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The field of boundary l i m i t t h e o r e m s in ana ly t ic function 
t h e o r y is usua l ly c o n s i d e r e d to have begun about 1906, with the 
pub l ica t ion of Fa tou 1 s t h e s i s [8] . In th i s r e m a r k a b l e m e m o i r 
a t h e o r e m is p roved , tha t now b e a r s the au tho r 1 s n a m e , which 
i m p l i e s that any bounded ho lomorph i c function defined on the 
unit d i sk p o s s e s s e s an a n g u l a r l imi t a l m o s t e v e r y w h e r e 
( L e b e s g u e m e a s u r e ) on the f r o n t i e r . Outs tanding c l a s s i c a l 
c o n t r i b u t i o n s to t h i s field can be a t t r i b u t e d to F . and M. R i e s z , 
R. Nevan l inna , L u s i n , Pr ivaloff , F r o s t m a n , P l e s s n e r , and 
o t h e r s , Dur ing the p a s t d e c a d e , t h e r e have been s e r i o u s 
a t t e m p t s to g e n e r a l i s e the c l a s s i c a l t heo r y in such a way as 
to inc lude ana ly t i c funct ions f rom a hype rbo l i c R i e m a n n 
su r f ace R (that i s , one which t o l e r a t e s a G r e e n ' s function) 
into an a r b i t r a r y R i e m a n n su r face R' . The m o s t e l a b o r a t e 
r e s u l t s in th i s d i r e c t i o n can be found in two p a p e r s , one by 
C o n s t a n t i n e s c u and Cornea [6] , hence fo r th to be des igna t ed 
by C - C , and the o the r by Doob [7]. Since the t e r m " c l u s t e r 
s e t " i s fundamenta l t h r o u g h th i s d i s c u s s i o n , we br ie f ly define 
th i s t e r m . Let f be a function f rom R into R ! and J* a 
f i l t e r of s u b s e t s of R. The c l u s t e r se t of f a long 3^\ 
denoted by C (f), is defined in such a way tha t p ! e C (f) if 

—;Ji Jh 

and only if p ' is a m e m b e r of the c l o s u r e of f (F ) for e v e r y 
a 

F € j ^ . 
a 

Both C-C and Doob employ the bounda ry of R. S. Mar t i n 
[10] , a s a fundamenta l too l , but Doob m a k e s use of the fine 
c l u s t e r se t of C a r t a n - B r e l o t - N a i m [11], and i ts a s s o c i a t e d 
l i m i t , w h e r e a s C-C a p p a r e n t l y in t roduce t h e i r own c l u s t e r set 
and l imi t . In Math . Rev iews (Vol. 23 , A1025), Doob c o m m e n t e d 
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tha t the c l u s t e r set of C-C was a c t u a l l y the fine c l u s t e r set of 
C a r t a n - B r e l o t - N a i r n . In th i s a r t i c l e , we sha l l show tha t the 
fine c l u s t e r set is a lways con ta ined in the C-C c l u s t e r se t , 
and tha t the two s e t s a r e i den t i c a l for a con t inuous funct ion, 
Doob1 s r e m a r k is t h e r e f o r e t r u e for ana ly t i c func t ions , but 
not in g e n e r a l . F o r e x a m p l e , the C-C c l u s t e r se t of a s u p e r -
h a r m o n i c function m a y s t r i c t l y con ta in the fine c l u s t e r se t . 
The following no ta t ion sha l l be emp loyed th roughou t : 

R, a h y p e r b o l i c R i e m a n n s u r f a c e . 

&, the M a r t i n b o u n d a r y of R, [10] . 

\ , the subse t of A c o n s i s t i n g of the m i n i m a l p o i n t s , 

R, the c o m p a c t m e t r i c s p a c e c o n s i s t i n g of the se t 
R LJ A » endowed wi th the M a r t i n m e t r i c , 
( [10] , p . 147). 

R' , any R i e m a n n s u r f a c e . 

A' , the M a r t i n b o u n d a r y of R' a s defined by C-C 
([6], p. 44). 

Rf , the c o m p a c t M a r t i n space R? O A' * 

f, an ana ly t i c function f rom R into R1 . 

