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Abstract

In this paper, we provide a general framework for counting geometric structures in pseudo-
random graphs. As applications, our theorems recover and improve several results on the
finite field analog of questions originally raised in the continuous setting. The results present

interactions between discrete geometry, geometric measure theory, and graph theory.
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1 Introduction

Let F, be a finite field of order ¢ where ¢ is an odd prime power. The investigation of finite field
analogs of problems originally raised in geometric measure theory has a long tradition, for instance,
the Erdés-Falconer distance problem [6] [7, 18], sum-product estimates [4} [10], the Kakeya problem
[8, [33], frame theory [16] [17], and restriction problems [I5] 23, 24] 28], 29]. Studying these problems
over finite fields is not only interesting by itself, but it also offers new ideas to attack the original
questions. Some of these problems can be proved by using results from graph theory. For instance,
in [I8], Iosevich and Rudnev proved the following theorem on the distribution of distances in a
given set.

d+1
2

Theorem 1.1 (Iosevich-Rudnev, [18]). Let E be a set in FL. Assume that |E| > q 2, then

AE) = {llz -yl = (@1 — 1)’ + -+ (xa — ¥a)*: 2,y € E} = F,.

It is well-known that this theorem can be reproved by using the famous expander mixing lemma,
which helps describe the behavior of (n,d, A\)-graphs. We say G is an (n,d, \)-graph, if it is a
regular graph with n vertices, each of degree d, and all eigenvalues of its adjacency matrix are
bounded in absolute value by A (with the exception of the largest eigenvalue, which will be d, as
the graph is regular). Specifically, the expander mixing lemma states that for such a graph, the
number of edges in a given vertex set U, denoted by e(U), is bounded from both above and below

by the inequality
_dup

’e(U) g

< .
2n | T )\’U‘

To derive Theorem from this estimate, for a € Fy, one just needs to define the distance graph
DG, with the vertex set Fg and there is an edge between two vertices x and y if and only if
||z —y|| = . It is not hard to check that DG, is a regular Cayley graph with ¢? vertices, of degree
(140(1))¢g?!, and the second eigenvalue is bounded by 2q% by using Kloosterman sums [19, [32].
So, for any o # 0, the expander mixing lemma implies directly that any vertex set U of size at

least 2q% spans at least one edge.

We observe that the argument above only made use of the pseudo-randomness properties of the
graph, and once the eigenvalues were calculated ignored anything about IF, or the distance function.
Because of this observation, this machinery provides a unified proof for a series of similar questions,
for example, one can replace the distance function by bilinear forms [12], Minkowski distance

function [I3], or other functions [31].

From this observation, it is very natural to ask what kind of finite field models can be extended
to the graph setting? That is, what “geometric structures” can we guarantee in a general graph
with some pseudo-randomness condition? The main purpose of this paper is to provide three
such configurations, and the three topics we present here can be viewed as generalizations of the
Erdos-Falconer distance conjectures, which have been studied intensively in the literature. Our
theorems imply several results found previously as special cases. Moreover, as they rely on the

pseudo-randomness of an underlying graph, they can be applied in a straightforward manner to
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other settings, such as modules over finite rings.

Throughout the paper we say that G is an (n, d, \)-colored graph with color set D if it is a graph
edge-colored with |D| colors such that the subgraph of any fixed color is an (n,d, A)-graph.

1.1 Cartesian product structures
We first start with the following question about finding rectangles in Fg.

Question 1.2. Let E be a set in Fg and o, f € Fy. How large does E need to be to guarantee that

there are four points w,x,y,z € E such that they form a rectangle of side lengths o and (3, i.e.

(w=x)-(x=y)=0, (x—y)- (y—2)=0, (y—2)- z-w) =0, G-—w)(w—-2)=0, (1)

and

lw—2z|| = ly — 2l = o, [z =yl = |[z —w|| = 5. (2)

Lyall and Magyar [26] proved that for any § € (0,1), there exists an integer gy = ¢o(d) with the
following property: if ¢ > go and E C ng with |E| > §¢??, then E contains four points a, b, ¢, and
d satisfying and . This is the finite field model of a result in the same paper which states
that for any given rectangle R in R??, if S ¢ R?? has positive Banach density, then there exists a
threshold A\g = A\g(.S, R) such that S contains an isometric copy of AR for any A > Ag. Notice that
the result in [26] was actually proved in a more general form, for d-dimensional rectangles, though

we state it here for 2-dimensional rectangles.
In the first theorem of this paper, we extend this result to a general graph setting.

For two graphs G and H, the cartesian product of G and H, denoted by GLIH, is the graph where
V(GOH) =V(G) x V(H) and (uy,v1) ~ (u2,vs) if and only if either u; = ug and {v1,v2} € E(H)
or v = vy and {uj,uz} € V(G). We use S(z) to denote the indicator function of the set S.

Theorem 1.3. Let G; be (n;,d;, \;)-graphs with 1 < i < 2. Set G = G10Gy. For any 0 <
§ < § < 1, there exists € > 0 such that for any S C V(G1OG2) with |S| > §|V(G10Gs)|, if
max{%, 2—;} < €, then

N = Z S(ul,’U1)S(U1,’U2)S(U2,Ul)S(UQ,’UQ) > (5’4n1n2d1d2.
(U1,u2)€E(G1),(U1,’UQ)GE(GQ)

Theorem recovers the theorem on rectangles in Fgl by Lyall and Magyar (Proposition 2.1 in

[26]) which we now state.

Proposition 1.4 (Proposition 2.1 in [26]). For any 0 < § < 1, there exists an integer qo = qo(9)
with the following property: If ¢ > qo and t1,...,tq € Fy, then any S C ng with |S| > 6¢** will
contain points {x11,x12} X -+ X {xg1, a2} C Vi X -+ X Vg with |xj0 — a:j1|2 =t for1 <j<d

where we have written ng =Vi x - x Vg with V; = IE“Z pasrwise orthogonal coordinate subspaces.

To see this, let G1 and G be the graphs each with vertex set F4 where a ~ b in G if |la — b|| = «
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and x ~ y in Gy if ||a—b|| = B. Then G; and G are graphs with ¢? vertices, degree asymptotically
q%1. We next appeal to a result from Vinh in [31] that puts together work from [I] and [22] in a

form useful for us. Specifically

Theorem 1.5 (Theorem 10.1 in [31]). Let Q be a non-degenerate quadratic form on Fe. For any
a € Fy, the graph whose vertices are Fg and whose edges are the pairs of distinct vertices x,y[ﬁ‘g

satisfying Q(x — y) = a, is a (¢, (1+ o(1))g"L, 2¢4/2)graph.

This gives us that A < 2¢(@1/2 here. Note that if |ju; — us|| = a and ||vy — v2|| = B, then
letting w = (u1,v1), * = (u1,v2), y = (u2,v1) and z = (ug,v2), we have that w, z,y, and z form a
rectangle in ]ng with side lengths o and . Applying Theorem to these specific graphs shows

that for ¢ large enough, any subset of ng of size at least 6¢°? contains Q(g¢=2)

rectangles, giving a
quantitative strengthening of Lyall and Magyar’s result. Another application of Theorem [1.3]is on
the number of rectangles in Fg with side lengths in a given multiplicative subgroup of F,, precisely,
given a multiplicative subgroup A of Fy, we define G; = G2 being the graph with the vertex set IF,
and there is an edge between x and y if z —y € A. This is clear that this is a Cayley graph with
q vertices, of degree |A[, and it is also well-known that A < ¢'/2 (see [20, (1)] for computations).

