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Abstract In this paper we examine periodic problems driven by the scalar p-Laplacian. Using non-
smooth critical-point theory and a recent multiplicity result based on local linking (the original smooth
version is due to Brezis and Nirenberg), we prove three multiplicity results, the third for semilinear
problems with resonance at zero. We also study a quasilinear periodic eigenvalue problem with the
parameter near resonance. We prove the existence of three distinct solutions, extending in this way a
semilinear and smooth result of Mawhin and Schmitt.
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1. Introduction

Recently, there has been increasing interest in scalar periodic problems driven by the one-
dimensional p-Laplacian. We refer to the works of Del Pino, Manasevich and Murua [7],
Fabry and Fayyad [8], Guo [10] and Dang and Oppenheimer [6]. In all these works the
approach is degree theoretical and they establish the existence of one solution. Only
Del Pino, Manasevich and Murua [7] examine the problem of existence of multiple peri-
odic solutions. Their approach uses degree theory and assumes that the right-hand side
nonlinearity f(t, ζ) is jointly continuous in t ∈ T = [0, b] and ζ ∈ R. Their conditions on
f also require that asymptotically there is no interaction between the nonlinearity and
the Fučik spectrum of the one-dimensional p-Laplacian. The study of problems with non-
smooth potential is lagging behind: there are only the works of Adly and Goeleven [2]
(semilinear problems, i.e. p = 2) and of Gasiński and Papageorgiou [9] (problems with
the p-Laplacian). In both of these papers the approach is variational and is based on the
non-smooth critical-point theory of Chang [4] and its extensions due to Kourogenis and
Papageorgiou [13]. In Gasiński and Papageorgiou [9] the authors prove the existence of
three distinct periodic solutions.
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In this paper, for this problem, we prove three multiplicity theorems, the third concern-
ing semilinear problems (i.e. p = 2). These results use a recent non-smooth extension—
due to Kourogenis, Kandilakis and Papageorgiou [14]—of a local linking theorem of
Brezis and Nirenberg [3]. In the last section we consider a nonlinear periodic eigenvalue
problem driven by the p-Laplacian and for λ approaching zero from below, we show that
the problem has at least three distinct solutions. Our result partly extends Theorem 4 of
Mawhin and Schmitt [17], where the problem is semilinear (i.e. p = 2) and the potential
function is C1.

The problem under consideration is the following:

−(|x′(t)|p−2x′(t))′ ∈ ∂j(t, x(t)) for almost all t ∈ T = [0, b],

x(0) = x(b), x′(0) = x′(b), 1 < p < ∞.

Here ∂j(t, ·) stands for the Clarke subdifferential of the locally Lipschitz (not necessarily
smooth) potential function j(t, ·).

2. Mathematical background

As we have already mentioned our approach will be variational and will be based on
the non-smooth critical-point theory of Chang [4]. The theory of Chang [4] uses the
subdifferential theory of Clarke [5] for locally Lipschitz functions. For the convenience of
the reader we present below the main aspects of this theory that we shall need. Details
can be found in the book by Clarke [5].

Let X be a Banach space and X∗ its topological dual. By 〈·, ·〉X we denote the
duality brackets for the pair (X, X∗). A function ϕ : X �→ R is said to be locally
Lipschitz if, for every bounded open set U ⊆ X, we can find kU > 0 such that
|ϕ(x) − ϕ(y)| � kU‖x − y‖X for all x, y ∈ U . Recall that if ψ : X → R̄

df= R ∪ {+∞}
is proper (i.e. domψ

df= {x ∈ X : ψ(x) < +∞} 
= ∅), convex and lower semicontinuous
(i.e. ψ ∈ Γ0(X), see Hu and Papageorgiou [11, p. 341]), then ψ is locally Lipschitz in the
interior of its effective domain dom ψ. So if X is finite dimensional, a convex R-valued
function is locally Lipschitz.

Given a locally Lipschitz function ϕ : X → R, we define the generalized directional
derivative ϕ0(x; h) of ϕ at x ∈ X in the direction h ∈ X, by

ϕ0(x; h) df= lim sup
y→x
t↘0

ϕ(y + th) − ϕ(y)
t

.

