ > 0 there
exists § > 0 such that for every d-tuple (A;) € X I; satisfying (A, ... ,Ay4) < §
and (fixa,) € X U;, we have that

(fi) da

(A))

< E&.

If the d-tuple (f;) is «-integrable, then the integral of (f;) over (A;) € X I, is
defined by

/ (.fl’-'- ’fd)da= hm / (.fi)da»
(AL,Az2,... . Ag) (B;)

(B)e X T;NpiA;)
ti,-ni)ex U;

where © (A;) denotes the family of all subsets of A;(i =1, ..., d).

It is easily proved that the above integral is well defined. Furthermore, every
a-integrable d-tuple belongs to the first integrable class, defined in [3, pp. 592, 593],
and its integrals in both senses coincide. Let us also point out, that this integral
coincides, when d = 1, with the vector integration introduced in [4].

3. A Radon-Nikodym theorem

Suppose that 0 < |a|(€2y, ..., Q4) < +o00.

DEFINITION 2. Let (A, ... ,Ay) € (; x --- x L))" = {(B)) € XL, : |¢|(By,
..., Bg) > 0}. A mapping ¢ : (0, +00) — X S;(A;) will be a localization for
(A4, ..., Ay) if the following assertions hold:

Q.1 "y(B,,... .BJ) —ﬁBl)w(e)da“ < &, for every ¢ € (0,400) and every
d-tuple (B;) € X I, such that (B;) C (A;) (thatis, B; C A;,i=1,...,d).
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(2.2) |lmp(e) — mip(e)la, < e, forevery0 <& <e < +4ocandi=1,...,d,
where ; 1 X S;(A;) = Si(A), i = 1,...,d, denotes the usual projection (7;(f,
,fd) =fi)-

We say thata d-tuple (A,) € (X ;)" is localized, when there is a localization for it.
A sequence of d-tuples {(A")}.en S (X X;)* is said to be localized if (A7, ..., A7)
is localized for every n € N.

If ¢, is a localization for (A{) e (XZH*,j=1,2,and (A])) S (Af), we will say
that ¢, and @, are consistent if |wip)(e) — mip2(e) Xarllar <€,i=1,...,d, forevery
e > 0. Let {(AD)}.en € (X X))* be an increasing localized sequence of d-tuples. If
there exists a localization ¢, for (A7), n € N, such that ¢, and ¢,, are consistent for
alln, m € N with m > n, then we say that {(A7)}en is consistent.

REMARK 3. A d-tuple (A;) € (X I;)* is localized if and only if there exist d non
empty compact subsets K; € X;,i = 1,...,d, such that for every £ > 0 and every
finite family {K { }j s, Of non empty compact subsets of X; with diameter less than or
equal &, such that K; = U K{, i=1,...,d, there exists A > 0 (depending on ¢
and {K;}%_,) such that:

(3.1) Foreveryi =1,...,d,there exists a measurable and finite partition {E{ Yies

CEof Qandx! € K],j € Ji,suchthatif f; =3, x/xp (i=1,...,d), then

j€di

“}/(Bl,... ,Bd)— (f,-)dot SSA‘(X'(BI,... ,Bd),

(B:)

for every d-tuple (B,) e X 2,’ with (B,) - (Ai)f
(32) IfM)0<¢ <¢g,i=1,...,d, and {C]}jcy, is a finite family of non empty

compact subsets of X, with diameter less than or equal &', such that K, =, ,. C/,

and (i) forevery i = 1,... ,d andevery j € J/, there exists h; € J;, with Cc c K,.}",
then there exists a finite partition {F };c,;, € Z; of Q; and y; € C] (j € J)) such that
if g, = EjeJ;Y{XF{ (i=1,...,d),then{f; — gl <2cforeveryi=1,...,dand
ly(By,... . Bs) — f,,(&)da| < &Ala|(By, ..., By, for every (B;) € X I; with
(Bi) < (A).

THEOREM 4. The polymeasure y has a Radon-Nikodym derivative with respect to
a (that is, there exists an «-integrable d-tuple of functions (f;) such that y(A,, ...,
Ay = f(A_)(f,-) da, for every (A;) € X L)) if and only if the following assertions

hold:
4.1 vyl < & (thar is, lim[y(Ay, ..., A)ll = 0 as @(Ay,...,A) — 0,
(A,) € XE,)

(4.2) There exists a consistent sequence {(A})}nen S (X X)) such that “|a|“(§2, -
UneN A’l" ] Qd - UneN A:'l) =0.
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PROOF. Suppose that there exists a Radon-Nikodym derivative (fi, ..., fg) of
y with respect to «. Since (4.1) follows immediately from the properties of the
integral, let us prove (4.2). In fact, since (fy, ..., f4) is ¢-measurable, there exists
(B!) € XZ;, n € N, such that

o} (€2, ..., 24)

“IO‘”I(QI"B{', de—BS) < o

and (fixp:) € X U,.
If A7 = e, Bl foreveryn € Nandevery i =1, ..., d, then

(AT, ... ,AD) = [a|(B), ..., B) > Lal(@, ..., Q) > 0

and {(AD)}aen € (X Z))7.
Furthermore,
“|a|”(Ql ~ UNA", e Q= %A;) < lefll (21 = BY, ..., Qu— BY)
ne ne