Applying Theorem we recover Theorem 1.1 from [20].

Theorem 1.6 (Theorem 1.1 in [20]). For any 0 < § < 1, there exists an integer qo with the

following property: if ¢ > qo and A is a multiplicative subgropup of ¥y with |A| > /3, then any
4

set S C Fg with |S| > §q* contains at least Q (%#) rectangles with side lengths in A.

1.2 Distribution of cycles
Our motivation of this section comes from the following question.

Question 1.7. Let E be a set in Fg and m > 4 be an integer. How large does E need to be
to guarantee that the number of cycles of the form (z1,...,xy) with ||z; — xi41]] = 1 for all

1<i<m-—1, and ||z, — z1|| = 1, is close to the expected number |E|™q~™?¢

Tosevich, Jardine, and McDonald [I4] proved that the number of cycles of length m, denoted by
Cn(E), is close to the expected number if F is sufficiently large. Here we record their result, which
is Theorem 1.2 in [14].

Theorem 1.8. [Theorem 1.2 in [T])]] Given E C IFZ, we have that

B

Cn(E) = (1+0(1))—, (3)

m

whenever

k—
(d+2-5=3+9) :m = 2k, even

1
q2
E| > _
o= { AR ok 41 o
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where

0<5<%.
2(%)

In the continuous setting, this is a difficult problem, and there are only a few partial results. For
instance, as a consequence of a theorem due to Eswarathasan, Iosevich, and Taylor [9], we know
that if the Hausdorff dimension of E, denoted by s, is at least %, then we know that the upper
Minkowski dimension of the set of cycles in F is at most 2s —m. If we consider the case of paths,
then Bennett, Iosevich, and Taylor [3] showed that there exists an open interval I such that for
any sequence {t;}" of elements in I, we always can find paths of length m + 1 with gaps {¢;}7",
between subsequent elements in F as long as the Hausdorff dimension of E is greater than %.
We refer the reader to [25] for the recent study on this problem. It is worth noting that in the

discrete setting, results on distribution of paths also play crucial role in proving .

In the graph setting, we have the following extension. We note here that we are counting any
sequence of m vertices (vy,--- ,vy,) with v; ~ viy; and v; ~ v, as a cycle of length m. That
is, we are counting labeled cycles and we include degenerate cycles in the count. One could
combine Theorem for various values of m and lemmas used to prove it to obtain results
about non-degenerate cycles as well, but we do not do this explicitly here. In what follows,
when two quantities, X (n) and Y'(n) vary with respect to some controlling parameter n, we write
X(n) < Y(n) to indicate that X (n) = O(Y (n)).

Theorem 1.9. Let G be an (n,d, \)-graph and U be a vertex set with X - % = o(|U]). Let C,(U)
denote the number of (labeled, possibly degenerate) cycles of length m with vertices in U. Then we

have

mJm m—1_m—1 m—2 2
Cm(U)—’U‘ d ':O<)\]U\ art x| d>'

nm nm—1 n

The error term cannot be improved for m = 4. For instance, we define a graph with the vertex set
Fg where two vertices (a,b) and (c,d) are adjacent if and only if ac 4+ bd = 1. Using the geometric
facts in Fg that any two lines intersect in at most one point and there is only one line passing
through two given points, we can see that this graph contains no Cy, even though it is a (¢2, g, V)

graph (if one includes loops).

We also remark that as a corollary of the following result due to Alon, we know that the number
of cycles in U is close to the expected number as long as |U| 3> A\(n/d)?. Here we state a version

of this result given as [21, Theorem 4.10].

Theorem 1.10. Let H be a fixed graph with r edges, s vertices, and mazximum degree A, and let
G = (V,E) be an (n,d,\)-graph, where d < 0.9n. Let m < n satisfy m > \ (%)A. Then, for every

subset V' C'V of cardinality m, the number of (not necessarily induced) copies of H in V' is

(1 +o(1))M$&{)’ <Z>

The statement about cycles implied by this result is of course weaker than Theorem We now
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discuss how Theorem implies and improves previous, more specific results. In [14], counting
results for cycles are proved in both the distance graph and the dot-product graph over Fg. For-
mally, let G%5t and GF"** be the graphs on vertex set F? where u ~ v in G if ||u — v|| = ¢ and

u~vin GY 7od if v = t. As each of these graphs are approximately ¢?~! regular and with second
eigenvalue bounded above by 2¢(4=1/2 Theorem can be applied. In [14], the same quantitative

results are proved for both graphs but with different methods, and the authors write the following;:

“We note that in this paper, we obtain the same results for the distance graph and the dot-
product graph. While the techniques are, at least superficially, somewhat different due to the
lack of translation invariance in the dot-product setting, it is reasonable to ask whether a general

formalism is possible.”

Theorem answers this question in a strong way, as it may be applied in a much more general
setting than just distance or dot-product graphs. Furthermore, Theorem implies the estimate
with an improved threshold on the size of the subset, namely we may remove the § in the
exponent that appears in Theorem from [I4]. The proof of Theorem requires estimates on
the number of paths in our graph, for example Proposition This is again done in a general way
for (n,d, \)-graphs. We also note that colorful versions of Theorem and the lemmas required
to prove it can be proved with only minor modifications to the proof. That is, given an (n,d, \)-
colored graph and a fixed coloring of a path or cycle, one can obtain the same estimates on the
number of such colorful subgraphs that appear. For ease of exposition we only prove an uncolored
version of Theorem but Theorems and (see below) are stated and proved in a colorful
way as proof of concept. It is possible through this general set up to recover Theorem 1.1 of [2]

and Theorem 6 of [5], both of which we explicitly state below, for the sake of completeness.

Theorem 1.11 (Theorem 1.1 of [2]). Let E C FY, where d > 2 and |E| > 2k q En . Suppose that
t; #0, for 1 <i<k. Then

|E|F+1 2k an |E|¥
q* - ln2q qk

{(zl,...,a"™)Y e Ex . x E: |zt — 2 =t;,1 <i <k} —

Theorem 1.12 (Theorem 6 of [5]). Let E C Fg, where d > 2, o, 3 € Fy, and E is large enough so
that for all € > 0, there exists a positive constant Ce so that |E| > q%ﬂ. Then

ES
{(z',2*2°) e EXEx E:a' - 2* = a,2% - 2° = B}| = 1+01))|(]2|.

Finally, we prove Theorem in two different ways. The second approach is quite specific to
counting cycles, but more straightforward (it is also slightly weaker: we obtain the same quan-
titative results for m > 5 but for m = 4 only prove the result up to a multiplicative constant
factor). The first approach passes the problem to counting structures in the tensor product of
two (n, d, \)-graphs. We note that the tensor product of two (n,d, \)-graphs is itself a (n?, d?, d\)
graph, and so one may try to use pseudo-randomness of this graph to count subgraphs. However,
this is not good enough for our purpose, and we must prove a version of the expander mixing lemma

that applies specifically to tensor products of graphs. This result (Proposition [3.2)) is significantly
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stronger than directly applying the classical expander mixing lemma to the tensor product graph,
and we believe it is of independent interest, as the second approach along with Proposition |3.2

could be used to count other structures in tensor products of pseudo-random graphs.

1.3 Distribution of disjoint trees
The last question we consider in this paper is the following.

Question 1.13. Let E be a set in Fg, and T be a tree of m vertices. How large does E need to be

to guarantee that the number of vertex disjoint copies of T in E is close to |E|/m?