It is easy to see that X � h �→ ϕ0(x; h) ∈ R is sublinear, continuous and so by the Hahn–
Banach Theorem, ϕ0(x; ·) is the support function of a non-empty, weak∗-compact and
convex set ∂ϕ(x) defined by

∂ϕ(x) df= {x∗ ∈ X∗ : 〈x∗, h〉X � ϕ0(x; h) ∀h ∈ X}.

The multifunction ∂ϕ : X → 2X∗ \ {∅} is known as the Clarke or generalized subdiffer-
ential of ϕ. This multifunction has a graph

Gr ∂ϕ
df= {(x, x∗) ∈ X × X∗ : x∗ ∈ ∂ϕ(x)},
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which is sequentially closed in X × X∗
w∗ . Here by X∗

w∗ we denote the Banach space
X∗ furnished with the weak∗-topology. So if xn → x in X, x∗

n → x∗ weakly∗ in X∗

and x∗
n ∈ ∂ϕ(xn) for all n � 1, then x∗ ∈ ∂ϕ(x). If ϕ, ψ : X → R are both locally Lips-

chitz functionals, then ∂(ϕ + ψ)(x) ⊆ ∂ϕ(x) + ∂ψ(x) and ∂(tϕ)(x) = tϕ(x) for all x ∈ X

and all t ∈ R. If in addition ϕ is convex, then the subdifferential ∂ϕ coincides with the
subdifferential in the sense of convex analysis (see Hu and Papageorgiou [11, p. 267]).
Finally, if ϕ is continuously Gateaux differentiable at x ∈ X (i.e. ϕ ∈ C1(X)), then
∂ϕ(x) = {ϕ′(x)}.

Let ϕ : X → R be a locally Lipschitz function. We say that x ∈ X is a critical point
of ϕ, if 0 ∈ ∂ϕ(x). Then c

df= ϕ(x) is a critical value of ϕ. It is easy to check that if
x ∈ X is a local extremum (i.e. local maximum or minimum), then x is a critical point,
i.e. 0 ∈ ∂ϕ(x). It is well known that the smooth critical-point theory uses a compactness
condition, known as the Palais–Smale condition. In the present non-smooth setting, this
condition takes the following form.

A locally Lipschitz function ϕ : X → R satisfies the non-smooth Palais–Smale
condition, if any sequence {xn}n�1 ⊆ X such that {ϕ(xn)}n�1 is bounded
and m(xn) → 0 as n → +∞ (where m(xn) df= inf{‖x∗‖∗ : x∗ ∈ ∂ϕ(xn)}) has
a strongly convergent subsequence.

If ϕ ∈ C1(X), then because ∂ϕ(x) = {ϕ′(x)} for all x ∈ X, we see that the notion
of the non-smooth Palais–Smale condition coincides with the classical one (see Mawhin
and Willem [18, p. 130]). Using this condition, Chang [4] proved a deformation theorem
and then obtained a non-smooth version of the classical Saddle Point Theorem (for a
more general version see Kourogenis and Papageorgiou [13]).

Theorem 2.1. If

(a) X is a reflexive Banach space, X = Y ⊕ V with dim Y < +∞;

(b) ϕ : X → R is a locally Lipschitz functional;

(c) there exists R > 0 such that

max{ϕ(y) : y ∈ Y, ‖y‖X = R} < inf{ϕ(v) : v ∈ V };

(d) ϕ satisfies the non-smooth Palais–Smale condition;

(e) c0
df= infγ∈Γ maxy∈D ϕ(γ(y)), with D

df= {y ∈ Y : ‖y‖X � R} and

Γ
df= {γ ∈ C(D; X) : γ(y) = y for ‖y‖X = R},

then c0 � infv∈V ϕ(v) and c0 is a critical value of ϕ.
Moreover, if c0 = infv∈V ϕ(v), then there exists a critical point x ∈ V of ϕ with

c0 = ϕ(x).
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The next result is a non-smooth generalization of the local linking theorem of Brezis
and Nirenberg [3] and it is due to Kourogenis, Kandilakis and Papageorgiou [14].

Theorem 2.2. If

(a) X is a reflexive Banach space, X = Y ⊕ V with dim Y < +∞;

(b) ϕ : X → R is a locally Lipschitz functional which is bounded below;

(c) ϕ satisfies the non-smooth Palais–Smale condition;

(d) ϕ(0) = 0 and infx∈X ϕ(x) < 0;

(e) there exists r > 0 such that

ϕ(x) � 0 if x ∈ Y and ‖x‖X � r,

ϕ(x) � 0 if x ∈ V and ‖x‖X � r,

then ϕ has at least two non-trivial critical points.