1. The C - C C l u s t e r Set and A s s o c i a t e d L i m i t . Le t G 
be a r eg ion in R, 3 G i t s f r o n t i e r in R., and -q the iden t i ty 
m a p p i n g f rom G into R. Fo l lowing C - C , we define HP(G) 
to be the set of n o n - n e g a t i v e h a r m o n i c funct ions on G. 

The Set HP(n) , ( [6] , pp. 9 , 1 0 ) : In t h i s s e c t i o n , F i s 
defined tc e an open s u b s e t of G such tha t F i s r e l a t i v e l y 
c o m p a c t in R. We denote the f r o n t i e r of F , (which i s e n t i r e l y 
con ta ined in R) , by 3 F . F o r any u€ HP(G) we define u on 
à F a s fol lows: 

a = u on 9 F O G 

= o on 3 F O 3 G 
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At the n o n - i s o l a t e d points of 9 F , the function u is lower 

s e m i - c o n t i n u o u s and t h e r e f o r e r e s o l u t i v e ([12], p. 111). 
F 

Let H denote the g e n e r a l i s e d solut ion of the D i r i ch l e t p r o b l e m 
u 
* 

(Wiener function) on F which is defined by the bounda ry 
function u. We now define HP(rj ) C HP(G) to be 

HP(n) = { u€ HP(G): u E H on e v e r y F } . 
* 

The O p e r a t o r I ([6], p . 18). F o r any v € HP(R) , we 
~—• — — ~ ~ ~ G - — — — — — ~ ~ 

define I v = sup { u € HP(n) : u < v on G} . C-C have shown 
„ C r " — — — • — • — • • — • * • — 

tha t I v is i t se l f a m e m b e r of the set HP(n) . The t e r m 
G 

" i n v e r s e e x t r e m a l i s a t i o n " employed to d e s c r i b e th is o p e r a t o r 
c o m e s f rom K u r a m o c h i ([9]» p- 577). 

The Set A 1 (G) C A1 ([6], p. 40). 

Let |3 € A » and KA the a s s o c i a t e d m i n i m a l h a r m o n i c 
1 P 

function. Fol lowing C - C , we define A (G) = {p € A ' I K^ i 0} . 
1 1 G p 

F o r a given p e A , we define {G } to be the fami ly of open 
1 a 

s u b s e t s of R pos s e s s i n g the p r o p e r t y that p€ A , ( G ) for 
1 a 

e v e r y G in t h i s f ami ly . C-C have shown that {G } sa t i s f i e s 
a a 

the a x i o m s of a f i l te r b a s e on R ([6], p. 25). The f i l t e r on R, 
whose b a s e is {G }, shal l be denoted by the symbol $ 

a C-C 

The C-C C l u s t e r Set M (p) ([6], p. 46). 

We r e c a l l that f i s an ana ly t i c function f rom a hype rbo l i c 

R i e m a n n su r f ace R into an a r b i t r a r y R iemann su r face R*. 

Fol lowing C - C , we define M (p) to be the c l u s t e r set (conta ined 

in R' ) of f at p a long the f i l te r cE . Ac tua l ly C-C defined 

M,(P) = n f[G~y w h e r e c l o s u r e i s r e l a t i v e to R' . Hence fo r th , 
f a a 

we sha l l r e f e r to M (p) a s the C-C c l u s t e r set of f at p, and 
A ^ 

in the s p e c i a l c i r c u m s t a n c e w h e r e M.(p) r e d u c e s to a s ingle ton 
A A 

subse t of R' , we say that f p o s s e s s e s a C-C l imi t at p and 
^ ^ : , 

denote t h i s l imi t by f(p). 
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2. The F ine C l u s t e r Set of C a r t a n , B r e l o t , and Nairn, 
While it i s t r u e that s o m e of the fol lowing def in i t ions w e r e 
o r i g i n a l l y given in r e l a t i o n to c l a s s i c a l E u c l i d e a n s p a c e , such 
def in i t ions extend n a t u r a l l y to h y p e r b o l i c R i e m a n n s u r f a c e s . 