That is, we are asking for a threshold such that any set of large enough size has an almost spanning
T-factor. We now to introduce the notion of the stringiness of a graph, T', denoted o(T'), which
is defined as (dy 4+ 1) [[;-5 d; where dy > da--- > d,, is the degree sequence of T' in nonincreasing
order. Using this concept of stringiness, Soukup [30] proved a result about trees. While his result

holds in more general settings, we state the relevant version, using our notation, here.

Theorem 1.14 (Theorem 6 in [30]). For any tree T of m vertices with stringiness o(T"), and for

any E C Fg, if |E| > O’(T)(]%, then the number of disjoint copies of T in E is at least

U] an
- q 2 .
o(7)

In this section, we provide improvements of this result.

Theorem 1.15. Let G be an (n,d, \)-colored graph with the color set D. Let T be a tree with
edges colored by D. For any U C V(G), with |U| =r - ’\7?, for some r > 1, the number of disjoint
copies of H in U is at least

Ul

o(T) d’
where o(T) is the stringiness of T'.

Theorem directly generalizes Soukup’s result in [30] to pseudo-random graphs. However, the
stringiness of a tree may be exponential in the number of vertices. Using a different method, we

prove a theorem which for most trees does much better.

Theorem 1.16. Let G be an (n,d, \)-colored graph with the color set D. Let T be a tree of m
vertices with edges colored by D. For any U C V(G) with |U| > m(m — 1) - 22, the number of
disjoint copies of T in U is at least

Ul An

m d

2 Proof of Theorem [1.3

Set V; = V(G;) and E; = E(G;) for 1 < i < 2. If ¢ satisfies % = max{g—i, 2—;} then throughout

the proof we will use 3 to denote 3—2
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2.1 Square-norm

For functions f1, fa, f3, fa: V1 x Vo — [—1, 1], we define

N(f1, fa; f3, fa) =E  4pea fi(a, c) fa(a, d) f3(b, c) f4(b, d)

(a,b)EFE1,(c,d)EE>

1
= aes 2 fi@0k@dfsb.050.d),
a,b,c,d

(a,b)EEl ,(C,d)EEQ

and

(f1,f2,f3,f4) Eqp,c,afi(a;c)fa(a,d)f3(b, c) fa(b, d)
MP’V‘Q Z fila, ¢) fa(a, d) f3(b, ¢) fa(b, d).

Let S be any subset of V; x Va. Recall that when context is clear, we use S(-) to denote the
characteristic function xg on the set S. We now prove two simple but useful facts about M using

Cauchy-Schwarz.

Proposition 2.1.

M(SSSS)>< |1 )4
N a2l

Proof. We write the definition of |S| as a sum and apply Cauchy-Schwarz twice to get

1
1 2\ 3

1SI=>" ) S <[> 1° D S

a€Vi beVy aceVy aeVy \beVs

=iz | 33 Y S(ab)S(a,c)

2
beVs ceVo acVy

N
N

2

N

sl ] (XX [ X s@hst

beVa ceVa beVa ceVa \acVr

L=
N[

=il [l [ 330 3 Y S(a,0)S(a,¢)S(d, b)S(d ) ,

beVa ceVa aeVy deVy

which, upon rearranging and renaming variables becomes

Al

Vi[2|Val2 (Va2 V2l M (S, 8. 5,9)) " .

Comparing this to | S| yields the desired result. O
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For any function f: Vi x Vo — [—1, 1], we define
1 llowissy = M(f, £, OV

Lemma 2.2. For functions fi, fa, f3, fa: V1 x Vo — [—1,1], we have

M(f1, fa, f3, fa) < miianiHD(leVg)-

Proof. We apply Cauchy-Schwarz to the definition of M to get

M(fifos fif) = = S fula)fala, d)fa(b ) fa(b, d)

2 2
|V| |V2| a,beVy,c,deVa

|V1] \V2‘2 Z Z fi(a,c)f3(b,c) Z fo(a, d) fa(b, d)

a,beVy ceVy deVs
N
1
< TEmE | 2 | 2 1@ afb.0)
! 2 a,beVy ceVy
2\ 2

YD falad)fab,a)

a,beVr \deVa

= (M(fl,fl,f:%,f?,))% (M (f2, f2, fa, f4))2 .

[NIES

A similar calculation using Cauchy-Schwarz and reversing the roles of V; and V5 gives that

M(f1, fa, f3, f1) < (M(f1, fa, f1, fa)) /2 - (M (f3, fa, f3, f1))*/?

We finish by combining these inequalities and using the fact that M(f;, fi, fi, fi) < 1 for ¢ =
1,2,3,4. O

2.2 A weak hypergraph regularity lemma

Let B be a g-algebra on V; and C be a g-algebra on V5. We recall here that a o-algebra on Vj is
a collection of sets in V; that contains Vj, (), and is closed under finite intersections, unions, and

complements.

The complexity of a o-algebra B is the smallest number of sets (atoms) needed to generate B, and
we denote by complexity(). Notice that |B| < 2¢0mlexity(B) We denote the smallest o-algebra
on Vi x V5 that contains both B x V5 and Vi x C by BV C.

For a function f: Vi x Vo — R, we define the conditional expectation E(f|BV C): V — R by the

formula

E(f!BVC)(w):M > o).

€(BVC)(x)

where (B V C)(z) denotes the smallest element of BV C that contains z. We note that an atom of
BV C has the form U x V where U and V are atoms of B and C, respectively.
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The following lemma is a special case of the weak hypergraph regularity lemma due to Lyall
and Magyar (Lemma 2.2 in [26]). We refer the reader to [20] for a detailed proof. Rather than
stating their lemma in its full generality, which would require a substantial amount of additional
background, we state the following special case of their result, which will suffice for our purposes.
As before, we let S denote a subset of V; x V5.

Lemma 2.3. [Lemma 2.2 in [26] (special case)] For any e > 0, there exist o-algebras B on Vi and
C on Vy such that each algebra is spanned by at most O(e~%) sets, and

1S —E(SIBVC)|low, xvs) < €

We recall that
|ISN (B xC)|

B(SIB Y C)(x) = = prZr

where B x C'is the atom of BV C containing x.

2.3 A generalized von-Neumann type estimate

Lemma 2.4. For functions fi, fa, f3, fa: Vi x Vo — [—1, 1], we have

)\1/4
‘ (f17f27f37f4)‘<m1anJHD V1><V2)+O<d1/4>

To prove this lemma, we recall the following result, often called the expander mixing lemma, which

was proved at least as early as 1980 by Haemers in his PhD thesis (J[I1] Theorem 3.1.1).

Lemma 2.5. Let G = (V,E) be an (n,d,\)-graph, and A be its adjacency matriz. For real
f,g € L*(V), we have

[(f, Ag) = dIVIE(S)E(9)] < Allfl12llgll2,

where

=7 2 ) I = X 1)

veV veV

Pmof of Lemma[2.4 Set oi(xz,y) = |Vi|/d; if (z,y) € E; and 0 otherwise and let E, ey, =
W > zyev;- Then for f,g: Vi — [—1,1], by using the expander mixing lemma, one has

> f@)g(y) = (f, Ag) < ‘V, Zf y) + il fll2llglle-

T~y

Dividing both sides by d;|V;| and using || f2|lgll2 < |Vi| gives

Eoyev. f(2)g(y)oi(z,y) (MQ > fx)g ) AZ_E wlf (@) f(y )+3:’.