Remark 2.3. Actually the result of Kourogenis, Kandilakis and Papageorgiou [14] is
more general than the above theorem, since it assumes that ϕ satisfies the non-smooth
Cerami condition (see Kourogenis, Kandilakis and Papageorgiou [14]). Even when spe-
cialized to the non-smooth setting (i.e. ϕ ∈ C1(X)), this is a slight improvement of the
original result of Brezis and Nirenberg [3].

By an eigenvalue λ of the minus scalar p-Laplacian x �→ −(|x′|p−2x′)′ with b-periodic
boundary condition, we mean a λ ∈ R such that the problem

−(|x′(t)|p−2x′(t))′ = λ|x(t)|p−2x(t) for almost all t ∈ T = [0, b],

x(0) = x(b), x′(0) = x′(b),

}
(EP)

has a non-trivial solution x, called the eigenfunction corresponding to λ. Let S(p) be the
set of these eigenvalues. Evidently, 0 ∈ S(p), i.e. S(p) 
= ∅. A direct integration of (EP)
gives that S(p) consists of the sequence

λn(p) =
(

2nπp

b

)p

=
(p − 1)(nω)p

(p sin(π/p))p
,

where

ω
df=

2π

b
and πp

df= 2(p − 1)1/p

∫ 1

0
(1 − tp)−1/p = 2(p − 1)1/p π/p

p sin(π/p)
.

Each eigenvalue is non-negative and 0 is the smallest one (see Mawhin [16]). In what
follows we will need the following function space:

W 1,p
per(T ) df= {x ∈ W 1,p(T ) : x(0) = x(b)}.
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3. Multiplicity results

The problem under consideration is

−(|x′(t)|p−2x′(t))′ ∈ ∂j(t, x(t)) for almost all t ∈ T = [0, b],

x(0) = x(b), x′(0) = x′(b),

}
(HVI)

where 1 < p < ∞. Here by j(t, ζ) we denote a function which is locally Lip-
schitz in the ζ ∈ R-variable and ∂j(t, ζ) is the subdifferential in the sense of Clarke
(see § 2). If j(t, ζ) =

∫ ζ

0 f(t, r) dr and f(t, ·) is continuous, then j(t, ·) ∈ C1(R) and
∂j(t, ζ) = {j′

ζ(t, ζ)}.
For the first multiplicity result our assumptions on the non-smooth potential j(t, ζ)

are as follows.

(H(j)1). j : T × R �→ R is a functional such that

(i) for all ζ ∈ R, the function T � t �→ j(t, ζ) ∈ R is measurable;

(ii) for almost all t ∈ T , the function R � ζ �→ j(t, ζ) ∈ R is locally Lipschitz and
j(t, 0) = 0;

(iii) for almost all t ∈ T , all ζ ∈ R and all u ∈ ∂j(t, ζ) we have

|u| � a(t) + c(t)|ζ|r−1,

with a, c ∈ Lr′
(T )+, where 1 � r < +∞ and (1/r) + (1/r′) = 1;

(iv) lim sup|ζ|→+∞(pj(t, ζ)/|ζ|p) < 0 uniformly for almost all t ∈ T ; and

(v) there exist ρ1 > 0 and 0 < µ < (1/bp), such that for almost all t ∈ T and all
|ζ| � ρ1 we have 0 � pj(t, ζ) � µ|ζ|p.

Theorem 3.1. If hypotheses H(j)1 hold, then problem (HVI) has at least two distinct
non-trivial solutions.

Proof. By virtue of hypothesis H(j)1 (iv), we can find β > 0 and M1 � 1 such that
for almost all t ∈ T and all |ζ| � M1 we have

j(t, ζ) � −(β/p)|ζ|p.

On the other hand, from the mean value theorem of Lebourg [15] (see also Clarke [5,
p. 41]) and hypotheses H(j)1 (ii), (iii), for almost all t ∈ T and all ζ ∈ R we have that

|j(t, ζ)| � a1(t) + c1(t)|ζ|r,

with a1 ∈ L1(T )+, c1 ∈ Lr′
(T )+. So for almost all t ∈ T and all |ζ| < M1 we have

|j(t, ζ)| � a2(t),
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with a2 ∈ L1(T ). Thus, finally, for almost all t ∈ T and all ζ ∈ R, we can write that

j(t, ζ) � −(β/p)|ζ|p + a3(t)

with a3 ∈ L1(T ). Let ϕ ∈ W 1,p
per(T ) → R be defined by

ϕ(x) df=
1
p
‖x′‖p

p −
∫ b

0
j(t, x(t)) dt.