Thin Se t s ( [ l ] , p. 327). 
Let R be a h y p e r b o l i c R i e m a n n s u r f a c e , p € R and 

o 
E C H,. Fol lowing B r e l o t , we define E to be thin (effile) 
a t p if one of the following cond i t i ons i s s a t i s f i ed : 

(i) p i s i s o l a t e d ( r e l a t i v e to the u sua l topology) wi th 

r e s p e c t to the set E O { P } • 
o 

(ii) T h e r e e x i s t s a n o n - n e g a t i v e , s u p e r h a r m o n i c function 
V(p) on R p o s s e s s i n g the p r o p e r t y tha t V(p ) < l im V(p); 

o -—— 
/ P ""Pô 

p € E 
( l im m e a n s l imi t i n f e r i o r ) . 

P s e u d o - L i m i t ([2] , p. 29). 
B r e l o t ( [ l ] , p . 327) o b s e r v e d the fol lowing p r o p e r t i e s of 

thin s e t s ; 

(i) If E i s thin at p and E ' C E then E ' i s th in a t p . 
o o 

(ii) If E i s th in at p , and E i s th in a t p , then 
1 o 2 o 

E CJ E_ i s a l s o thin at p . 
1 2 o 

Let { E} be the fami ly of s u b s e t s of R such tha t e v e r y 
m e m b e r of { E} i s thin at p * R, and { R » E} the fami ly 

of the c o m p l e m e n t s of { E} . Then { R - (E ( J { p } )} 
o 

s a t i s f i e s the a x i o m s of a f i l t e r on R. Fol lowing B r e l o t , we 
define the p s e u d o - l i m i t of f at p to be the l imi t of f a long 

— — — — — o 
the f i l t e r { R « (E {J { p } )} p r o v i d e d tha t such a l imi t e x i s t s , 

o 

The F ine Topology of H. C a r t a n ([5] , pp. 236-237) . 
C a r t a n i n t roduced a topology on R defined to be the l e a s t 

topology that m a k e s the s u p e r h a r m o n i c funct ions on R con t inuous . 
He ca l l ed th i s topology the fine topology , and no t i ced tha t a set 
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N (2 R is a fine neighbourhood of p c R if and only if (R - N) 
o 

is thin at p in the sense of Brelot. The cluster set of f at 
o 

p along the filter of deleted fine neighbourhoods is defined to 
o 

be the fine cluster set of f at p , and if the fine cluster set 
, 0 

at p is a singleton subset, say { p' } C R' , then we say 
o o 

that p' is the fine limit of f at p . A function f has a fine 
o o 

limit at p in the sense of Cartan if and only if it has a pseudo» 
o 

limit at p in the sense of Brelot and the two limits are equal. 
o 

The Fine Topology of L. Na'im ([11], Chapt. 2). 

Let G(p, q) be the Green' s function of R and 

G(p, q) 
K(p, q) =—T r be the normalized Green' s function defined 

G(p,q ) — — — — 
o 

on (R - { q } ) X R, The Martin kernel function, denoted by o ——— — 
K(p, q) is defined on (R - { q } ) X R where K(p, q) is the 

o 
normalized Green' s function on (R - { q } ) X R, For any 

o 
mass distribution fj. on R, (a non-negative Borel measure), 
we define the function 

(J(P) S /"K(p,q)dn 
R q 

to be the Martin potential of the mass distribution u. We must 

keep in mind that {J is defined on R » { q } . On the subset 
o 

R » {q } of its domain of definition, however, 
o 

U ( p ) = fÇl2i3Ld[X = v(P) 
^ P ' R

J G(p,q ) \ ~ G(p,q ) 
R o o 

where V(p) is the Green potential of \±, and in particular a 

positive superharmonic function. 

In her thesis, L. Nairn defined a set E £ R to be thin 

at a point p € R if one of the following conditions is satisfied: 
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(i) p is an i so l a t ed point (in the M a r t i n topology) of the 

set E U { P } • 
o 

(ii) T h e r e e x i s t s a M a r t i n po t en t i a l {J (p) of s o m e m a s s 
d i s t r i b u t i o n p. on R such tha t ^J (p ) < l im O ( p ) -

o A 

p £ E 

A set E C R i s thin at p € R in the s e n s e of Nairn if 
o 

and only if it is thin t h e r e in the s e n s e of B r e l o t . Nairn p roved 
tha t R i t se l f i s thin at p € A if and only if p i s not a m i n i m a l 
point of \ , tha t i s p e (A - A ) ([l 1 ], p . 2 5 ) . 