10
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Thus,

- 2
2 £@)9(0)03(0,5) = (Bt @902 f0)9(0) + 25 Bry f(2)glo) +

Ai

(2

where we have used the fact that E. ;9(2)g(t),Ezyf(x)g(y) < 1. In other words, for functions
fyg:Vi = [—1,1], we have

ey (@)9)oi(o, 1) < Bay () f(3) + 35 (@)

(2

The same holds when we switch between f and g:

Beuf (0)90)oi(, ) < Eey(z)oly) + 35 @

i

In the next step, we want to show that

A
N(f1, for fo. £2) < illoasvay + O (d>
Using the definitions, we have

N(f1, f2, f3, f4) = Bapeafi(a, c)fa2(a, d) f3(b, ¢) fa(b, d)oi(a, b)oa(c, d).
For a fixed pair (¢, d), set f.q(a) = fi(a,c)f2(a,d) and gcq(b) = f3(b, c) fa(b,d). Then we have
2
IN(f1, fa, f3, fa)|* = (1/121V22 > feal@)gea(d)oi(a, b)Uz(Cvd)>

a,b,c,d
2

T 2 Vo) |Vaalecd) S frala)gea(b)on ()
c,d a,b

2
1
< W (gUQ(Ca d)) (202(05 d) azl;fc,d(a)gc,d(b)al(avb) )

= (Ec402(c, d)) (Ec,a02(c, d)|[Eqp fea(a)gea(b)oi(a, b)|?)
= E.q0(c,d)|Eqpfeala)gea(b)o(a,b)f?,

where the first inequality uses the triangle inequality and rearranging, the second inequality is

Cauchy-Schwarz, the next line is rearranging, and the last equality uses the fact that E. qo2(c, d) =

11
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1 |V2

- |Va| - do = 1. Therefore, the inequality (4]) implies

N1 o fa 0P < Beaon(cs ) (Basfoaa) oa®) + 357 ()
= Eapcd02(¢, d) fe,a(a) fe,a(d) + 3 (Eegoa(c, d)) —

= (Ea,b,c,dfl(aa C)fl(b7 C)fQ(av d)fQ(b7 d)UQ (07 d)) +3—.

By another similar argument with f,,(c) = fi(a,c)fi(b,¢) and Gap(d) = fa(a,d) f2(b, d) for each

fixed pair (a,b), we have

N for for Sl < (Ea,b,c,dfa,b<c>ga,b<d>az<c Q)+ 3A1>

di
< (Ea,b,c,dfa,b(C)me(d)ag(c, d))2 + 15;‘1’
using that Ea,b,c,dfa,b((:)f/a,b(d)ag(c, d) <1and A\;/d; <1. Now
2
<Ea’b’c’dfa’b(C)ga’b(d)@(C’ d)) 2 :!V141!V2!4 D 1Y fap(©)dap(d)oa(c,d)
ab od
2

Syé? Z W;g Z Fas(@dap(da(c,d)
A2
<7 > (Beatant@) o) 4337
:Ea,b< cafi(a; c)fi(b,c)fi(a,d)f1(b,d) +322>
by Cauchy-Schwarz and respectively. As a consequence, we obtain

A1 A2

IN(f1, f2, f3, fO)* < Eapeafi(a,c) fi(b,c)fi(a,d) fi(b,d) + 15(71 +3d72

= M(f1, f1,f1, /1) + O (21 " 22)

Notice that the same holds when f; on the right hand side is replaced by f; for 2 < i < 4. In short,

)\1/4
| (f1>f27f37f4)|<mln’|f]”|j V1><V2)+O<d1/4>

This completes the proof. O

With Lemmas and in hand, we are ready to prove Theorem

12
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Proof of Theorem [1.3t For any ¢ > 0, by Lemma [2.3] we can see that there exist o-algebras

B and C on Vj and V3, respectively, with complexity bounded above by O (6_8) , so that
1S — E(S|BV C)llowyxwe) < € (7)

Let g denote E(S|B V C), and define

Therefore, gives us that
[hllovaxwe) < € (8)

Both g and h are functions from V; x V5 to the interval [—1, 1]. Recalling the definition of N above,
we see that

N(S,8,5,8)=N(g9,9,9,9) + N(h,h,h,h) + R,

where R is a sum over all expressions of the form

N(f1, fa, f3, f1),

where the f; in each term are either g or h, but not all the same. Specifically, set 2 := {g, R} \
{(9,9,9,9), (h,h,h,h)}, denote a quadruple of functions by F = (f1, fo, f3, f1) € 2, and write

R = Z Eqp.cdfi(a,c)fa(a,d)f3(b, ) fa(b,d)Er(a,b)Ex(c,d),
Fen

where E;(x,y) is the indicator that zy € E(G;). Combining Lemma and gives

)\1/4 \1/4
IN (R, hy by B)| < {|Rllov; xve) + O /i <e+O i |

Similarly, for any other choice of F' € ), we must have h in at least one entry, so we get

. )\1/4 )\1/4 )\1/4
IN(F)| < mjln|’fj||m(lev2) +0 i < |[hllovyxv, + O pIvz <e+O ek
Putting these together we get that
)\1/4
|N(S,S,S’,S)—N(g,g,g,g)|:O €+ﬁ . (9)
dv/
Similarly, by Lemma [2.2] we know that

M(F) < min||fillowixvs),

so we get that
|M(S,5,5,5) —M(g,9,9.9)| = O (€). (10)

13
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By definition, g is a linear combination of indicator functions of atoms of the o-algebra BV C. By
Lemma [2.3] we know that there is some positive constant ¢ > 0 so that the number of terms in
this linear combination is no more than 2° . So we can write N (9,9,9,9) as a linear combination

of terms of the form

N(By x C1, By x Ca, B3 x C3, By x Cy)
= Ea,b,c,d(Bl X Cl)(a, C) . (BQ X Cg)(a, d) . (Bg X Cg)(b, C) . (B4 X C4)(b, d)Ul (a, b)ag(c, d),

for some atoms B;j x C; (and their indicator functions) in B x C. Here as before we use o;(z,y)

equals |V;|/d; if {z,y} € E; and 0 otherwise. However, if we split this up by variables, we get that

N(Bl X Cl,Bg X CQ,B3 X Cg,B4 X 04)
= Ea,b,c,d(Bl N BQ)(CL) . (Bg N B4)(b) . (Cl N Cg)(c) . (CQ N C’4)(d)01(a, b)UQ(C, d)
= (Ea,b(Bl N BQ)(CL) . (Bg N B4)(b)0’1 (a, b)) (Ead((]l N Cg)(c) . (Cz n C4)(d)02(c, d)) .

By applying the expander mixing lemma as in the proof of Lemma we see

N(Bl X Cl,BQ X CQ,Bg X 03,B4 X C4)

_ <]Ea,b(Bl N By)(a) - (B3N By)(b) + O <;\i>> (Ec,d(C’1 NCs)(c) - (CaNCy)(d) + O <2§)>
= M(By x C1, By x Cy, B3 x C3, By x C4) + O (2) ;

where the last line uses the definition of M and that each expectation is at most 1. Since g is a

. . . —8
linear combination of at most 2°¢ = terms, we see that

r—8 A
|N(gagvgag) _M(gvgmgag)‘ =0 (266 8d> )

for some positive constant ¢’. Using @D followed by the previous estimate and , we get that

for some constant k > 0, we have

A1/4
N(S,S,S,S) > N(g,g,g,g) — ke — km

des A AL/A
> M(g,9,9,9) — k2 s ke — k—dm
s A AL/4

> M(S, 5,5, 5) = ke = k25 — ke = k=

Now applying Proposition to this estimate gives us

s A A\L/4

4
151 > — 2ke — k2% "2 — T (11)

Val[Val

N(S,S,S,58) > ( ko

Recall that by assumption, |S| > §|Vi||V2], so to guarantee that N = N(S,S,S,S) is positive, we

14
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just need to pick € so that the right-hand-side of is bigger than 6", or equivalently,

4 14 ce=8 A /\1/4
— > — -
) ) 2ke + k2 + k 174

3 Proof of Theorem [1.9

To prove Theorem we present two approaches based on two counting lemmas. While the
second counting lemma is a direct consequence of the expander mixing lemma for a single graph,
the first counting lemma is a stronger and more practical variant for tensor of two pseudo-random

graphs, which is quite interesting on its own.