We know that ϕ is locally Lipschitz (see Chang [4] or Hu and Papageorgiou [12, p. 313]).
Also, for x ∈ W 1,p

per(T ), we know that

ϕ(x) =
1
p
‖x′‖p

p −
∫ b

0
j(t, x(t)) dt � 1

p
‖x′‖p

p +
β

p
‖x‖p

p − β1

� 1
p

min{1, β}(‖x′‖p
p + ‖x‖p

p) − β1

with β1 > 0. From this inequality it follows that ϕ is coercive. Therefore, ϕ is
bounded below. Also it satisfies the non-smooth Palais–Smale condition. Indeed let
{xn}n�1 ⊆ W 1,p

per(T ) be a sequence such that |ϕ(xn)| � M2 for all n � 1 with some M2 > 0
and m(xn) → 0. Since ϕ is coercive and the sequence {ϕ(xn)}n�1 is bounded, it also
follows that the sequence {xn}n�1 ⊆ W 1,p

per(T ) is bounded and so, by passing to a sub-
sequence if necessary, we may assume that xn → x weakly in W 1,p

per(T ) and xn → x in
C(T ) (from the compactness of the embedding W 1,p

per(T ) ⊆ C(T )). Also let x∗
n ∈ ∂ϕ(xn),

n � 1, be such that m(xn) = ‖x∗
n‖∗. The existence of such elements follows from the

weak compactness of sets ∂ϕ(xn) ⊆ W 1,p
per(T ) and the weak lower semicontinuity of the

norm functional in Banach space. We have

x∗
n = A(xn) − un,

with A : W 1,p
per(T ) → W 1,p

per(T )∗ being the operator defined by

〈A(x), y〉 =
∫ b

0
|x′(t)|p−2x′(t)y′(t) dt ∀x, y ∈ W 1,p

per(T )

and
un ∈ Sr′

∂j(·,xn(·))
df= {v ∈ Lr′

(T ) : v(t) ∈ ∂j(t, xn(t)) a.e. on T}.

We know that A is monotone, demicontinuous, hence maximal monotone (see Hu and
Papageorgiou [11, p. 309]). From the choice of the sequence {xn}n�1 ⊆ W 1,p

per(T ), we have
that

〈A(xn), xn − x〉 −
∫ b

0
un(t)(xn − x)(t) dt � εn‖xn − x‖1,p

and so
lim sup
n→+∞

〈A(xn), xn − x〉 � 0.

But A, being maximal monotone, is generalized pseudomonotone (see Hu and Papageor-
giou [11, p. 365]) and so 〈A(xn), xn〉 → 〈A(x), x〉, hence ‖x′

n‖p → ‖x′‖p. Since x′
n → x′
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weakly in Lp(T ) and Lp(T ) is uniformly convex, it follows that x′
n → x′ in Lp(T ) (the

Kadec–Klee property) and so xn → x in W 1,p
per(T ). This proves that ϕ satisfies the non-

smooth Palais–Smale condition.
Next we consider the direct sum decomposition

W 1,p
per(T ) = R ⊕ V with V

df=
{

v ∈ W 1,p
per(T ) :

∫ b

0
v(t) dt = 0

}
.

First let η ∈ R be such that |η| � ρ1. Then from hypothesis H(j)1 (v) we have that

ϕ(η) = −
∫ b

0
j(t, η) dt � 0.

Also, if v ∈ V , because of the compactness of the embedding W 1,p
per(T ) ⊆ C(T ), we can

find 0 < ρ2 � ρ1 such that if ‖v‖1,p � ρ2, then |v(t)| � ρ1 for all t ∈ T . So, from hypoth-
esis H(j)1 (v), for every v ∈ V with ‖v‖1,p � ρ2 we have that

ϕ(v) =
1
p
‖v′‖p

p −
∫ b

0
j(t, v(t)) dt

=
1
p
‖v′‖p

p −
∫

{|v|�ρ1}
j(t, v(t)) dt � 1

p
‖v′‖p

p − µ

p
‖v‖p

p.

