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Abstract

Random (pseudo)graphs Gy with the following structure are studied: first, independent
and identically distributed capacities A; are drawn for vertices i = 1, ..., N; then, each
pair of vertices (i, j) is connected, independently of the other pairs, with E (i, j) edges,
where E (i, j) has distribution Poisson(A; A ;/ 21]{\;1 Ag). The main result of the paper
is that when P(A| > x) > x T where T € (2, 3), then, asymptotically almost surely,
G n has a giant component, and the distance between two randomly selected vertices of
the giant component is less than (2 + o(N))(loglog N)/(—log (tr — 2)). Itis also shown
that the cases t > 3, T € (2,3), and 7 € (1,2) present three qualitatively different
connectivity architectures.
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1. Introduction

In their classical paper [8], Erdos and Rényi considered a graph process with N vertices
that starts with no edges. Edges are then added one by one between randomly selected pairs
of vertices. The most exciting phenomenon in this process is the sudden appearance of a
giant connected component at a certain critical point. The model of Erdds and Rényi was
the starting point of the theory of random graphs, which has grown in many directions and
found applications in different parts of science. Mainly, however, random graphs are of purely
mathematical interest. They can be applied as models for connection structures that are too
complicated to be studied in full detail, and which require a statistical approach if any general
characterization and understanding of the object is to be obtained.

One feature that is characteristic of most of the older random graph models is a certain
homogeneity, in the sense that the vertices have roughly similar roles in the random network.
The degree of a randomly chosen vertex often has an approximately Poissonian distribution.
However, many real-world networks — social networks in particular — display a strong hetero-
geneity that is reflected in a heavy-tailed distribution of vertex degrees. For reviews in this
field, see [3] and [14]. Since the 1990s, the Internet has both provided new tools for studying
such often huge networks and itself served as a highly interesting object of study.

There are (at least) two types of model that yield highly variable vertex degrees. One class
comprises the preferential growth models, where the graph grows from a single initial vertex and
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each new vertex tends to get connected to others that are already big, rather than to small ones.
A pioneering contribution in this direction was the model proposed by Barabasi and Albert [2],
whose idea has then been developed further in many modifications. Rigorous results were
obtained by Bollobds and Riordan (see [5] and references therein).

Another class consists of models in which the vertex degrees are taken directly as the starting
point. Again, there are several variants. Most of them are in fact pseudographs, because multiple
edges between the same pairs of vertices and loops from a vertex to itself are not prevented.
Molloy and Reed [12], [13] defined the notion of a feasible degree sequence and studied the
conditions for a giant component to appear when the graph is randomly chosen among all
graphs with that degree sequence. Aiello ef al. [1] continued in this direction, focusing on
power law sequences. Newman et al. [15] assumed there to be independent and identically
distributed (i.i.d.) random degrees and added one vertex with degree 1 if the sum of the
degrees happened to be odd. Their paper focused on the typical distances between vertices
belonging to the giant component and showed it to be at most logarithmic in N. Reittu
and Norros [16], [17] considered the model of [15] and showed that, for a power-tailed
degree distribution with infinite variance, these distances were in fact only of order loglog N.
Chung and Lu [7] proved a loglog N asymptotics in a model that assumed a power law
sequence of ‘expected degrees’ di, ..., dy, and connected vertices i and j with probability
did;/ Z/I(V: 1 di (assuming a cut-off d; < const. VN, guaranteeing that these numbers do not
exceed 1). Recently, van der Hofstad ef al. [19], [20] and Hooghiemstra and van Mieghem [9]
have improved the result of [ 17] considerably by identifying the limit distributions of the distance
between two vertices of the giant component in the following three qualitatively different
cases of degree distribution: finite variance, finite mean plus infinite variance, and infinite
mean.

The present paper introduces a new variant of the latter class of model that is a kind of
hybrid of the models of [15] and [7]. The idea is as follows: since in many of the above-
mentioned models the number of edges joining two disjoint sets of vertices are approxi-
mately Poisson distributed given their degree sums, we propose to define them to be exactly
Poissonian, conditioned on some mean values. It turns out that this approach yields a very
pleasant mathematical structure that, moreover, can be embedded into a simple growth model.

The paper is structured as follows. In Section 2 we present the model, in Section 3 we study a
coupling of neighborhood shells to a branching process, and in Section 4 we present the results
on the asymptotic architectures.