3.1 The first counting lemma for cycles

Let us briefly describe the ideas of counting cycles here. Assume we want to count the number of
cycles of length 2k for some integer k£ > 2. Given four vertices z,y, z, w, if  and y are connected
by a path of length &k — 1, and the same happens for z and w, then we will have a cycle of length
2k of the form = — yw — zz (Figure 1) when there are edges between z and z, and between y and
w. Thus, the problem is reduced to counting the number of pairs of edges between the endpoints

of pairs of paths of length k& — 1.

~ -
~
~ -
~ -
-

s
~
~
~
~
~

Figure 1: Counting pairs of edges xz and yw.

To this end, we make use of the notation of tensor of two pseudo-random graphs. For two graphs
G = (V1, E1) and Gy = (Va, E3), the tensor product G; ®Gs is a graph with vertex set V(G ®Go) =
V1 x Vi, and there is an edge between (u,v) and (u/,v’) if and only if (u,u’) € F1 and (v,v’) € Es.
Suppose that the adjacency matrices of G; and Gy are A and B, respectively, then the adjacency
matrix of G1 ®Gs is the tensor product of A and B. It is well-known that if v, ..., , are eigenvalues
of A and 7,...,7,, are eigenvalues of B, then the eigenvalues of A ® B are ;7; with 1 <i <,
1 < j < m (see [27] for more details).

It is not hard to use the expander mixing lemma to get the following.

Proposition 3.1. Let G be an (n,d, \)-graph. For two non-negative functions f,g: V xV — R,

15
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we have
2

d
Yoo f@yglzw) - 2l llllglly] = dAJlfll2llgll2-

(z,2)EE,(y,w)EE

Our first counting lemma offers better bounds as follows.

Proposition 3.2. (First counting lemma) Let G be an (n graph. For two mon-negative

n,d, A)-
functions f,g: V xV — R, we define F(z) =3, f(z,y), G(z) = 32, 9(z,w), F'(y) = >, f(x,y),
and G'(w) =", g(z,w). Then we have

d? d\
> f(@,y)g(z,w) = Sl fllllgll| = N1 f112llgll2 + — (IF1lGll2 + [[F[[2[|G]]2) -

(z,2)EE,(y,w)EE

Proof. Suppose G is a d-regular graph on vertex set V with |V| = n, and let A denote its adjacency

matrix. For two real-valued functions f,g: V x V — R, we define

(Loy= > flo,v)g(v,v),

(v1,02)EV XV

and

1115 = (f, f)-

We denote the set of all real-valued functions on V' x V by L?(V x V). For the remainder of the

proof we will assume that f,g € L?(V x V) are non-negative functions.

We define
A®Af(1)1,?)2) = Z f(ul,uz).

(u1,u2): (u1,v1)€EE,(u2,02)€E
That is, A ® A is the adjacency matrix of G ® G. In the remainder, we denote A ® A by B
Let Ay > A9 > --- > A\, be the eigenvalues of A corresponding to eigenfunctions ey, --- ,e,. With-

out loss of generality, assume that the e; form an orthonormal basis of R"™. Then the eigenfunctions

of B are exactly e; ® e; for all 1 <4,j < n corresponding to eigenvalue \;; := A\; ;.

We observe that
f = Z<f, e; X ej>ei X ej.
4,J
So

BgzZ(Bg,el®e]>el®e] Z ij(g.ei ®ej)e; @ e
,J e;®e;

We note that A has a constant eigenfunction that will be denoted by ey, i.e.

e1(v) =1/v/n, Yo e V.
This means that B also has constant eigenfunction defined by

e1®ei(u,v) =1/n VY(u,v) €V x V.

16
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We have
Z f(ac,y)g(z,w) = <fa Bg> = Z)‘U<g’ e ® €j><fa € ® ej>'

(z,2)EE,(y,w)EE i
Define
S1:=M1(g,e1 @e1)(f,e1 ®eq)
Sy 1= ZM;’(% e1 @ ej)(f,e1 @ej)
=2
Sg 1= ZAz’l (9,ei @ e1)(f,e; @ er)
i=2
1= Y Nijlg. e @ ej)(f.ei @ ej).
i,j=2
And so

Z f(z,y)g(z,w) — 51 = 52 + S3 + Sa.
(z,2)€E,(y,w)EE

We now estimate each S;. Since Ay = d and e; is constant, it is easy to see that

1 1 d?
$1=u (£31) (0:51) = Sl ol

For Sy, if 7,7 > 1 we have that \;; < A2 and hence

. . vz s 1/2
Si<N)) (gei@e){fiei@e) <N D (gei®e;)? D (fei®e;)’
i,j=2 ij=2 ij=2
. vz o 1/2
<N S (e @eg)? > (fei@e;)?
i,j=1 hj=1
= N[ fll2lgll2
where the second inequality follows by Cauchy-Schwarz.
To estimate So, note that A\1; < Ad, and
1
e1 ® ej(vl,vg) = %63'(’02).
Using Cauchy-Schwarz, we have that
. N vz 1/2
Sy <A (g,e1@e))(frer@e;) <A D (g, e1®e;)? D (fe1@e))?
j=2 j=2 j=2
N vz 1/2
<A D g e @¢)’ (fre1®¢5)
j=1 j=1
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To estimate this quantity, note that
1
(9,1 ®ej) = uz;guvq@e](uv fZguvej \/EZU:G/(U)ej(U)

and similarly (f,e; ® e;) = ﬁ >, F'(v)ej(v). Therefore, we have that

n

g1 @)’ Z S Wejwe;) = = 37 [ @G ©) Y eswes0)

Jj=1 u,v 7=1
Now notice that because the e; form an orthonormal basis, we have that
n

ej(u)e;(v) =
; 0 u#w.

1 u=vw

Hence we have

n n

Sleroe?=23" (G Zq ) =23 @y =l

j=1 u=1 u=1

Similarly Y%, (f,e1 ® ej)? = L||F'||3. Combining everything we have that

Ad
S < 211Gl |

A symmetric proof shows that

Ad
83 < 22| Glal Fla

3.2 The second counting lemma for cycles

Assume we want to count the number of cycles of length 2k for some integer & > 1. Our second
strategy for cycles can be explained as follows. Given three vertices z,y, and z, if  and y are
connected by a path of length k£, and  and z are connected by a path of length £ — 1, then we
have a cycle of length 2k of the form x — yz — x if and only if y and z are adjacent (Figure 2). So
the problem is reduced to counting the number of edges between the endpoints of pairs of paths

pinned at a vertex.

Proposition 3.3. (Second counting lemma) Let G be an (n,d, \)-graph. Let U be a set of vertices
in G. For any two vertices © and y, let pi(x,y) be the number of paths of length k between x and

y with vertices in between belonging to U. Then we have

2

Cop+1(U) Z > ok y) | [ <A pla, ),

er yelU z,yeU

18
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Figure 2: Counting edges yz.

and
1/2

1/2
on) - 13 (St -(zpkm,z)) Y [ S ey -(zpmx,zﬂ) .