1 

In o r d e r to be able to define p o t e n t i a l s of a m a s s d i s t r i b u 
t ion on R - {q } , Nairn ( [ l l ] , pp. 28-32) i n t r o d u c e d a new 

k e r n e l funct ion, denoted bv ©(p ,q ) , defined on (R - { q } ) X 
o 

(R - { q ) )• T h i s function h a s the p l e a s a n t p r o p e r t y of be ing 
o' 

s y m m e t r i c in both a r g u m e n t s . On the subse t (R - { q } ) X 

(R - { Q } ) of i t s domain of def in i t ion , © i s defined to be 
o 

e ( P ? q) = 
G(p,q) 

G(p,q ) G(q ,q ) ' 

and on (R - { q } ) X (R - { q } ), © i s defined to be 
o o 

©(P,q) 
K(p ,q ) 
G ( q , q 

Nairn ( [ l l ] , p- 30-32) shows how © can .be ex tended in the 

second a r g u m e n t to (R - { q } ) so tha t ©(p, q) i s l ower s e m i -

con t inuous in each a r g u m e n t . 

In the p a r t i c u l a r c a s e w h e r e R - { z: |z | < 1} , q = 0 ; then 

i , ie i -
G(z, o) s leg — , , K(e , z) = -—-

• z , it 

z , 1 - wz L-L-, G(z ,w) =Iog | , 
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Then 

0 ( z , w ) = - ^ ( Z , W >
 i on ( R - { o } ) X ( R - { o} ) , 

( l og T7i*(Iog~M) 

i9 
e ( e X 9 ,w) = K ( e ' W ) on A X (R - { o} ) , 

1 1 l og 

n/ i G i 0^ T K ( e l 6 , w ) 2 A Y A 

0(e , e ) = l im — — = - — - ^ " T o n A, X A . 
iP , 1 i i9 iP i^ 1 1 

w-*e log T—T e - e 

|wj ' ' 
F o r any m a s s d i s t r i b u t i o n JJL on R - { q } , Nairn defined 

o 
the function 

V{p) = fe(p,q)à^ 
( â - { q } > 

O 

to be the © poten t ia l of JJL on R - { q } . In c a s e JJL is only —. _ 0 

defined on R - {q } , then V(p) i s a M a r t i n po ten t ia l of some 
o 

m a s s d i s t r i b u t i o n on R - { q } . 
o 

Fol lowing Nairn ([11]), p . 40) we now define the fine topology 
A ' ^ ^ 

on R to be the l ea s t topology that m a k e s the © po ten t i a l s 
con t inuous . The fine topology of Nairn induces on R the fine 
topology of H. C a r t a n , and the f ron t i e r of R r e l a t i v e to th i s 
topology i s the m i n i m a l M a r t i n bounda ry A » Any se t N C R-
i s a fine ne ighbourhood of p € A if and only if R - ' N i s thin 

a t p. F o r an ana ly t i c function f f rom R into R' we denote 

the c l u s t e r se t of f at p € /\ a long the f i l t e r of fine ne ighbou r 

hoods a s the fine c l u s t e r set of f a t p . In c a s e th i s fine c l u s t e r 
— • > \ ! 

set r e d u c e s to a s ing le ton subse t of R' we say that f p o s s e s s e s 
a fine l imi t at p. 
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3. The (£ O p e r a t o r of B r e l o t and i t s Re la t ion to the 
I O p e r a t o r of C - C . A set E ( R i s defined to be poLar if 
t h e r e e x i s t s a n o n - n e g a t i v e s u p e r h a r m o n i c function V on R 
such, that l im V(q) = + oc for e v e r y p € E , and V(q) £ + oo, 

q - p 
A fmiction f on R that p o s s e s s e s a given p r o p e r t y e v e r y w h e r e 
on R except on (at m o s t ) a po la r subse t of R is sa id to p o s s e s s 
th i s p r o p e r t y qua s i - e v e r y w h e r e on R. F o r i n s t a n c e , we define 
V to be q u a s i - s u p e r h a r m o n i c on R if V i s s u p e r h a r m o n i c on 
R qua s i » e v e r y w h e r e . 

Let u € HP(R) , and G a r e g i o n in R. We now c o n s i d e r 
the set { V} of pos i t ive s u p e r h a r m o n i c func t ions on R p o s s e s -
s ine the p r o p e r t y tha t e v e r y m e m b e r of { V} d o m i n a t e s u on 
(R - G). The lower enve lope of { V} i s a q u a s i - s u p e r h a r m o n i c 

function on R denoted by — ([3], pp. 4 , 6). 