2. Model definition

Let A = (A1, A2, ...) be a sequence of independent, strictly positive random variables
with a common distribution function F. As usual, A (without a subscript) denotes a generic
random variable with distribution function F'. We assume throughout that E[A;] < oo and
P(A > 1) = 1 (the latter assumption is not essential but sometimes convenient). In the graphs
that we shall define below, A; will represent the mean degree of vertex i. Let us call A; the
capacity of vertex i.

In the construction that follows, the sequence (A;) can be thought to be drawn first; proba-
bilities defined thereafter are sometimes understood to be conditioned with respect to A, even
without writing this explicitly (when it is clear from the context). The total capacity of the
vertices in {1,2, ..., N} is denoted by Ly = ZZN=1 A;. While conditioning on the sequence
A, let us define a sequence of random (pseudo)graphs Gy, N = 1,2, ..., as follows (here
‘pseudo’ means that we allow multiple edges between a pair of vertices, and loops from a
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vertex to itself; we suppress the word ‘pseudo’ from now on). The set of vertices of Gy is
{1,..., N}. Denote by Ex(i, j), i, j € {l,..., N}, the number of edges joining vertices i
and j in Gy. The sequence of graphs is generated inductively through the following growth
process:

Step 1. E1(1, 1) is a random variable with distribution Poisson(A1).

Step N + 1. G4 is the same as G except for the following changes.

(i) Addition of new edges to the new vertex N + 1: fori = 1,..., N 4+ 1, the number
En+1(, N + 1) is a Poisson random variable with mean

A; A
E[Eys1 (. N + 1)] = ==Y+
Lyyi

independent of the previously drawn edges.
(i1) Thinning of the old edges: each edge of Gy is removed independently with probability

Ly
Lyyi

PN+1=1—

We denote by i <>x j the event that vertices i and j are connected with an edge in G y.
If U and V are subsets of {1,..., N}, U <>y V denotes the event that some vertex in U is
connected to some vertex in V by an edge in Gy .

Denote by Dy (i) the degree of vertex i in G y:

N
Dy(i) =Y En(. j).

j=1
Thus, in determining the degree of a vertex, we count a loop only once.
Proposition 2.1. Conditionally on A, the following assertions hold for each N.
(1) The distribution of En (i, j) is Poisson with mean

Ai A

E[EnG, j) | Al= Iy

(ii) The distribution of Dy (i) is Poisson(A;).
(iii) The numbers of edges joining different pairs of vertices are independent.
Proof. The claims hold with N = 1. Assume that they hold for a general N, and consider

G n+1. Assertion (i) holds by definition when j = N + 1. For i, j < N, note that independent
thinning retains Poissonianity. The induction hypothesis thus implies that

E[EN+1(, j) | Al= (1 — pn+1D) EIENG, j) | Al
Ly AiA; _ Ai A

= , i,jel{l,...,N}L
Ly+1 Ly Ln+

Assertion (iii) also follows from the induction hypothesis, since the thinning probability is
independent of any edges, and the edges to vertex N + 1 are drawn independently of previously
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drawn edges and each other. Assertion (ii) follows from assertions (i) and (iii) since a sum of
independent Poisson random variables is Poisson and

=

E[Dy(i) | Al = ZE[ENO N1 A=
Jj=1 Jj=1

3. Coupling to a branching process

The neighborhood shells around a vertex of a random graph often have a close resemblance
to the subsequent generations of a branching process. This section analyses the neighborhood
shells in our model, and their coupling to a related branching process.

Assume that the sequence A has been generated and that probabilities are conditioned on
it. For each N, we define a marked branching process, i.e. a branching process where each
individual is associated with some element of a mark space, which in this caseis {1, ..., N}, the
set of vertices of G y. More specifically, let us define a process (Z, J) = (Z,,, (J4.i)), where Z,,
is the size of generation n and J,,; € {1, ..., N} is the mark of member i of generation n. We
set Zop = 1 and take Jp ;| from the uniform distribution uniform(l, ..., N). The process then
proceeds so that, foreach j = 1, ..., N, anindividual bearing mark i gives birth independently
to a Poisson(A; A j /L y)-distributed number of members of the next generation, each bearing
mark j.

Now consider the graph Gy, and randomly choose (from uniform distribution) a vertex io.
Recursively define the neighborhood shells, N, of i as follows:

MNo(io) = {io},

k c
Ney1 i) = {j € (U M(io)) e Nk<io>}.

=0

Proposition 3.1. Let (Z, J) be the marked branching process defined above. Define a reduced
process by proceeding generation by generation, i.e. in the order Jo1; Ji,1, J1.2, ..., J1,7,;
J2.1, ..., and pruning (that is, deleting) from (Z, J) each individual whose mark has already
appeared, together with all its descendants (which are not individually considered for pruning).
Denote the resulting finite process by (Z, ), and let gik be the set of marks in generation k
of the reduced process. Then the sequence of the sets jk has the same distribution as the
sequence Nk.