:cEU yelU zeU zeU \yeU zeU

Proof. We first observe that the number of odd cycles of length 2k + 1 in U is equal to the sum

> (@, y)pr(z, 2).

©,y,2€U%,(y,2)€E(G)

Given x € U, set f(y) = U(y)pk(z,y), then the above sum can be rewritten as

Yo Y W)

zeU (y,2)eE(G)
Applying Lemma the first statement is proved.

For the second statement, as above, the number of even cycles of length 2k in U is equal to the

sum

Z pk(l‘,y)pk_l(l‘,z)-

x,y,2€U3,(y,2)€E(G)

Given =z € U, set f(y) = U(y)pr(z,y) and g(z) = U(2)pr—1(x, 2), then the above sum can be

rewritten as
> fwela).

z€U (y,2)eB(G)

Applying Lemma the proposition is proved. O

Using the facts that

S S miley) | = Pulv),

zeU \yeU

19
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> el y)® = Co(U),

z,yclU

oD pelay) -(Zpk_mx,z)):m_lw),

zeU \yeU zeU

and the following application of Cauchy-Schwarz,

1/2

1/2
> Do pelaw)? ~(Zmawaﬁ < (Con(U)Cao(U) V7,

zeU \yeU zeU

one derives the following corollary.

Corollary 3.4. Let G be an (n,d, \)-graph. Let U be a set of vertices in G. Then
d
‘C2k+l(U) - nPQk(U)' < Ao (U),

and

Cuu(U) = & Pacr(0)| < A Car(0)Cara(0) 2

3.3 Distribution of paths

We have seen that to apply the two counting lemmas, we need to have estimates on the paths of

a given length in a vertex set. We now provide relevant results on paths.

Proposition 3.5. Let G be an (n,d,\)-graph, k > 1 an integer, and U be a vertexr set with
A-Z =o(|U]). Let Py(U) denote the number of paths of length k in U. Then we have

’U‘k+1dk
Pe(U) =1 +0(1) — 73—
Proof. We first prove the following two estimates:
dP,(U)?
P2 (U) — ’“72) < APy (U), (12)
and APy (U)Por(U)
) — OB < 5P (0P 210 (13)

For u € U, let f(u) be the number of paths of length %k of the form (u1,...,u,u) where u; € U.
Similarly, for v € U, let g(v) be the number of paths of length k of the form (v1,..., vk, v) where
v; € U. To use Lemma [2.5] we need to estimate the norms and the inner product. We have that

the adjacency matrix A acts on g by the formula

Aglu)= Y g(v)

(uv)€E(G)

which is the number of paths of length & + 1 of the form (vy,..., v, v,u). For the inner product,
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we have

(f,Ag)= > f(u = Y flu = P 11(U).
ueV(G) ueV(G)
It is clear that .
E(f) =E(g) = v Py (U).

and

1£113 = llgll3 = Pax (V).

Applying Lemma we have that

1

2
Poy1(U) — d|V|<|V| P(U)) < APy (U)

which is equivalent to . The estimate also follows from a similar argument with the same
f and g(v) defined to be the number of paths of length k& — 1 of the form (v1,...,v_1,v).

We now proceed by induction on k. The case kK = 0 is trivial and the case k = 1 follows from

Lemma and the estimate .

Suppose that the statement holds for all 2k > 1. We now show that it also holds for 2k 4+ 1 and
2k + 2. Indeed, it follows from the estimate and induction hypothesis that we have

d
Pory1(U) < Epk(U)z + AP (U)
d ’U‘2k+2d2k AN 2 ’U‘2k+1d2k An
-1+ 0 | — A———(14+0(—-—
n TO\go)) T O\
B ’U|2k+2d2k+1 +O AN
- n2k+1 d‘U|

whenever [U| > AZ. The lower bound follows in the same way.

For the case 2k + 2, it also follows from the estimate that

dPy(U)P 1 (U
Por12(U) < i )nkH( ) + A/ Por(U) Pagy2(U).
Solving this inequality in = \/Psr12(U), we obtain
Po(U) + \/)\2]32 4de(U)Pk+1(U)
Pop42(U) <

Using the induction hypothesis and that 22 = o(|U|), we have that

A2 Py (U) = o <de<U)Pk+1<U) n >

n d|U|

21

https://doi.org/10.4153/S0008414X24000245 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000245

and that

/= [dP,(U)Pis1(U) [UPFH3d*+2 -
A PQk(U)\/ n =0 n2+2qU| )

Hence the entire expression is bounded above by

‘U|2k+3d2k+2 AN
—— |1 — .
n2k+2 +0 d|U|

Using lower bounds of the estimates and , and an identical argument also gives us

vz oG] ()

under the condition A% = o(|U]). This completes the proof of the proposition. O

3.4 Proof of Theorem [1.9| using the first counting lemma
Proof of Theorem[1.9. We proceed by induction on m.
We first start with the base case m = 4.

Let f,g: U x U — R defined by

floy) = 1, if (z,y) € E(G)

0, otherwise

and

1, if (z,w) € E(G)
9(z,w) =
0, otherwise.

It is clear that C4(U) = Z(W) (y.w)€E(G) f(z,y)g(z,w). To apply Proposition we need to check
the norms of functions f, g, F, G, F’, and G'.

Using Proposition we have

=Y Fla.y) = PiU) = (1+o(1) P,

z,yelU
1/2 1/2
= { X faw?® | ={ 3 faw) =<P1<U>>1/2:<1+o<1>>rm\/z,
z,yelU z,yelU

using the Taylor series for v/1 + 2 and the assumption that /\T? = o(|U|). Similarly,

llgllx = (1 +o(1)) IUIZ% and |[g|l2 = (1 +0(1)) IUI\/E-

For functions F,G, F’, G’ defined as in Proposition we have that

1/2 3 52 1/2
HFHF(ZFmV) =<P2<U>>1/2=<W’;l<1+o<1>>) |

n
zeU
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Similarly,
U342 1/2
61k = 1#1 =116 = (55 @ o))

Substituting these estimates into Proposition we have that

A2|U2d An 2A|U3d3 An
< 1 —_— — (1 —_— .
=T < o <d!U\>> M ( o <d|U>>

Using the assumption that 2% = o(|U|) completes this case.

Civ) - (1+ o) U

Assume that the statement holds for any cycle of length smaller than m — 1, we now show that it

holds for cycles of length m.
We fall into two cases:
Case 1: m =2k + 1.

As above, for x,y € U, we define
f(z,y) = the number of paths of length k between z and y,

and

g(z,y) = the number of paths of length k£ — 1 between x and y.