But from the Poincaré–Wirtinger inequality (see Mawhin and Willem [18, p. 8]) we have
that

‖v‖p
p � b‖v‖p

∞ � bbp−1‖v′‖p
p = bp‖v′‖p

p ∀v ∈ V.

Recalling the hypothesis on µ (see hypothesis H(j)1 (v)), for all v ∈ V with ‖v‖1,p � ρ2

we have that
ϕ(v) � 1

p
‖v′‖p

p − µ

p
bp‖v′‖p

p =
1
p
(1 − µbp)‖v′‖p

p � 0.

Finally, note that by virtue of hypothesis H(j)1 (iv) we have that

inf{ϕ(x) : x ∈ W 1,p
per(T )} < 0.

Therefore, we can apply Theorem 2.2 and produce two distinct non-trivial critical points
x̄, ¯̄x ∈ W 1,p

per(T ) of ϕ. We have 0 ∈ ∂ϕ(x̄) and so we can find ū ∈ Sr′

∂j(·,x̄(·)) such that

A(x̄) = ū. (3.1)

For all ϑ ∈ C∞
0 (T ) we have

〈A(x̄), ϑ〉 =
∫ b

0
ū(t)ϑ(t) dt

and so ∫ b

0
|x̄′(t)|p−2x̄′(t)ϑ′(t) dt =

∫ b

0
ū(t)ϑ(t) dt.
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Note that (|x̄′|p−2x̄′)′ ∈ W−1,p′
(T ) = (W 1,p

0 (T ))∗, where (1/p) + (1/p′) = 1 (see, for
example, Adams [1, p. 50]). So we obtain

〈−(|x̄′|p−2x̄′)′, ϑ〉0 = 〈x̄, ϑ〉0,

where by 〈·, ·〉0 we denote the duality brackets for the following pair of spaces
(W 1,p

0 (T ), W−1,p′
(T )). Recall that C∞

0 (T ) is dense in W 1,p
0 (T ). So we obtain

−(|x̄′(t)|p−2x̄′(t))′ = ū(t) ∈ ∂j(t, x̄(t)) a.e. on T. (3.2)

Hence |x̄′(·)|p−2x̄′(·) ∈ W 1,p′
(T ) ⊆ C(T ). From Green’s identity, for every w ∈ W 1,p

per(T )
we have

〈A(x̄), w〉 + 〈(|x̄′|p−2x̄′)′, w〉 = |x̄′(b)|p−2x̄′(b)w(b) − |x̄′(0)|p−2x̄′(0)w(0),

so from (3.1) and (3.2) we have that

|x̄′(0)|p−2x̄′(0)w(0) = |x̄′(b)|p−2x̄′(b)w(b) ∀w ∈ W 1,p
per(T ).

Let w ∈ W 1,p
per(T ) be such that w(0) = w(b) = 1. We obtain

|x̄′(0)|p−2x̄′(0) = |x̄′(b)|p−2x̄′(b)

and so

x̄′(0) = x̄′(b),

i.e. x̄ is a solution of (HVI).
Similarly, since 0 ∈ ∂ϕ(¯̄x) we have that ¯̄x ∈ W 1,p

per(T ) is another non-trivial solution
of (HVI). Therefore, (HVI) has at least two distinct non-trivial solutions. �

In the previous theorem, hypothesis H(j)1 (iv) implies that at ±∞ there is no inter-
action of the non-smooth potential j with the spectrum of minus the periodic scalar p-
Laplacian (see § 2). In the next multiplicity result we allow such interaction (resonance)
at ±∞. More precisely, our hypotheses on the potential j(t, ζ) are as follows.

(H(j)2). j : T × R �→ R is a functional such that

(i) for all ζ ∈ R, the function T � t �→ j(t, ζ) ∈ R is measurable;

(ii) for almost all t ∈ T , the function R � ζ �→ j(t, ζ) ∈ R is locally Lipschitz and
j(t, 0) = 0;

(iii) for almost all t ∈ T , all ζ ∈ R and all u ∈ ∂j(t, ζ) we have

|u| � a(t) + c(t)|ζ|r−1,

with a, c ∈ Lr′
(T ), where 1 � r < +∞ and (1/r) + (1/r′) = 1;

(iv) lim|ζ|→+∞(pj(t, ζ)/|ζ|p) = 0 uniformly for almost all t ∈ T ;
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(v) lim|ζ|→+∞(ζu − pj(t, ζ)) = +∞ uniformly for almost all t ∈ T and all u ∈ ∂j(t, ζ);
and

(vi) there exist ρ1 > 0 and 0 < µ < (1/bp), such that for almost all t ∈ T and all
|ζ| � ρ1 we have 0 � pj(t, ζ) � µ|ζ|p.