Proof. We proceed by induction. By definition, ig and Jy 1 have the same (uniform) distribu-
tion and jo = {Jo.1}. It is clear that the reduced process can also be generated simultaneously
with (Z, J), by deleting each new individual whose mark has already been seen without letting
it reproduce. Let us do this, and assume that generation n has been fully generated and is
identical in both processes, and that the same holds for the children of the first i members of
generation n. It now suffices to show that we obtain a similarly distributed result for the children
of member i + 1.

First consider the graph neighborhood process. Here we need only consider vertices that
have not yet been reached. With probability 1 — exp(—A; A j/Ln) there is at least one edge
between each such vertex, j, and the present vertex. Moreover the numbers of edges to different
vertices are independent, by assumption. In the branching process, on the other hand, for each
j = 1,..., N the corresponding individual produces a Poisson(A Joien A j /L y)-distributed
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number of offspring each bearing mark j. For different js, these numbers are independent.
The pruning then removes all vertices whose marks were generated in previous steps, and also
all newly generated duplicates. Clearly, the set of remaining marks is distributed in the same
way as the above-described set of new neighbors in the neighborhood process.

We now make a very useful observation: the number and the marks of the children of an
individual in (Z, J) can be generated independently. This follows from the properties of the
Poisson distribution. Denote by g the distribution

. Aj .
gn(j) == —, j=1...,N,
Ly

and introduce another marked branching process, (Z,,, (f,,, i)). In this process, Zo and f(),]
are defined as before but then we proceed as follows. We define Z; to have the distribution
Poisson(A j, ;). Each individual of a generation greater than or equal to 1 is given a mark J
from the distribution gy, independently of everything that happened before, and then produces
a Poisson(A y)-distributed number of children. Thus, after the first generation, the process (Z )
is a standard Galton—Watson process with the mixed Poisson (‘doubly stochastic’) offspring
distribution Poisson(A y), J ~ gn-.

Proposition 3.2. The processes (Zy, (J,.;)) and (Zn, (fn’,-)) are stochastically identical. In
particular, conditionally on

o{Zo,.... 2Zn; Jri, k=0,....n—=1,i=1,...,Z},

the marks of generation n in (Z,, (Jn,;)) are i.i.d. random variables with distribution qy.

Proof. Fix n, and assume as an induction hypothesis that the nth generation of each process
has been generated and that these generations are identical. Foreachindividuali € {1, ..., Z,},
denote by N; ; the number of its offspring bearing mark j. Furthermore, let 1\71-, j be the number
of offspring bearing mark j when the total number of offspring is first drawn from the above-
mentioned doubly stochastic distribution and each child is then independently given a mark
according to the distribution g . Itis straightforward to check that N; ; and N ;,j areidentical in
distribution. Since in both processes the reproduction of each individual happens independently
of other individuals, the (n + 1)th generation has the same distribution in both processes. Thus,
the assertion follows by induction.

Remark 3.1. In fact, the Poisson distribution allows us to remove the explicit branching
altogether: we would obtain the same process by drawing the size of the (n + 1)th generation

directly from the distribution
Z

Poisson (Z Ajn_l,)

i=1
and then giving each individual an independent gy -distributed mark.

Remark 3.2. Denote by 7* the mixed Poisson distribution Poisson(I"), where I" is a random

variable with distribution
xP(A € dx)

P e dx) = =N

Obviously, the distribution of Poisson(A ;w)), J N) ~ gn, converges to 7r* in probability.
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For each N, let JI(N), JZ(N), ... bei.i.d. random variables with distribution g, and let J, (N)
be a random variable with uniform distribution on {1, ..., N}, independent of the previous ones
(we usually suppress the superscript ‘(N)’, to simplify the notation). Let

v=v(N) =inf{n: J, = J,, for some m < n},

L. 3.1
A = A(N) = sup{n > 0: J, is used in the construction of (Z, J)}.

Thus, v is the first time that a vertex is encountered a second time and A is the time at which
the branching process dies, i.e. the time at which the last survivor is drawn to be childless.
Note that ‘time” here refers to the index of the sequence J,,, with which we generate the process
z, .

It is crucial in some of the following proofs that the coupling between the neighborhood
shells and the branching process lasts long enough, i.e. that v is sufficiently large with high
probability. The following lemma provides an appropriate estimate in the case of a power-tailed
distribution of vertex capacities.