< Ial(Ql’ s ’Qd)
- 14+m

for every m € N, and therefore,

|||oz||[($2, _UAL . S UA;) ~ 0.

neN neN
Thus we have only to prove that the increasing sequence {(A})}.en iS consistent.
Let us prove first that (A, ..., A}) is localized for every n € N. In fact, since
(fixar) € XU, (and therefore, ||filla» < +o00,fori =1,...,d), forevery e > 0
there exists (g;) € X S;(A7) such that

d

Ifixar — & llag < min|:1,8/[2d(1 + max ||fi||A7) (1+aAy,... ,Ad))ﬂ

foreveryi =1,...,d. Let ¢, : (0, +00) — X §;(A?) be the function defined by
on(e) = (g7°, ..., g;") forevery e > 0.
If (B;) € X Z, verify that (B;) C (A}), then

”V(Bh--- ,Bd)—] @n(e) da
(8B;)

(fyde — [ (&) da

(B:) (Bi)
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= (F1-81% f2, .., fa) da
(B;)
Tt gr*, ..., git fa—87°) de
(Bi)
d (T + 1)) 6(Br, . BD)
<

T 2d (1 + maxi<i<a I filla)” (L +&(Ay, ..., AQ)

< E.

Furthermore, forevery 0 < ¢’ <eg,n,m e Nwithn <mandi=1,...,d, we have

gt =g\ < et —rilly+ ”fi gl <e
A i AT
and
"g:n'e - g;w A" = "g:n‘e _fi"A;" + "f' - g"'l'e A7 =€
Therefore (4.2) holds.

Conversely, assume that (4.1) and (4.2) are verified. Let {(A;')}"eN C(XZTH* be
a consistent sequence verifying that

™ (szl _ AL S UA;> —o.
neN neN
For every n € N, let ¢, : (0, +00) — X §;(A?) be a localization for (A7) such
that ¢, and ¢,, are consistent for all m,n € N with n < m. Let us set ¢,(1/m) =
(g1™,...,85™ € X S:(A"). Since |jg"" (1) —g!* (Ol < 1/mforeverym,n,p € N
with m < p and every 1 € A7, it follows that (g;"™(#))men is a Cauchy sequence for
every t € A?. Let

g (1) = lim g7 (1)

forevery t € A”. The above limit is uniform on A”, and thus the function g” : A? — X,
is u-simple. Furthermore, g |4»= g7 forallm,n € N with m > n, because

|

g —grm| <|

g — gt 0] + g ® — g 0] +|

grr () — gl o)
<3/p

forevery p € N.
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Ifne N, (E,) S X E,’ and (E,) g (A,‘), then

“V(El,--- yE)— | (g da

(E)

=1im”y(E1,...,Ed)— (&™) do
n (E)

< lim (—1—) =0,
m \m

(4‘3) y(El’ LR Ed) = (g:l) da
(E)

and therefore,

Foreveryi =1,...,d, consider the function f; : Q; — X, defined by

g'(t), if there exists n € N such that t € A?

1= {0, ifr e~ A

Let us prove that (fy, ... , f4) is ¢-measurable. In fact, since

|||a|n(sz, - YAt 0 UA;) ~0
ne

neN

and |«]| is a positive d-polymeasure, for every ¢ > 0 there exist ry,...,ry, € N
verifying that

lol(Q, ..., % — AT, ... ,szd)=|a|(s21,... ,(UA;'>—A?,... ,Q,,) <

neN

W

Thus setting r = max {r,, ... , r;} we have

lleelll (21 — AT, ... . Qu—A}) <&

and the function f; |4;= g] is u-simple, fori =1, ... ,d.

Let us prove now that (fy, ..., f4) is a-integrable. Let ¢ > 0. Since ||y| < &,
there exists § > O such that ||y (B, ..., By)| < &/2 for every (B;) € X Z; with
&(By,...,B;) < 8. Let (E)) € (XZ;) be such that &(E,,... ,E;) < & and
(fixa, .- faxa,) € X U,. Then, there exists K > 0 such that ||f;||z, < K for all
i=1,...,d. Proceeding as before, we can find m € N such that

”l(ll” (Ql _A'l"’ ,Qd —A:;) < 2—[(—‘1
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Therefore,
(fi) da
(E)
< / (f)) du +/ (f) do
(EI—AT.Ez.....Ed) (ElﬁA'l",Ez—A'Z",EJ.‘...Ed)
+...+/ (f)) da +/ (fi) da
(EyNAT ..., Eg1NAT_ E4—AT) (E\NAT ..., E,NAT)

< (fille, - Wfalle,la(Ey — AT, Eay ..., Eg)
+&(ElnA’1"9 EZ—A?, E3,‘.. 5Ed)

+--+a(E\NAT, ... ,E;n NAY L E, — AD)]

f (&™) da
(EyNAT...., E;NAT)

< K (llel (20 - AT, ... 20 - A7)

-+

+ |y (Ein AT E;nAY, ... E;0 AT
< K%e/2K") + (¢/2)
=£

and the d-tuple (f}, ... , fa) is a-integrable.
Let us see now that (f,, ... ., f,) is a Radon-Nikodym derivative of y with respect
to . In fact, since {[af[(21 — U,on A% - -+, Qa = U,en A% = 0, we have that

d
(@0 8- Uyl 2) =0

i=1

And having in mind that ||y || < &, we obtain that

(21 = U,enals - 20 = U,enAl) = 0.