Remark 3.2. Consider the potential function

j(t, ζ) df=




µ

p
sin |ζ|p if |ζ| � 1,

ln |ζ| − a(t)
r

|ζ|r +
µ

p
sin 1 +

a(t)
r

if |ζ| > 1.

If µ < (1/bp) and a ∈ Lr′
(T )+ with (1/r) + (1/r′) = 1 and 1 � r < p, then hypothe-

ses H(j)2 are satisfied with ρ1 = 1.

Theorem 3.3. If hypotheses H(j)2 hold, then problem (HVI) has at least two distinct
non-trivial solutions.

Proof. By virtue of hypothesis H(j)2 (v) for a given β > 0 we can find Mβ > 0 such
that for almost all t ∈ T and all |ζ| � Mβ and all u ∈ ∂j(t, ζ) we have

ζu − pj(t, ζ) � β. (3.3)

From Clarke [5, p. 48], we know that for almost all t ∈ T and all ζ > 0, the function
ζ �→ (j(t, ζ)/ζp) is locally Lipschitz and we have

∂

(
j(t, ζ)

ζp

)
=

ζp∂j(t, ζ) − pζp−2ζj(t, ζ)
ζ2p

= ζp−1
(

ζ∂j(t, ζ) − pj(t, ζ)
ζ2p

)

=
ζ∂j(t, ζ) − pj(t, ζ)

ζp+1 .

So, from (3.3), for almost all t ∈ T , all ζ � Mβ and all v ∈ ∂(j(t, ζ)/ζp) we have

v � β

ζp+1 .

Since for t ∈ T \ E, with |E| = 0, the function ζ �→ (j(t, ζ)/ζp) is locally Lipschitz on
[Mβ , +∞), it is differentiable at every ζ ∈ [Mβ , +∞) \ L(t), with |L(t)| = 0 (here by | · |,
we denote the Lebesgue measure on R). We define

ξ0(t, ζ) df=




d
dζ

(
j(t, ζ)

ζp

)
if ζ ∈ [Mβ , +∞) \ L(t),

0 if ζ ∈ L(t).

For all t ∈ T \ E and all ζ ∈ [Mβ , +∞) \ L(t) we have that ξ0(t, ζ) ∈ ∂(j(t, ζ)/ζp) and so

ξ0(t, ζ) � β

ζp+1 .
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Let η, η̄ ∈ [Mβ , +∞), η � η̄. Integrating the above inequality over the interval [η, η̄], we
obtain

j(t, η̄)
η̄p

− j(t, η)
ηp

� β

p

(
1
ηp

− 1
η̄p

)
.

Let η̄ → +∞. Because of hypothesis H(j)2 (iv) we obtain

j(t, η)
ηp

� − β

pηp

and thus
j(t, η) � −β

p
∀η � Mβ . (3.4)

Since β > 0 was arbitrary, it follows that j(t, η) → −∞ as η → +∞ uniformly for almost
all t ∈ T . In a similar fashion we show that j(t, η) → −∞ as η → −∞ uniformly for
almost all t ∈ T . Therefore, j(t, ζ) → −∞ as |ζ| → +∞ uniformly for almost all t ∈ T .

Let ϕ ∈ W 1,p
per(T ) → R be defined by

ϕ(x) df=
1
p
‖x′‖p

p −
∫ b

0
j(t, x(t)) dt.

We will show that ϕ is coercive. For this purpose let us assume that this is not true. Then
we can find a sequence {xn}n�1 ⊆ W 1,p

per(T ) such that ‖xn‖1,p → +∞ and |ϕ(xn)| � M3

for all n � 1, with some M3 > 0. Let yn
df= (xn/‖xn‖1,2) for n � 1. By passing to a sub-

sequence if necessary, we may assume that

yn → y weakly in W 1,p
per(T )

and

yn → y in C(T ).