Lemma 3.1. Either
(i) assume that E[A?] < oo and let n € (0, %), or

(i) assume that
P(A > x) = L(x)x~ ",
where T € (2,3) and L(x) is a slowly varying function (i.e. limy_.o L(cN)/L(N) =1
foreveryc > 0), andletn € (0, (t —2)/(tr — 1)).
Moreover, let y = y (N) be a natural number such that y(N)/N" — 0as N — oo. Then

lim P(v >y | A) =1 almost surely.
N—o00

Proof. With V,, =Y Ay, we have

14
PO <y|A) =) Pu=n|A)

n=1

14
=ZE[P(u=n | Jos ey Jne1; A) | A]
n=1
14
=Y E[Pw=n|Jo..... Ju_1: A)
n=1

xPv=n|v=n;Jo,....,Ju—1: A) | A]

14
o 4= 4]
SZE[ A|<yE A
n=1 LN LN
2
14
<2 _E[Ay | A
= LN [ J1 | ]
)/ N
:TZ (3.2)
N i=1
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The last inequality follows from the fact that E[A j, | A? < E[A%O | A]. Under hypothesis (i),
the last expression converges to 0 simply by the law of large numbers. Under hypothesis (ii),
we choose a number @ € (1/(2(1 — 7)), (r — 1)/2); since then,

PAX > x) = L(x/ 20— (@=D/Ce),

we have E[A2Y] < co. Now, by (3.2) and the subadditivity of x*, & < 1, we find that

N2 &
PO(N) < y(N) | A) < V(L%V) YAl
i=1

IA
<
Sl =
N
(3]
4 S
i[>
>
)
Q
N————"
Z
=}

N
BRI EANES SRR
TNz Ly N &= '
The first factor goes to 0 and the two others converge almost surely to positive constants by the
law of large numbers.

4. Asymptotic architectures

Let us assume that
P(A > x) =x""HLx), .1

where T > 1 and L(x) is a slowly varying function. In this section we show that the three
parameter regions 7 € (1,2), T € (2, 3), and T > 3 correspond to three qualitatively different
asymptotic connectivity structures, or architectures, of the graphs G y (we have not considered
the boundary cases T = 2 and t = 3; however, Bollobas and Riordan [6] already have a result
in the case T = 3 in a related model). Each of these cases is considered in its own subsection.
The most intricate case is T € (2, 3), where we present a modification of the ‘soft hierarchy’
proof of [17]. The other cases are much more easy to treat.

4.1. Preliminaries

We are mostly interested in properties that a large graph has asymptotically almost surely
(a.a.s.). This means the following. Let A®\) be the event that the random graph Gy has a
certain property A. We say that A a.a.s. occurs if

lim P(AM) =1.
N—oo

As an example of the use of this notion, we say that the graph process Gy a.a.s. has a giant
component if there exists anumbera € (0, 1) such that the cardinality of a connected component
of Gy is a.a.s. greater than aN.

As another example, if E[A] is finite then the weak law of large numbers states that the total
number of edges is a.a.s. approximately proportional to N. This is the context of the following
lemma.

Lemma 4.1. Assume that E[A] < oo. Forany n > 0,

N
ZAi € [(E[A] — n)N, (E[A]l + n)N] a.a.s.

i=1
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It is also useful to note the following obvious facts.
Lemma 4.2. IfP(AN) | A) — 1 in probability, then AN a.a.s. occurs.

Lemma4.3. Let ¢, ¥ : N — R be functions such that $(N) — oo and Yy (N) — oo, and
assume that the limit

N
lim W( ) =a € [0, o]
N—o00 ¢(N)
exists. Then
1 Y (N)
lim (1 — —> =e “e[0,1].
N—o00 ¢ (N)

We can now turn to the graphs G . The following lemma shows how large the aggregated
capacities of two sets of vertices must be in order a.a.s. to have a connecting edge between
P . oy
them. By ‘—’ we denote convergence in probability.

Lemma 4.4. For each N, let UY) and V™) be two o{A1, ..., Ay}-measurable, disjoint,
random sets of vertices. Denote their aggregated capacities by

FM= 3" A, GV= )" A

ieUWN) jev)
() FFNMGM /Ly > oo then UN) <y VIV gas.
Gi) FEFNMGM /Ly > 0then UM 4y VIV q.as.
(iii) IfE[A] < oo then in the previous conditions Ly can be replaced by N.