We now define — = Z on S C R w h e r e S i s the set on 
u u 

which ~ is s u p e r h a r m o n i c , S (p) - l i m 2 (q) for e v e r y 
u u u 

q-p p € R - S. 

^ G 
The s u p e r h a r m o n i c function 2 i s said to r e g u l a r i z e 

G ° — — — -
2 , and c o i n c i d e s with the s u p e r h a r m o n i c function £ ca l l ed 

u u 
the e x t r e m a l of u on G by B r e l o t ([3], pp. 6, 10). The function 

\ 
£° = HG on G , 

u u 
> 

£ u qua s i - e v e r y w h e r e on R - G 

G 
w h e r e H i s the g e n e r a l i z e d so lu t ion of the D i r i c h i e t p r o b l e m 

u 
on G defined by the boundary function 

i = u on 3 G (boundary of G in R) . 

r. o on '" (one point c o m p a c t i f i c a t i o n of R). 
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It is common nowadays to refer to £ as the extremalisation 

operator of Brelot. 

We now prove a theorem that relates the I Operator of C-C 

with the £ operator of Brelot. 

It is to be noted that C-C ([6], p. 21, Hilfsatz 4) have proved 

a similar result. 

THEOREM 1. For any u€ HP(R), it follows that 

u = I u + £ on G, where G is any region in R. 

Proof. Let us define V = u. ™ £ on G, remembering 

that <£ =H on G, and let F be an open subset of G which 
u u 

is relatively compact in R. We shall first establish that 

V € HP(n) and hence V < I u. 
~" G 

We now define 

V = V on 9 F O G 

= 0 on 9 F O 3 G 

and compare V with H on F. For any regular point 

* G 
p € 8 G ([4], p. 4) it follows that lim H = u(p), and therefore 

u 
lim V = 0. Therefore V = V on the regular points of 9 F, 

q-P F 

and V=H on F ([4], p. 1). It follows that V € HP(n)5 and 

that u - £ < I u o n G b y definition of I u. 
u ~ G y G 

Proceeding in the other direction, we shall establish that 
C 

£ S u " *<~u o n ^° Since I u € HP(-n), and since 

lim I u < + oo for every p € 3 G, (because I u < u on G), 
G G — 

q-̂ p 

67 

https://doi.org/10.4153/CMB-1965-008-5 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1965-008-5


t h e r e f o r e l im I u - 0 for e v e r y r e g u l a r p e 3 G ([3] , p, 10). 
G 

q - p 

Hence tlie bounda ry b e h a v i o u r of (u - I u) i s the s a m e a s that 
G 

of u at the r e g u l a r po in t s of 9 G. By the ( lower ) e x t r e m a l 
^G G 

p r o p e r t y of £ (and hence H ) on G, it fol lows that 
u u 

£ < u - I u on G, or that u - £ > I u. 
u — G u — G 

Combin ing t h i s l a s t r e s u l t with an e a r l i e r one , it fol lows 

that u =. I u - £ on G> 
G u 

4. The Re la t ion Be tween the C-C C l u s t e r Set and the 
F ine C l u s t e r Set. In o r d e r to p rove our m a i n r e s u l t we r e q u i r e 
the following t h e o r e m of Nairn ([11], p. 27, T h e o r e m 5). 

THEOREM 2. A set E C R is thin at p € A if and 
1 

( R - E ) 
only if K k £ on ( R - E ) , w h e r e K^ i s the m i n i m a l 

S K A p 
P 

h a r m o n i c function a s s o c i a t e d with p . 

We a r e now in a pos i t ion to p rove tha t the C-C c l u s t e r set 
a l w a y s con ta in s the fine c l u s t e r se t . 

