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ON THE MAPPING PROPERTIES OF
CERTAIN EXCEPTIONAL SETS IN R’

H. L. JACKSON

It is known that minimally thin and semithin sets in R? are preserved by
conformal mappings (see [3]) but it is not known whether or not analogous
results hold true for ordinary thin and semithin sets respectively. In an un-
published work, Brelot has shown that ordinary thin sets at the origin are
preserved by mappings of the form f(z) = 2z (« > 0) where one always
considers the principal branch of the mapping. We shall prove this result
along with an analogous one for ordinary semithin sets and will see that the
implications established by Jackson (see [4, Theorem 4]), for ordinary and
minimally thin sets and by Brelot (see [2, p. 152]) for semithin sets in a half
plane hold true for any wedge shaped region with vertex at the origin.

Our main purpose, however, will be to show that ordinary thin (respectively
semithin) sets in R? are not preserved by conformal maps and that ordinary
thinness (respectively semithinness) of a set at a Euclidean boundary point
of a region does not generally imply minimal thinness (respectively minimal
semithinness) at the associated minimal Martin boundary point even when
the association is unique. In fact we shall demonstrate that ordinary thinness
does not even imply minimal semithinness in general. For brevity, we shall in
future refer to an ordinary thin set as a thin set, and employ a similar abbrevia-
tion for ordinary semithin sets. We shall generally follow the notation in
Brelot [2], but shall specifically employ the following notation when dealing
with a set £ contained in some neighbourhood of 0.

Notation.
(1) J,is the annulus {s"t! < |z| < s"} where0 < s < 1.
(iii) A(E) is the logarithmic capacity of E and \, = \(E,).
@(iv) A(r) = (log1/r)~Lif0O<r <1
=0,ifr =0.

(v) v(E) = AoN(E) is the ordinary (Wiener) capacity of E and v, = v(E,)
(see [1, p. 321]). We assume that E is contained in a disk of diameter less
than one.

We now begin with some preliminary lemmas.

LuemMa 1. Let H = {z: Rez > 0} be the right half plane and let E C H be
thin (respectively semithin) at 0. If f(3) 1s the principal branch of zV/™ where
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m > 11s any natural number and such that H is the domain of f, then f(E) = E’
is also thin (respectively semithin) at 0.

Proof. Let D = {z: |3] < ¢ for some suitable ¢ > 0 and suppose that E
is thin at 0. Let # = R,® be the regularised reduced function of 1 on E with
respect to D, and observe that # is a non-negative superharmonic function
on D such that #(0) < 1 (see Brelot [2,p.55]) if € is chosen sufficiently
small. Now let D’ = {w: [w| < "} and let g(w) = w™on D’. Thenv = uog
is a non-negative superharmonic function on D’ such that 2(0) = «(0).
Furthermore v dominates the regularised reduced function R,*" on D’ and
therefore R,%'(0) < 1 which implies that E’ is thin at 0.

For the semithinness part of the proof we note that E is semithin at 0 if
and only if lim, . Ri#»(0) = 0 (see Brelot [2, p. 82]). By repeating our
earlier reasoning we can say that R,%»(0) > R,®»'(0) where E,’ = E' N J,
and E, = g(E,"). The lemma follows.

LEMMA 2. Let f(z) be the principal branch of the mapping z*(a = 1) where
the wedge shaped region

W={ret:r>0,0=10] <0 < =}

is the domain of f. If E is thin (respectively semithin) at O then E' = f(E) s also
thin (respectively semithin) at 0.

Proof. The case @ = 1 is obvious so we focus attention on the case
where « > 1. Since [f'(z)] — 0 as |z =0 we can choose ¢ > 0 such that
if D = {z: |z| < ¢ then f is a contraction mapping on W (N D. Furthermore,
a subset of the annulus J, corresponding to some s, 0 < s < 1, is mapped by
f onto a subset of J,’ corresponding to s®. Hence v,/ = v(E,) = v(E,) = 7»
(see Brelot [1, p. 330]) and therefore ), ny,” < oo if E is thin at 0 (see Brelot
[2, p. 81]). Similarly ny,’ — 0 as n — o if E is semithin at 0 (see Brelot [2,
p. 82]). The lemma follows.

THEOREM 1. Let f(3) be the principal branch of the mapping z*(o > 0) such
that H s the domain of f. If E C H is thin (vespectively semithin) at O then
E' = f(E) is also thin (respectively semithin) at 0.

Proof. The case where @ = 1 is already covered by Lemma 2. Now
consider the case where 0 < @ < 1. We choose a natural number m such
that ma = 8 > 1. If g(z) is the principal branch of z/" on H such that
W = g(H), and if h(w) is the principal branch of wf on W then f = h o g. By
Lemma 1, g preserves thin (respectively semithin) sets at 0 and by Lemma 2,
h also has the same properties. The theorem follows, and we note that similar
reasoning will show that the principal branch of f~! will also preserve thin
(respectively semithin) sets.