We have
ϕ(xn)

‖xn‖p
1,p

=
1
p
‖y′

n‖p
p −

∫ b

0

j(t, xn(t))
‖xn‖p

1,p

dt � M3

‖xn‖p
1,p

. (3.5)

Let us fix any β > 0 and let Mβ > 0 be as at the beginning of this proof. We have∫ b

0

j(t, xn(t))
‖xn‖p

1,p

dt =
∫

{|xn|<Mβ}

j(t, xn(t))
‖xn‖p

1,p

dt +
∫

{|xn|�Mβ}

j(t, xn(t))
‖xn‖p

1,p

dt.

As in the proof of Theorem 3.1, from hypotheses H(j)2 (ii), (iii) and the mean value
theorem (see Lebourg [15]) for almost all t ∈ T and all ζ ∈ R we have

|j(t, ζ)| � a1(t) + c1(t)|ζ|r

with a1 ∈ L1(T )+ and c1 ∈ Lr′
(T )+. So for some α2 ∈ L1(T )+ we have∣∣∣∣

∫
{|xn|<Mβ}

j(t, xn(t))
‖xn‖p

1,p

dt

∣∣∣∣ �
∫ b

0

a2(t)
‖xn‖p

1,p

dt → 0,

∫
{|xn|�Mβ}

j(t, xn(t))
‖xn‖p

1,p

dt → 0
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as n → ∞ because of hypothesis H(j)2 (iv). So we see that∫ b

0

j(t, xn(t))
‖xn‖p

1,p

dt → 0 as n → +∞.

Passing to the limit as n → +∞ in (3.5) and using this convergence, we obtain

‖y′‖p = 0, i.e. y ≡ η ∈ R.

If η = 0, then we have ‖y′
n‖p → 0, hence y′

n → 0 in Lp(T ) and so yn → 0 in W 1,p
per(T ), a

contradiction since ‖yn‖1,p = 1 for all n � 1. Therefore, η 
= 0. This means that for all
t ∈ T we have |xn(t)| → +∞ as n → +∞. We claim that this convergence is uniform in
t ∈ T . Indeed let δ > 0 be such that δ < |η| (recall that y ≡ η 
= 0). Since yn → η in
C(T ), we can find n0 � 1 such that

|yn(t) − η| < δ ∀n � n0, ∀t ∈ T,

and hence
|yn(t)| � |η| − δ = δ1 > 0.

Since by hypothesis ‖xn‖1,p → +∞, for a given β1 > 0, we can find n1 � 1 such that

‖xn‖1,p � β1 > 0 ∀n � n1.

If n2
df= max{n0, n1}, then for all n � n2 and all t ∈ T we have that

|xn(t)|
β1

� |xn(t)|
‖xn‖1,p

= |yn(t)| � δ1 > 0

and so
|xn(t)| � β1δ1.

Because β1 > 0 was arbitrary and δ1 > 0, we conclude that |xn(t)| → +∞ as n → +∞,
uniformly in t ∈ T . But for a given β2 > 0, we can find n3 � 1 such that

j(t, xn(t)) � −β2 ∀n � n3 and a.a. t ∈ T

(recall that j(t, ζ) → −∞ as |ζ| → +∞ uniformly for almost all t ∈ T ). Then from the
choice of the sequence {xn}n�1 ⊆ W 1,p

per(T ) for all n � n3 we have

ϕ(xn) � M3 ∀n � 1,

so, in particular,

−
∫ b

0
j(t, xn(t)) dt � M3 ∀n � 1

and thus
β2b � M3.

Recall that β2 > 0 was arbitrary. So let β2 → +∞ to obtain a contradiction. Thus ϕ is
coercive.
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In particular, ϕ is bounded below and satisfies the non-smooth Palais–Smale condition
(see the proof of Theorem 3.1).

As in the proof of Theorem 3.1, we consider the direct sum decomposition

W 1,p
per(T ) = R ⊕ V with V

df=
{

v ∈ W 1,p
per(T ) :

∫ b

0
v(t) dt = 0

}
.

Using hypothesis H(j)2 (vi) as in the proof of Theorem 3.1, we can find ρ2 > 0 such that
ϕ(η) � 0 for all η ∈ R with |η| � ρ2 and ϕ(v) � 0 for all v ∈ V with ‖v‖1,p � ρ2. Thus
we can apply Theorem 2.2 and obtain two distinct non-trivial critical points of ϕ, about
which as before we can show that they are distinct non-trivial solutions of (HVI). �

For semilinear problems (i.e. with p = 2), exploiting the orthogonality relations, we
can allow near the origin interaction with higher parts of the spectrum of minus the
one-dimensional Laplacian with periodic boundary conditions (resonance at the origin).
So we consider the following particular version of problem (HVI):

−x′′(t) ∈ ∂j(t, x(t)) for almost all t ∈ T = [0, b],

x(0) = x(b), x′(0) = x′(b).