Proof. Conditioned on A, the number of edges joining a vertex in U™ to a vertex in V),
say Exy (U™, V(¥ has conditional distribution

FN G
LENUN vy | A) = Poisson(—),

N

which implies the first two assertions. If E[A] < oo, then Ly € [(E[A] —n)N, (E[A]+n)N]
a.a.s. for any positive 7 (see Lemma 4.1) and FN)G™) /Ly converges in probability to co and
0 in the cases (i) and (ii), respectively. It follows that the conditional probability

PUWN) <y VIV | A)
converges in probability to 1 and 0 in these respective cases.

4.2. The T > 3 case: finite variance

Let 7 > 3 and assume only that P(A > x) < x~**! for large x. Thus, distributions with
tails lighter than power-tailed are included.

Let X be a random variable with the distribution 7 * (see Remark 3.2). Then E[ X "‘] 1s finite
for some o > 1. If addmonally ¢ := E[X] > 1, then a Galton—Watson process Z ) with
offspring distribution 77* has a positive probability of living forever. It is a natural conjecture
that the graphs G y a.a.s. have a giant component if and only if ¢ > 1, and that the relative size
of this component approaches

o0
1 =) "P(Poisson(A) = j) P(ZZ" = 0)/.
j=1

https://doi.org/10.1239/aap/1143936140 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1143936140

On a conditionally Poissonian graph process SGSA e 67

Indeed, a corresponding result holds for the rather similar model considered in [19]. However,
we leave this conjecture unproven and just show, by a short argument, that it is not possible to
reach a positive fraction of the vertices by many fewer than log, N steps. Thus, if there is a
giant component, its asymptotic architecture is ‘flat’ compared with the ‘hierarchical’ structures
found in the two other cases (see Subsections 4.3 and 4.4).

Proposition 4.1. Let n € (0, 1). The set of vertices reachable from a randomly chosen vertex
Joof Gy in |nlog. N steps is negligible in the sense that

| Loz V) .
~ Z card(N, (Jo)) — O.
n=0

Here |-] denotes the greatest integer less than or equal to its argument.

Proof. Choose tbe distribution of a random variable X such that @) E[f( *] < oo for some
a > 1, (ii) ¢ := E[X] satisfies nlog ¢ < logc, and (iii) the events

A = {Poisson(A ;) <g X}, JM ~ gy,

occur a.a.s. This choice is possible because the mixed-Poisson random variable converges to
7* in distribution.

Fix N, and start the neighborhood process and the coupled marked branching process (Z, J)
as in Section 3. Given that Z; = Dy (Jp), we can write Z,, = Z ! Zr(ll) 1» 1 > 1, where the
79 are independent branching processes with Z(()l) = 1. Using a pathw1se coupling argument,
the processes Z) can be respectively majorized on Ay by independent branching processes
7 with offspring distribution £(X). By standard results on branching processes, the scaled

processes W(l) Z, 7\ /" are uniformly integrable martingales with integrable limit variables

5 (i)
lim ZL = W(’)

n—oo ¢n
Bya classmal martlngale result, the suprema WO = W( ) are almost surely finite as well.
Thus, the Z ) cannot grow faster than powers of ¢: Z, ( < W®O*an With k = |n log. N ], on

Apn we have
Dn(Jo) k

anrd(wn(fo)>< > >z

i=1 n=0
Dy(Jo) k

2. 2.z

i=1 n=0

IA

IA
™
=
¥
]
|
-

< YanogE/logc,

where Y = Zi NI(JO) W@D*g /(c—1)is afinite random variable whose distribution is independent
of N.

The assertion now follows, since the exponent of N in the last expression is less than 1 and
since Ay occurs a.a.s.
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4.3. The T < 2 case: infinite mean

Assume that
P(A > x) =x"T'L(x),

where 7 € (1, 2). Asin [18], the asymptotic architecture is the following: there is a completely
connected ‘core’, to which all vertices of positive degree are directly connected. In particular,
there is a giant component whose relative size is P(Poisson(A) > 0) = E[1 —exp(—A)]. Here
is the exact result.

Theorem 4.1. Assume that Tt € (1,2) and fix an arbitrary number § € (%, 1). Then

(1) a.a.s., a randomly chosen vertex either has degree 0 or is directly connected to the set
Cs:={i <N:A; > N/ Dy;

(i) two randomly chosen vertices of Cs are a.a.s. connected with an edge.