THEOREM 2. Let W = {re®®: r > 0, 0 < |6] < 6y < 7} be a wedge shaped
region in R? with vertex at 0. If E C W is thin (respectively semithin) at O in
R? then E is minimally thin (respectively semithin) at O with respect to W.
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Proof. If & = 26,/7 and if f(z) is the principal branch of z* then f con-
stitutes a conformal mapping of H onto W. The function

h(w) = %T?{—a
7

is a minimal harmonic function on W with pole at 0 and we recall (see [2, p.
122]) that E is minimally thin at 0 with respect to W if and only if (R,F)w = h
on W. Let f~! denote the principal branch of the inverse mapping from W
onto H. If E C W is thin (respectively semithin) at 0 in R? then £’ = f~1(E)
is thin (respectively semithin) at 0 in R2 by Theorem 1, and therefore E’ is
minimally thin (respectively semithin) at O with respect to H (see Jackson
[4, Theorem 4] for thinness and Brelot [2, p. 152] for semithinness). Since
minimal thinness (respectively semithinness) is a conformal invariant (see
[3]) therefore E = f(E’) is minimally thin (respectively semithin) at 0 with
respect to W. This proves our theorem.

We shall now develop some criteria for thinness and semithinness at 0 which
are not commonly known; but first we introduce some further notation.

Notation.
() HE,CJ,={s""<zg| s 0<s <1} we write E,* = s™E,,.
(i) N5 = NE®) and v,* = v(E.*).
(iii) If E is a subset of the real axis we write m(E) for the linear measure
of E, m, = m(E,) and m,* = m(E,*).

LeMMA 3. E is semithin (respectively thin) at O if and only if

lim ny,* = 0 (respectively, > owv* < + OO).

n—->co n

Proof. Since v,* = v(E,*) = v(E,) = v, the “if”” part of the lemma follows

immediately. For the converse we observe that nv,* = n[log (s"/\,)]"! and

that an elementary calculation gives nv,* = nv,[l + =y, log s]7L. If
lim, . 7y, = 0 then nvy,* < 2nv, for all n sufficiently large and the lemma
follows.

Remark 1. 1t is proved by Jackson (see [5, Theorem 1’]) that E restricted
to a Stolz domain in H is minimally thin at 0 with respect to H if and only
if 2 v.F < 0. It is now obvious that for a subset of a Stolz domain, thinness
strictly implies minimal thinness. On the other hand it is clear from Lemma 3
that semithinness and minimal thinness are non-comparable concepts.

LemMA 4. If E is semithin at 0 and iof E' is the circular projection of E onto
the positive real axis then E' is of finite logarithmic length. This is a strict impli-
cation.

Proof of Lemma 4. Now L is semithin at 0 if and only if ny, - 0 as n —
which implies that ny(£,’) — 0 as n — 0. We recall that N\, = m(L,)/4
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(see [4, p. 210]) and therefore the semithinness of E implies that

-1
nA(m,’) = nlog (%7) —0 asn—o0.
n

An elementary calculation shows that m,” < e~*"for all » sufficiently large, and
hence X, e'm,’ < . Since m,’ < e¢~2" for n sufficiently large it is clear that
the implication is strict.

Remark 2. We recall from Jackson (see [4, Theorem 6]) that a subset E
of a Stolz domain in H is minimally semithin at 0 if and only if lim,_ y,* = 0
or equivalently lim,_, A\,* = 0. If each E, is an interval on the positive real
axis then E is minimally semithin at 0 if and only if lim,,_ (s™m,) = lim,
m,* = 0.

For computational purposes we shall now find it convenient to consider sets
which are thin (respectively semithin) at co rather than at 0. Both types of
thinness (respectively semithinness) are preserved by the inversion mapping
¢(z) = 2! along with the finite logarithmic length property. The criteria for
thinness (respectively semithinness) as developed in Lemma 3 work equally
well at co except that we now consider circles of radius s® where s > 1 and
define J, = {z: s < |3] < s"t1}.

LEMMA 5. A thin (respectively semithin) set at 00 1is not necessarily preserved
by the exponential mapping g(z) = e

Proof. We proceed by an example on the real axis. Let E, be the interval
[2%, 2* + Ax,) and E = U,—1 E,. If we choose Ax, = ¢ then \,* < m,* <e™
and hence v,* < 1/#3. It follows that E is both thin and semithin at o0 in
R2 If E,/ = g(E,) then E,’ is an interval with left end point at ¢** such that

e Ax, < m(E,) < e®"TAm Ay,
Now E,’ C J,» with respect to s = ¢ and we can say that

Ax,/4 = Aw* = (e2™/4) Ax,,.
Hence ya* = A(M\7*) is asymptotic to 1/#% and if £ 5 27 then v,* = 0. It
follows that

lim sup ky:* = lim (2"%7%) > 0,

koo N0
and that > ; v;* < +. We can conclude that g(E) is not semithin at 0 in
R? but is minimally thin at co with respect to H. The lemma follows.