Then

dk
171l = P = 1+ o1)) T+,
U 2kd2k )\2]672 U 2d
1916 = Can(0) = (1 o) L= 0 (PR,
2 /112 d2k 2k+1
I3 = 1F7]13 = Poy(U) = (1-+ o(1)) Ly [0+,

where we left an error term out of our estimate of Co,(U) because it is dominated by the main

term by our assumption that 2% = o(|U|). Similarly, we have

dk—l
lglls = Pe—1(U) = (1 + 0(1)) WIU!'“,
U

lgll3 = Co(0) = (1 +0(1) =2

itfm=25

U 2k—2d2k—2 )\2k—4 U 2d )
llgll5 = Car—2(U) = (1 + 0(1))Hn%—2 +0 (n") if m>7

2k—2

IG5 = [|G'[13 = Pak—2(U) = (1 + (1)) Ut

n2k—2

Applying Proposition

Cop+1(U) — ZZPk(U)Pk—l(U) <N/ Coi(U)Cop—2(U) + 2%(\/P2k(U)P2k—2(U))
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When m = 5, we have

575
Co(0) - (1401 171

B , [[UBd>  N2|UAd2  Ad4UJ*
_O<>\ ey e el B

4 4
Note that Adﬂ#

second term in the square root is bigger than the first, and hence

5.5
=0 (%) due to our assumption that %’ =o(|U]). I |U| < /\(1"37?;/22, then the

\2 |U|6d5 N XU o <)\3|U|2d> '

nd n? n

If |U| > A;;;/; then the first term is bigger than the second and we have
)\2\/|U|6d5 N \2nd 2 5 )\2|U\3d5/2
b n2 n5/2 '

. . 3/2 . 217713 45/2 44 515
Using the assumption that |U| > % gives that A |g5‘ /S < ’\‘%d =o0 (‘U7L5d ) by our assump-

37
tion that 2% = o(|U|). In either case the inequality is satisfied. For m > 7 we have

‘U|2k+1d2k+1
o @) = (1 o) i | -

o 9 |U|2kd2k )\Qk—2|U’2d |U|2k—2d2k—2 )\2k—4‘U|2d )\|U]2kd2k
A n2k + n n2k—2 + n + n2k :

First note that

2k 32k 2k+1 32k+1
/\\Ui%d =0 (‘U| n%fl ) by the assumption that %” = o(|U]), so we may ignore
this term. Hence if each of the four terms

’U‘4k72d4k72 )\2k72|U’2kd2k71 A2k74|U’2k+2d2k+1 )\4k76‘U|4d2
n4k—2 ’ n2k—1 ’ n2k+1 ’ 2 ’

n
’U‘4kd4k )\4k76‘U|4d2
0 ()\2n4k or O —z )

then we are done. The fourth term trivially satisfies the inequality. The first term is o (

is either

|U|4kd4k
\2n4k )

and

AZh=2|[7 |2k g2k 1 A2k |2k 2 g2k
n2k—1 =0 ( n2k+1 >

by the assumption that /\# = o(|U]). Finally, if [U| > A (%)(%71)/(%72) then

)\2k—4|U|2k+2d2k+1 |U‘4kd4k

n2k+1 = T\2pdk
herwi
Otherwise )\2k—4|U|2k+2d2k+1 >\4k_6|U|4d2
n2k+1 = n2 :
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Case 2: m = 2k.

For this case, we want to apply Proposition again, so we need to define suitable functions f

and g, namely, for x,y € U,
f(z,y) = g(z,y) = the number of paths of length k¥ — 1 between = and y.

Then, by inductive hypothesis and Proposition [3.5], one has

dk—l .
11l = llgll = Pea(U) = (1 + (1)) U7,

2 2 UPF 2?2 ka2
1916 = ol = Car-a(@) = (1 + o)L w0 (1),
d2k—2
IEN3 = 11G15 = I1F'l3 = [IG'l13 = Pax—2(U) = (14 0(1)) g5 U,

By applying Proposition |3.2| and the estimates above, we get that

2 Ad

Cuu(0) = (PP < XCa(0) + 22 Pataf0),

n2
and hence

2k 12k
Cau(0) = (1401

|U|2k—2d2k_2/\2 )\2k—2|U|2d )\|U|2k—1d2k_1
=0 n2k—2 - n + n2k—1 :

/\lU‘Qk—ld2k—1 d |U|2k—2d2k—2>\2
1

Since T a s are both o ( because of the assumption that )‘7” =

‘U‘deQk
n2k )

o(|U|), we are done.

3.5 Proof of Theorem [1.9| using the second counting lemma
Proof of Theorem[1.9 Using the second counting lemma, we are able to prove Theorem [I.9] for all
m > 5, ie.

Cm(U)

Ulmdm \NU mfldmfl
S g (A0

nm—l

d
+ xHyUP) ,
n n

but for m = 4, the result becomes slightly weaker, namely,

n4 n

4 34 2 2
@(U):O('U‘ dt | d>.

We proceed by induction. Case 1: m = 2k.

For m = 4, by Corollary [3.4] and Proposition [3.5] we have that

474
R o <140

\U[2\2d
n

Ca(U) Ca(U), (14)

n

using that Co(U) = P(U) and Pr(U) = d‘TU‘Q(l—ko(l)) by the assumption that %" = o(|U|). Hence
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we may set up a quadratic in 1/C4(U) to obtain

2

1+ o(1)) U 14 o(1)) U2 | 41Ut (1 4 (1
0 < V(1 o(1)) 12 +¢<+2<>> I (14 o(1))

4 94 2 2
:O<|Uyd +)\|U]d).

n4 n

|U‘4d4
n4 9

U]*d

4
=t instead of ¢

for some positive constant ¢, with this approach, then it can be pushed further as follows.

This gives the desired estimate for Cy. If one wishes to have the main term

Using the above upper bound for Cy and the estimate ((14]) gives us

Ultd* UlArdd?  |U|X 2d°
C4(U)—| 7’14 (1—1—0(1))‘:0(\/‘ | +‘ | )

n? nd

This gives
Cy(U) =

ni n3 nb/2

\UAd* Nd U2 AUPd®  |UPA?
+© s R

Note that this gives the estimate (3|) under the more restrictive condition that )\Zs—g = o(|U]).

Assume the upper bound holds for all cycles of length at most m — 1. We now show that it also

holds for cycles of length m. Indeed, if m = 2k, then we can apply Corollary to have

Con(U) < %PZ,H(U) A (Cop(U) Copa(U1)) 2.

Solving a quadratic in \/Cor(U) gives

2
M/ Co2(0) + \/ \2Coso(U) + 44 Py (U)

2

Cor(U) <

Using Proposition [3.5] gives that

k 12k
Cgk(U) — ‘Uljgkd2 (1 + 0(1)) =0 ()\QCQkQ(U) + )\\/)\2(Cgk2(U))2 + ZCQkQ(U)PQk]_(U)) .

By the inductive hypothesis and the assumption that %” = o(|U]), we have that

A|U‘2k_1d2k_1 A2k_2|U’2d

n

and hence we are done as long as

P AU 2k—1 2k—1 )\2k—2 Ul?d
)\\/ank_z(U)sz—l(U) =0 < | |n2k1 + d > ’

n
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By the inductive hypothesis and Proposition [3.5] we have

d \2|U 4k—2d4k—2 AU 4k—3d4k—3 )\2k—2 U 2k+2d2k+1
)‘\/nCQk—Q(U)P%—l(U) =0 (\/ El Ml + vl ) :

nik—2 nik—3 n2k+1

. Ad 4k—3d4k—3 )\2 4k—2d4k—2
Since %’ = o(|U|) we have that ‘U|n4k,3 =0 |U|n4k,2 . Therefore, because

)\Z‘U|4k:—2d4k—2 )\]U|2k_1d2k_1
nik—2 - n2k—1 ’

)\k—lIU|k+1d(2k+1)/2 . An(%_3)/(2k_4)
we are done as long as —E T2 is small enough. If |U| > “t=/@—g then

A\k—1 ‘U‘k+1d(2k+l)/2 - )\’U‘Qkflkofl
n(2k+1)/2 = n2k—1

Otherwise, we have

)\kfllU‘k+1d(2k+l)/2 )\2k72|U’2d
n(2k+1)/2 < n ’
and the upper bound is complete. An analogous calculation gives the corresponding lower bound

and we omit the details.
Case 2: m =2k + 1.

