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J. A. E r d o s proved r ecen t ly [ l ] that eve ry s ingular m a t r i x over 
a field F is a p roduc t of idempoten t m a t r i c e s . He gave two proofs , 
one valid for m a t r i c e s which a r e s i m i l a r to t r i angu l a r m a t r i c e s and 
the o ther valid in g e n e r a l . We sha l l give a s imple g e o m e t r i c proof of 
the above r e s u l t . Instead of m a t r i c e s we use l inear o p e r a t o r s . M o r e o v e r 
we get an expl ic i t f ac to r i za t i on in t e r m s of p r o j e c t o r s ( idempotent 
o p e r a t o r s ) . 

Let A be a s ingular l inear o p e r a t o r in n - d i m e n s i o n a l vec to r 
space V over F . By a wel l known decompos i t ion t h e o r e m 
([2], p . 189) V d e c o m p o s e s into a d i r e c t sum 

V v ^ . - . e v 

such that each subspace V. is A-cyc l i c and the m i n i m a l po lynomia l 

of the r e s t r i c t i o n of A to V. i s a power of a p r i m e polynomia l over F . 

Since V. i s A-cyc l i c it has a b a s i s e. (j = 1, . . . . m ) such that 
i y j VJ i' 

e A e V. and e. A = e for j = 2, . . . . m . 
1 i j j - 1 J i 

1 
A being s ingu la r , we can a s s u m e that e A = 0. The v e c t o r s 

e. (i = 1, . . . , k ; j = 1, . . . , m. ) f o rm a ba s i c se t of V. If e is any of 

these v e c t o r s let V(e) be the (n - 1 ) - d i m e n s i o n a l subspace of V 

spanned by al l ba s i c v e c t o r s e. except e. If x € V(e), we define 

P(e , x) to be the ope ra to r which m a p s e onto x and leaves V(e) 
po in twise f ixed. It i s obvious that P(e , x) i s a p r o j e c t o r of null i ty 1. 
If 

P 0 = P ( e ^ ; ) P ( e ^ e ^ ) . . . P ( e ^ . e ^ ) , 

(1) 
1 1 

P . - P(e* e J ) P ( e ' e 1 J P ( e ' e ' ) . . . P ( e 1 , e1 J P f e ^ e V ) 
l 1 1 2 1 3 2 m . m . - l 1 1 

l l 

for i=2, . . . , k, then we c l a im that 
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(2) A = P ( e 1
1 . 0 ) P 2 P 3 . . . P k P 0 . 

This is easy to ver i fy s ince both s ides in (2) have the s a m e effect 

when applied to b a s i c v e c t o r s e . . 
J 
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