Therefore, for every (Ey, ..., Eg) € X I, and m € N we have

Ny (Ei, ..., E)) —y(E;NAT, ... ,E;NAD) |

<[yl — AT, ..., Qs — AT)
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= Il (2 - YAt 2 - Uas)

neN

+lIvll (At - At ... Uag- a7)
ne

neN
= Iyl (At - A7 Uas - 7).
neN neN

Since the sequence (|[|¥ || (U,en AT — AT+ -+ s U,en AG — AT)),, ., is convergent
to zero (because the variation |y | of y is a positive polymeasure), it follows that

(4.4) Y(Ei,... ,Ed)=mETwy(E,nAT,... ,E;NAT)

for every (E;) € X Z,.
Furthermore, for every € > 0 there exists § > 0 such that

£

(fdaj <=

'[Ll-~~--Ld) d
for every (L;) € X I, verifying that @(Ly,...,Ls) < 8. Then, noting that
the sequence (Z:‘f:l a2y, ..., — AT, ..., Qd))meN converges to zero (because
(lefl(22 — AT, ..., Q4 — AT)),, . is convergent to zero), it results the existence of

no € N such that
d
Z Q... %—A" ..., Q) <8

for every n > ng. Therefore, for every (E;) € X Z; we have

/ (fi)da — f (f) da
(Ep..Eq) (E\NAT,... . E4NAT)

< / (f,) do f (f)) da
(El—A'l',Ez,...,Ed) (Elr\A'l',Ez—A;,E:g,“..Ed)
P / () det
(E\NAL.... Eq_1NA"_ | Eq—AT)
<d‘E
— _=8’
d

and consequently,

4.5) / (fi)da = lim (fi) da.
(Ei)

n=+00 J(E\NAT,... E4NAY)
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Now it follows from(4.5), (4.3) and (4.4) that

f (f)da = lim (fy) da
(E\,....Eq)

n>H0 JENAL,... E4NAT)

= lim (g} da

n=>+00 J(E\NAT,...,E;NAT)

= lim y(E,NA", ..., E,NAD)

n—+o00

=y(Elv"' 9Ed)

forevery (E;) € X IZ;. Consequently, the d-tuple (f;) is a Radon-Nikodym derivative
of the polymeasure y with respect to the polymeasure o. O

REMARK 5. In view of condition (iii) of [9, Theorem 2.1] and Remark 3, it is
natural to consider the possibility of replacing condition (4.2) in Theorem 4 by the
following:

(4.6) For every (A;) € (X X))*, there exists a localized d-tuple (B;) € (X Z)*
such that (B;) C (A)).

Conditions (4.2) and (4.6) are equivalent if d = 1, but the following example shows

that it is not possible, in general, to replace (4.2) by (4.6) in Theorem 4 when d > 2.

EXAMPLE 6. Let us consider ; = [—1, 1], X; the Borel o-algebra on [—1, 1],
i=1L,2,X,=X,=Y=Z=R,¢:RxR xR — R the ordinary product of
scalars and ¢ : £; x E; — R the restriction to ¥; x ¥, of the Lebesgue measure o
on Bor (£2; x ).

Let y, be the measure defined on the Borel o -algebra of @2; x ©,, by

yl(B)szdalv
B

wheref =1- Xi0,11x[0,1]

If y denotes the restriction of y; to £, x X,, then it is easily proved that y is a
bimeasure verifying (4.1) and (4.6).

Let us prove that y has no Radon-Nikodym derivative with respect to «. In fact, if
there exists an a-integrable 2-tuple (f, f>) such that

v(A, Ay) = (f1, f2) da

(A1,A2)

for every (Ay, A;) € ;| x L,, then f,f; is a,-integrable and
/ [ da =/ (fif) day
AxB AxB
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forevery(A, B) € &, x X,.

It follows now from the Fubini theorem that there exists D € X, suchthat A(D) = 0,
where A denotes the Lebesgue measure on [—1, 1], f,(x)f, is a-integrable for every
x €, \Dand

f(f(L D)= fix)f)dy =0
B

for every B € I, and every x € §2, \ D. Therefore, there exists £ € X, such that
A(E) =0and f (x, y) = f1(x)f2(y) forevery (x, y) € (82, x Q) \ (D x E).

Since A(D) = A(E) = 0, there exists x; € [0,1]\ D, y; € [0,1]\ E, x, €
[—-1,0]\ D and y, € [—1, 0]\ E, verifying that

F1x)f2(00) = f e, y2) =1 = f(xy, »i) = f1(2) f2(n)-

Therefore, f(x,) # 0 # f2(y,), and we have a contradiction because

Fixe)f2(n) = f G, y) =0.
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