Proof. Since E[A?] < oofor p < t — 1 and E[A”] = oo for p > 7 — 1, a generalized law
of large numbers [11, Theorem 3.23, p. 51] implies that Ly /N /P converges almost surely to
Ofor p <t —1andtooofor p > v — 1. Thus,

Ly € (NU=0/G=D N+m/G@=Dy 5555, 4.2)

for any n € (0,1). Define A(x) := Al{a<y), Where 1, is the indicator function. By
Karamata’s theorem (see, e.g. [4, Proposition 1.5.8]),

2L(x)x3fr.
-1

L0 2 Ba~

E[A(x)] ~
[A(x)] >
Using these estimates, it is straightforward to show that

ZtN:l Ail{p, <nora—ny

NIHC-—1)/(t=D [ (NS/(t=1)) —->2—-1, asN — oo,

in L2, and thus also in probability. Now, since § < 1, we have

52 —1) 1
<

1 .
+ T—1 T—1

Using this together with (4.2), we see that the total capacity of the ‘core’ Cs is asymptotically
arbitrarily much larger than the capacity of its complement, and the first assertion follows.
Since § > %, the second assertion follows from Lemma 4.4 and (4.2).

Corollary 4.1. (Cf. [18].) If t < 2 then the distance between two randomly chosen vertices of
nonzero degree is a.a.s. either 2 or 3.

4.4. The T € (2, 3) case: finite mean and infinite variance

In the case T € (2, 3), in which the vertex capacity distribution has a finite mean but an
infinite variance, we find the most interesting asymptotic architecture. As in subsection 4.3, a
‘core network’ plays a crucial role in the connectivity. Now, however, it is not totally connected,
but has an internal structure.
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Since our result is only an upper bound for the distance between two randomly selected
vertices, let us assume for simplicity that

PA>x)>x"T  x>1. (4.3)
If the distribution of A satisfies (4.1), then a slightly larger value of 7 satisfies (4.3) for large
x, and only the asymptotics plays a role in our proof of the following result.
Theorem 4.2. Let t € (2, 3) and assume that (4.3) holds. Let

loglog N
= K(N) = | —e 2|
—log(r —2)
where [-] denotes the least integer greater than or equal to its argument. Then

e the graph Gy a.a.s. has a giant component;

e the distance between two randomly chosen vertices of the giant component is almost
surely less than 2k*(N)(1 + o(1)),

e in probability, the relative size of the giant component approaches the value

o0
1— ZP(D = j)H)P(ZE) =0y,
j=1

where D has the conditionally Poissonian distribution of Proposition 2.1 and Z,(,”*) isa
Galton—Watson branching process with offspring distribution w*.

The rest of this section is devoted to the proof of Theorem 4.2.
Let us fix an increasing function £ : N — R with the following properties:

L(N) ¢(N)
(1) =1, —— >0 and ——— > 00 asN — oo.
logloglog N loglogloglog N

We will sometimes write log? x = log log x, for example.

The following N-dependent definition of a ‘small number’ turns out to be very useful:
_un
" logN’

e(N)

In particular, note that, as N — oo,
e(N) =0 but NDMN =W 5 o,

4.4.1. Reachability functions and the core. When t < 3, vertices with high capacity turn out
to play a central role in connectivity. Whereas in the case T < 2 almost all vertices of the
giant component had a connection to the vertex with highest capacity with at most two steps,
a less trivial hierarchical structure builds up in the case T € (2, 3). Loosely speaking, a typical
vertex of some given large capacity u = N has edges to vertices with still higher capacities,
up to order N/ (T=2=€(N) byt not to vertices with capacities higher than N7/ (T=2+€W) e
first derive some bounds and limits describing the reachability of large vertices from a vertex
of given capacity.
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Let
Ux)=UM@) ={i <N:A; > x),
Ly)= Y Ai= ZA 1A >x)»
ieUM (x)
and EIAL
p(x) = [ {A>x}],

and define the reachability functions

RM(xju) =P(1 <y UM ) | A =uw),
R (xlolu) = PN (x) ox MM NUM @) | Ay = w).

Assuming that we start at a vertex with capacity u, R™")(x|u) is the probability of reaching

U™ (x) in one step, and R; (x|v|u) is the probability of reaching U M) (x) in two steps such
that the intermediate vertex has a capacity at most v. We skip the proofs of the following limit
formulae, since they will be used only in the heuristic discussion below.