T H E O R E M 3. The C-C c l u s t e r se t c o n t a i n s the fine 
c l u s t e r set of Nairn at p € A for any function g f r o m R 

into R ! , 

Proof . JLet G be any r eg ion in R which i s a m e m b e r 
of the f i l te r o at p . Then I KA % 0 on G, and by 

- C - C G G p 
Theoremi 1 , K* % C on G. It i s a c o n s e q u e n c e of T h e o r e m 2 

p K/v ~ — — — — • — — — — — — -
P tha t (R-G) i s thin at p} 

ne ighbourhood of p. It 

con ta ined in the f i l te r of 

and hence G i s a d e l e t e d fine 
fol lows tha t the f i l t e r $̂ _ r a t p is 

C -C 
fine n e i g h b o u r h o o d s of p r e l a t i v i z e d 

to R. T h e r e f o r e the fine c l u s t e r se t of g a t p i s con ta ined 
in the C-C c l u s t e r set of g at p. 

We now o b s e r v e that the two c l u s t e r s e t s a r e not in g e n e r a l 
equ iva l en t . Let R - { z : |z j < 1} , and g(z) be defined a s follows 
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( g(z) = 0 on the r a t i o n a l points of R , 

= 1 on the i r r a t i o n a l points of R -

Since the set of r a t i o n a l points is thin at e v e r y bounda ry 
i0 i0 

point e of R, g h a s the fine l imi t 1 at e . But the 

r a t i o n a l s a r e d e n s e in R, so the C-C c l u s t e r se t of g at 

e 1 9 i s {0} U { 1 } -

We now give an e x a m p l e of a s u p e r h a r m o n i c function 
^ ( z ) on R, w h e r e 0 ( z ) ^ a s a fine l imi t at z = 1, but the 
C-C c l u s t e r se t of U at z = 1 s t r i c t l y con ta in s the s ingle ton 
fine c l u s t e r s e t . Let \i be a m a s s d i s t r i bu t ion on R such 
tha t \i({ q } ) = c > 0 w h e r e q is an a r b i t r a r y r a t i o n a l point 

i i i 
of R, and \±(yf) = 0 w h e r e s the se t of i r r a t i o n a l po in t s of 
R. Then the M a r t i n po ten t i a l of th i s m a s s d i s t r i b u t i o n i s 

( J ( z ) = S c. K(z ,q . ) 
i = l l 

on R w h e r e K ( z , q . ) i s the n o r m a l i z e d G r e e n ' s function on R. 
l 

If O ( z ) ^ + o o then {J (z) i s a s u p e r h a r m o n i c function on R. 
00 

i0 i8 
On the M a r t i n b o u n d a r y of R, \ J ( e ) = 2 c. K(e , q.) w h e r e 

i - 1 
i9 

K(e , q.) i s the P o i s s o n K e r n e l function. We now choose the 

set { c . } such tha t 

oo 1 - |q . I 
U d ) - 2 c. - i r 

1 , \L 
i = l | l - q . | 

i s a f inite n u m b e r , say A. 

B e c a u s e {J (z) i s con t inuous in the fine topology, t h e r e f o r e 
the fine l im (^J(z) = A, or the fine c l u s t e r set of U ( z ) at z = 1 

z-*l 
i s { A } . Since {J (q ) =+ °Q for a l l r a t i o n a l po in t s , t h e r e f o r e 

i 
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the C-C c l u s t e r sel oï U ( z ) at z ~ 1 is [A, +oc]. 

We shall now p rove that if g(p) is a con t inuous function 
f rom R into R' then the fine c l u s t e r set of g at p € A is 

i den t i ca l to the C-C c l u s t e r set M (p). 
g 

THEOREM 4. Let g(p) be a con t inuous function f rom 
c R' . Then the fine c lu s t e 

the C-C c l u s t e r set M (p) (_ RT . 

R into R' . Then the fine c l u s t e r set of g at p € A is 

Proof. Let q! e M (p), and N a c l o s e d ne ighbourhood 
_____ _ g „ j _ 

of c ' . Since g is con t i nuous , g (N) i s c lo sed in R. If 
- 1 —- ^ - 1 — 

the set g *(_\~) w e r e thin at p , then R - g (N) would be a 
f ine , open (usua l topology) ne ighbourhood of p, and th i s would 

-1 — 
c o n t r a d i c t the de t in i t ion oi q! . It fol lows tha t g (K) cannot 
be thin at p € A. . 

We now- let F be any fine ne ighbourhood of p. Since 
» 1 —- A - 1 — 

g (N) is not thin at p it follows that g (N) O F i 0. The 
e q u i v a l e n c e of the two c l u s t e r s e t s fol lows i m m e d i a t e l y . 
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