LEMMA 6. Let E be thin at o0 and defined as in Lemma 5 where Ax, = ™.
If f(z) = g(g(2)) where g(2) = e* then f(E) fails to have finite logarithmic length.

Proof. Now
du _ f'(x) .
a1 ; fE" ) dx  wheref(x) = €.
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Hence

du = (f e”dx) > > " (Ax,)
rE U " En n

which diverges if Ax, = ¢=*. Hence f(E) fails to have finite logarithmic length
even though E is thin at o in R2.

Remark 3. From Lemma 6 and [4, Theorem 5], we notice that a conformal
mapping may carry a set £ which is thin at oo in R? to a set which is not
minimally thin at co with respect to H. Even stronger results can be obtained.

LemMmaA 7. Let h(z) = 2%, g(w) = ¢” and f(z) = go h(z). If E is thin at o©
and defined as in Lemma 5 where Ax, = e¢™ then f(E) will not be minimally
semithin at 0 with respect to H.

Proof. We recall that E = ;. E, where E, = [2",2" 4+ ¢™']. Now f(E,)
is an interval with left end point ¢®*”. We will concentrate on f(E) N Jy,
(note s = e in defining J;) where £ = 2%". Now

m(f(E.)) = f fx)dx 2 6(22n)227t(log 2)e™

so that if & = 22" then mie~* = inf{22"¢™ log 2, ¢ — 1} which implies that
lim supy_e, (mze=*) > 0. By Remark 2, it follows that f(E) cannot be minimally
semithin at o0 with respect to H.

Remark 4. Let D be a bounded, simply connected region in R? whose
Euclidean boundary, 4D, is a piecewise smooth curve. Since the Martin
boundary points of D can be identified with the prime ends of D therefore we
can identify 0D and A(D) = A;(D) in a natural way. We shall now show that
if £ C D is thin atxo € dD in R? then E is not necessarily minimally semithin
at xo € A1(D) with respect to D.

THEOREM 3. Let D be a bounded simply connected region in R? whose boundary
dD is a piecewise smooth curve such that 0 € dD. We can construct D so that if
E C D is thin at O then E 1s not necessarily minimally semithin at 0 € A (D).

Proof. As before we let ¢(z) = 1/z, h(z) = 22, g(3) = ¢* and f =goh.
Now define the horizontal half strip to be D, = {(x,y): x > 2 and
ly| < w/2}. Then g(Ds) = Dj is the right half plane H minus the disk of
centre 0 and radius 2. Now let L denote the principal branch of the relation
loge = h~! and then define D, = L(D,) and D = ¢(D;) respectively. We note
that D is a bounded simply connected region with piecewise smooth boundary.
Furthermore D contains the interval (0, 1) of the real axis and D; contains
(1,0). If F = fo ¢ then Fis a conformal mapping from D onto D;. Further-
more £ C D is minimally semithin at 0 in D if and only if F(E) is minimally

https://doi.org/10.4153/CJM-1975-007-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1975-007-1

EXCEPTIONAL SETS 49

semithin at 0 with respect to D3 or H. Now define E C D such that

$(E) = E1 = U [2, 2"+ ¢

and recall that E; is thin at 0. Then E is thin at 0 in R? but F(E) = f(E,)
is not minimally semithin at co with respect to H or D; as a consequence of
Lemma 7. Hence E is not minimally semithin at 0 with respect to D and our
theorem is proved.

Remark 5. For the region D as constructed in the proof of Theorem 3 it is
evident that ordinary thinness (respectively semithinness) and minimal
thinness (respectively semithinness) are independent concepts at the boundary
point 0. The function which defines dD at 0 is asymptotic to the function
x2e1/7,

REFERENCES

1. M. Brelot, Points irréguliers et transformations continues en théorie du potentiel, J. Math.
Pures Appl. 19 (1940), 319-337.

On topologies and boundaries in potential theory, Lecture Notes in Math., vol. 176
(Springer).

3. M. Brelot and J. L. Doob, Limites angulaires et limites fines, Ann. Inst. Fourier (Grenoble)
13 (1963), 395-415.

4. H. L. Jackson, Some results on thin sets in a half plane, Ann. Inst. Fourier (Grenoble) 20
(1970), 201-218.

On mintmally thin sets in a Stolz domain, Can. Math. Bull. 15 (1972), 219-223.

McMaster University,
Hamalton, Ontario,

https://doi.org/10.4153/CJM-1975-007-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1975-007-1