Proposition 4.2. Withu < v < x, the reachability functions have the following limits:

Nlim RM (x|u) = 1 — exp(—up(x)), (4.4)

Jim RSV afolu) =1 - exp(—ﬁ E[A(1 — exp(—p(x)Al{Afvm]). 4.5)

Before proving Theorem 4.2, we consider some heuristics. With P(A > x) = x7 T we
have p(x) = xT2 Using (4.4) as an estimate of RW) (x]u), we see that the ‘upward horizon’
of a vertex with capacity u is at the level x ~ u!'/(*=2)_ In a graph of size N, the highest capacity
present is about N'/—D (see Lemma 4.5, below). Descending from this ‘big boss’, how many
distinct ‘reachability layers’ do we have until we get down to the level of ‘small bosses’ with
capacity N¢")? The condition

NE=DF/E=1) _ g

yields
_ loglog N loglog N*™V) 4 log(z — 1)
"~ —log(t —2) —log (r —2)

where the second term is asymptotically negligible in comparison with the first. This suggests
that the height of the hierarchy within U®™) (N is at most k*. We call this upper part of
the hierarchy the core.

In the case T < 2, the core network of the asymptotic architecture was just a clique (or
at least a ‘quasiclique’, in the sense that its two randomly chosen vertices were a.a.s. directly
connected) to which all other vertices were directly connected. In the present case, the core
network is not itself a clique, but contains a clique at the top. Indeed, since 1/(r — 1) > 5,
the graph a.a.s. has vertices with capacity higher than N'/2, and two random vertices of such
degree are a.a.s. directly connected, according to Lemma 4.4.

)
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Formula (4.5) yields an argument suggesting that the upper bound k* is tight. With
P(A > x) = x~ 1!, we obtain

—2
R (x[ulu) = 1 —exp<—;

W T 4 r(x, u)),
-7

where r(x, u) satisfies r(x, u) — Oasu — o0, and up(x) — 0. A simple computation shows
that we reach a higher capacity vertex by going straight to the highest capacity vertices available
in each step, rather than by making the first step among all neighbors with at most the same
capacity. However, we do not have a full proof that the upper bound k* could not be improved.
It is plausible that the complicated analysis of [20] is transferable to our model, but simply to
prove the tightness of k*, it would be nice to have a simpler argument.

Proof of Theorem 4.2. Denote the vertex with largest capacity by

i*(N) = min[i e{l,....,N}: A; = max

A-}.
Jjell ’

N}

Lemma 4.5. Assume that (4.3) holds. The largest vertex capacity satisfies

" 1
P(Ajxny < N My < exp(—e(’_l)e(N)), where o*(N) = 1 e(N).
T —

In particular, Ay+(nyy > NN a.as.

Proof. We have
P(max A; < N M)y = (N (NN
S (1 _ N—a*(N)(T—l))N

S exp(_lea*(N)(ffl))

— exp(—eT—DN)y

Note that 1 /(z — 1) > %; thus, A;x > VN aas.
Lemma 4.6. Assume that (4.3) holds, and let §(N) satisfy
S(N) € (0, a™).

Then

N
| N
P(Z Ailjp oy < 5N'7C WN)) < exp<—§ P(A > N‘“N))).
i=1

In particular, ZINZI Ailip, =Ny > %Nl_(f_z)‘s(N) a.a.s.

Proof. Apply the bound (see e.g. [10, Equation (2.6), p. 26])

P(bin(n, p) < %) < exp(—%)

to the binomial random variable ZIN=1 I{A[2N5<N>}, and use (4.3).
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Recall the number o*(N) from Lemma 4.5, and recursively define

L—a*(N) 1 e(N)

o) =—— =1t 2
Bi(N) = (t =2)Bj-1(N) +&(N), J=12 ...
Then
k—1 )
BN) = (r — 20 Bo(N) + (W) Y (x —2)'. 4.6)
i=0

For sufficiently large N, we have Bo(N) > ¢(N)/(3 — ), and the sequence (Bi(N))k=0,1
decreases toward the limit value ¢(N)/(3 — 7).
Define

yeee

Up:=1{i*(N)},  Uj:=UNP™), j=1,2,..., C=CN):=Up.
We call C(N) the core of the graph G y. Lemma 4.6 tells us that

d A= %Nl_(f_z)ﬁf(m a.a.s. 4.7

ieU;
for all j (including j = 0, since 1 — (t — 2)Byp(N) = «*(N)). From this, we obtain a lower
bound of the capacity of the core.
Lemma 4.7. Assume that (4.3) holds. Then

(t—-2)4—-1)

1
Z A; > =N7EWN) O here 6 =
2 3—1

ieC(N)

Proof. From (4.6) with k = k*(N), and noting that

(t ="M By(N) _ fo(N)
&(N) L)

— 0,

for sufficiently large N we find that

Le(). (4.8)

—T

00 ) 4
Bis ) (N) < e(N)(l +) (r - 2)‘) =3

i=0
The claim now follows from Lemma 4.6.