This case follows directly from Corollary and the case m = 2k above. O

4 Proofs of Theorem [1.15 and Theorem [1.16

4.1 Technical lemmas

To prove Theorems and we use the following results, which are direct consequences of
the expander mixing lemma. The first result guarantees that vertex sets bigger than An/d will

have an edge of each color.

Lemma 4.1. Let G be an (n,d, \)-colored graph with color set D, and A,B C V(G) with |A| =
|B| > %”. Then for each color ¢ € D, there exists an edge uv of color ¢ withu € A andv € B. In

other words, every vertex set of size greater than %" determines every color.

Proof. For each color ¢ in D, let G, be the induced graph on ¢, then G, is an (n,d, \)-graph.
Applying Lemma with

1, ifue A
flu) =
0, otherwise
and
1, ifveB
g(v) =

0, otherwise,

27

https://doi.org/10.4153/S0008414X24000245 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000245

we have
(f,Ag) =e(A,B) = |{(a,b) € Ax B:abe E(G.)}|.

It is clear that
E(f)=—, E(g) = —

S
3

and

1£1l2 = V141, llgll = v/|BI.

Then we have

d
e(4,5) - 4141151 < A/ TATE]

So
d
e(4, B) = —|A||B] - Av|4]|B].

Since |A| = |B| > )‘7?,

d d d A
(4,5) 2 AP - NAIZ 14 (£ 1a1-2) > 14 (23 -0) >0
n n n d
Which means that there exists at least one edge of color ¢ between A and B. O

The next technical lemma uses the previous result to give an upper bound on the number of

vertices with small degree of a given edge color.

Lemma 4.2. Let G be an (n,d, \)-colored graph with color set D, and let U C V(G), with |U| =
r- /\T?’ for some r > 1. Then for any fixed color ¢ € D, s € N, there are at most s - %‘ vertices of

U for which each of them is incident with fewer than s edges colored by c.

Proof. Let H be the induced graph on color ¢. Consider the subgraph H* of H generated by only
those vertices of degree less than s, so H* can be s-colorable. That is, we have a vertex partition
into s independent sets. Using Lemma an independent set in H (and thus in H*) has size at
most %”. Otherwise, by Lemma every vertex set of size greater than /\T? determines every color,
which means there exists two vertices connected by a c-color edge, contradicting the independence.
As a result |[V(H*)| < s- 22, proving the lemma. O

The next lemma develops this further by giving lower bounds on the number of disjoint copies of

star graphs.

Lemma 4.3. Let G be an (n,d,\)-colored graph with color set D, and let U C V(G) with |U| =

- %, for some r > 1. Then the number of vertex disjoint copies of the nonempty star graph Ki m,

r—m  An
m—+1 d

with any fized edge-coloring from D 1is at least

Proof. Let T be the maximal set of copies of K1 ,, in U, and H be the union of all copies in 7'

Then U — H will have no copies of K ;.
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Suppose the set of color of Kj,, is {c1,c2,..., ¢} with multiplicities {m,mg,...,m;}. Using
Lemma for each ¢ there are at most m; - %" vertices that are incident with fewer than m; edges

colored by ¢;. Summing over i we get that there are at most

ka_mk
=1 Z d_ d

vertices of U — H which are not colored ¢; from at least m; other vertices of U — H for every i.
If vertex v € U — H is incident with at least m; edges color ¢; for every i, then v is the singleton

bipartition set of an instance of Ky ,,. Thus |U — H| <m - )‘7". By disjointness

7| = |H | >r-%”—m'%”:r—m‘&
m-+1 " m—+1 m+1 d

as required.

O]

Our final technical lemma is a simple application of Lemma [£.2] that gives a lower bound on the

number of disjoint edges of a given color in a vertex set.

Lemma 4.4. Let G be an (n,d,\)-colored graph with color set D, and let U C V(G) with |U| >
2n An

o+ Then for each color c € D, the number of disjoint ¢ colored edges in U is at least @ -
Proof. We partition the vertex set of U into two sets, A and B, such that |A| = |B| = % Choose
as large a matching of color ¢ as possible between, say, A’ C A and B’ C B. We have that the two
sets A\ A" and B\ B’ both have size at most )‘7”. Otherwise, by Lemma 4.1 we could increase the
size of our matching. As a result, the number of disjoint ¢ colored edges in U is at least

U An

Al=|B|>= -2
4)=1B12 5 -2

as required. ]

4.2 Proof of Theorem [1.15l

The proof proceeds by strong induction on the number of edges in T'. If T' contains no edges the
theorem is clearly true; if T' is a star graph K1, then 0(G) = m + 1 and the theorem is Lemma
4.9l

Now assume 7T is not a star graph. Let 7" be the graph produced by deleting all leaves of T'. Since
T is not a star graph, T” is a tree which has at least two leaves, we can choose v be a leaf of T’
such that there exists another leaf of T, say w, such that degr v < degy w. Suppose the set of
leaves of T' connected to v is {vi,v2,...,vy}. Define the graph T* to be T\ {v1,v2,...,vy}. By
construction, 7% is a tree with fewer edges than 7" and o(T") = o(T™) - (y + 1). Define r by the
relation |U| = r - %". By the inductive hypothesis we have the number of disjoint copies of T in
U denoted by Cp~ is at least (U(;*) - 1) . ’\7?.
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We are building our tree T out of stars instead of edges. Let W be the set of copies of v in U.

By disjointness |W| = |Cr+|. Let K1, be the star graph generated by {v,v1,vs,...,v,} where the

W/ —y
y+1

each copy of K, we can build our tree T by adding the copies of 7™ that correspond to v. These

root is v. Using Lemma there exists at least — ’\” disjoint copies of K7, in W. For

are disjoint copies of T because of the disjointness of 7™ and the disjointness of K1 ,. So there are

at least

W3¢ =y An _|Cr|/3¢ —y An
y+1  d ES d

. (st 1) ~v
o y+1

d
<(y+1 ) 771
:<a<rT>_1> @

disjoint copies of T' as required.

4.3 Proof of Theorem [1.16l

The proof proceeds by induction on the number of edges on T'. If T contains no edges, the theorem
is clearly true. If T is an edge, then |V (T")| = 2, the theorem is Lemma

So assume T is a tree with m vertices. Consider the subgraph T™ of T produced by deleting one

leaf on vertex x. Let’s say the edge we are just removing has color ¢. By construction T* is a tree

with fewer edges than 7. By inductive hypothesis we have the collection of disjoint copies of T
|U] An

in U is at least prony Ml o

Choose % copies of them arbitrarily and let this set of vertices be called S. This is possible since
U| > m(m— 1)

So S has size (m —1) - % Now in these copies of T, denote by A the set copies of x to which we
will be trying to add an edge of color ¢, so |A| = %' Let B=U\Sso |B|= |U|—(m—1)-‘mﬂ =4

m
Choose as large of a matching color ¢ as possible between, say, A’ C A and B’ C B, each matching
creates a copy of T. Let C' and D be the sets of vertices in A\ A" and B\ B’ respectively. Then
we have that |C| = |D| < %". Otherwise using Lemma [4.1{ we can find at least one c colored edge
between C and D, which would increase the size of our matching. So the number of disjoint copies

of T is ol
A=A -] > = -2
|A'| = |A] \C!_m 7

as required.
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