We next show that a randomly chosen vertex belonging to the core can reach the largest
vertex i* in at most k* steps. It turns out that an extremely simple search strategy works here:
each time, step to the vertex with highest capacity in the neighborhood. For any vertex i € C,
define

M@) =inf{j € i} U N (): Aj =sup{Ag: k € {i} UN()}},

where, recall, N (-) denotes the one-step neighborhood, and let
K@) =inf{k: i € Uy}

be the ‘layer’ containing vertex i.
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Proposition 4.3. For each N, let Iy = Inp(N) € C(N) be a random vertex of the core such
that, conditioned on A, Iy is independent of the edges within the core. Define the sequence of
vertices

Ly = M), n=0,1,2,....
Then Iix = i* a.a.s.

Proof. Let
Ap ={ly =i"or K(In+1) < K(In)}, n=0,1,2,...,

B’={LWN§E[A]+1},

1
B = Aj> —N'=@=2DA L k=0,... k=1,
3 {Z =5
JeUk
B=B'NByN---N Byx_1.

It is sufficient to show that P(Ag N --- N Ag+_1 | A) converges to 1 in probability. Using
Bonferroni’s inequality, write

k*—1
P(AgN---NAg_q | A) > 1B<1 — Y P(4; | A)),
n=0

and note that, by Lemmas 4.1, 4.5, and 4.6, P(B) approaches 1 since
c c s —N!1=G=DA1 /8
P(BfU---UBp_) < (k"= 1e — 0, N — oo.
On B, we have

P(A;, | A) =E[P(A;, | I,; A) | A]
Ap > A;
- E|:1{ln?éi*} exp(— ]ELU;””)’I ]> ‘ A]
1 Bk 1) 1 1=(t=2)Bk (1,)~1
< E| 1y,ix) exp —m]\/ n EN n A

el)
= exp(‘m)

The last expression does not depend on #. It remains to note that, for ¢ > 0,

k*
k* exp(—cet™)) = N exp(log® N — c(el08 Nyt)/log* Ny

k*
= —zexp(_log?’ N(C(10g3 N)E(N)/10g4N_l _ 1))
log= N
-0

by the assumption that £(N)/log* N — oo.
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4.4.2. Connecting arbitrary vertices to the core. By the definition of ¢(N), we can choose a
natural number k = « (N), depending on N, such that
Kk (N) K(N)
NGS(N) — 09, k*(N)

— 0, as N — oo.

To finish the proof of Theorem 4.2, it is now sufficient to prove that, a.a.s., a randomly chosen
vertex is connected to the core with the probability given in the theorem, and that the number
of steps needed to reach the core is at most «. This is done using the coupling to a branching
process, presented in Section 3. Recall the definition of v and A in (3.1), and let

w=w(N)=inf{n > 0: J, € C(N)},

i.e. the time at which an element of the core is seen in the mark sequence (J,,) for the first time
(see Section 3 for our notation).

Lemma4.8. A.a.s., w(N) < «k(N), i.e. {Jo, ..., Lk} NC(N) # 2.
Proof. We have

. A K
P(J1,..os Je € CIN)E | A) = (1 _Z&>
Ly
K
=\1- LN?G‘E(N) a.a.s.
2Ly

The last expression converges to 0 by the law of large numbers, because x (N)N ™) — oo
by assumption.

Lemma 4.9. A.a.s., u(N) > A(N) on {A(N) < oo}.

_Proof. Denote by #, the o-algebra generated in the development of the branching process
(Z, J) uptodraw J,. Since each new individual generates a new copy of the branching process,
we have

P(A(N) < oo | A; Fun) Liuvy<amy

- Bk vy N
< P(Ag(N) < oo | A)PoissontV ' <am)-

where Ag refers to the branching process in which the mark of the first individual has, instead
of the uniform distribution, the same distribution, gy, as the others. The right-hand side
converges to 0 in probability because NP+ @) . oo and the conditional probability
P(Ap(N) < oo | A) converges in probability to the constant P(Ag(co) < 00), the extinction
probability of the Galton—Watson process with the mixed-Poisson offspring distribution 7 *.

Since « (N) is (possibly much) smaller than the power function N appearing in Lemma
3.1, we obtain the following picture:

e on {A(N) < oo}, we have A(N) < u(N) < k(N) < v(N) a.a.s., i.e. the neighborhood
process a.a.s. does not reach the core;

e on {A(N) = oo}, we have u(N) < k(N) < v(N) a.a.s., i.e. the neighborhood process
a.a.s. reaches the core in at most x (N) steps.

Combining this with Proposition 4.3 completes the proof of Theorem 4.2.
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