}
(HVI′)

We impose the following conditions on the non-smooth potential j(t, ζ).

(H(j)3). j : T × R �→ R is a functional such that

(i) for all ζ ∈ R, the function T � t �→ j(t, ζ) ∈ R is measurable;

(ii) for almost all t ∈ T , the function R � ζ �→ j(t, ζ) ∈ R is locally Lipschitz and
j(t, 0) = 0;

(iii) for almost all t ∈ T , all ζ ∈ R and all u ∈ ∂j(t, ζ) we have

|u| � a(t) + c(t)|ζ|,

with a, c ∈ L2(T )+;

(iv) lim sup|ζ|→+∞(j(t, ζ)/ζ2) � h(t) uniformly for almost all t ∈ T with h ∈ L1(T ) such
that

∫ b

0 h(t) dt < 0; and

(v) there exist ρ1 > 0 and 0 < µ < λk+1, such that for almost all t ∈ T and all |ζ| � ρ1

we have
λkζ2 � 2j(t, ζ) � µζ2

(recall that λk = (kω)2, with ω = (2π/b) for k � 0).

Remark 3.4. Consider the potential function

j(t, ζ) df=




eζ − ζ2 + µ + 1 − 1
e

if ζ < −1,

µζ6 if |ζ| � 1,

h(t)ζ2 − ζ ln ζ2 + µ − h(t) if ζ > 1.
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If λk � µ � λk+1, ρ1 = (1/ 4
√

2), h ∈ L1(T ), h(t) � 0, for almost all t ∈ T with strict
inequality on a set of positive measure, then j(t, ζ) satisfies hypotheses H(j)3.

Theorem 3.5. If hypotheses H(j)3 hold, then problem (HVI′) has at least two distinct
non-trivial solutions.

Proof. Let ϕ : W 1,2
per(T ) → R be defined by

ϕ(x) df= 1
2‖x′‖2

2 −
∫ b

0
j(t, x(t)) dt.

Again we have that ϕ is locally Lipschitz. We claim that ϕ is coercive. As before
we argue by contradiction. Suppose that ϕ is not coercive. We can find a sequence
{xn}n�1 ⊆ W 1,2

per(T ) and M4 such that ‖xn‖1,2 → +∞ and |ϕ(xn)| � M4 for all n � 1.
Let yn

df= (xn/‖xn‖1,2) for n � 1. We may assume that

yn → y weakly in W 1,2
per(T ),

yn → y in C(T ).

We have that
1
2‖y′

n‖2
2 −

∫ b

0

j(t, xn(t))
‖xn‖2

1,2
dt � M4

‖xn‖2
1,2

. (3.6)

Recall that by virtue of hypothesis H(j)3 (iii) and the Lebourg mean value theorem (see
Lebourg [15]), for almost all t ∈ T and all ζ ∈ R we have that

|j(t, ζ)| � a1(t) + c1(t)|ζ|2, (3.7)

with a1 ∈ L1(T )+ and c1 ∈ L2(T )+. So

|j(t, xn(t))|
‖xn‖2

1,2
� a1(t)

‖xn‖2
1,2

+ c1(t)|yn(t)|2. (3.8)

By the Dunford–Pettis Theorem, we may assume that

j(·, xn(·))
‖xn‖2

1,2
→ γ(·) weakly in L1(T ).

For all t ∈ {τ ∈ T : y(τ) 
= 0} we have that |xn(t)| → +∞ as n → +∞. Let ε > 0 and
let us introduce the set

Cn(ε) df=
{

t ∈ T : xn(t) 
= 0 and
j(t, xn(t))
|xn(t)|2 � h(t) + ε

}
.

We set χn(t) = χCn(t). We have χn(t) → 1 almost everywhere on {y 
= 0} (see hypothe-
sis H(j)3 (iv)). Also for all n � 1 and almost all t ∈ T we have that

j(t, xn(t))
‖xn‖2

1,2
χn(t) =

j(t, xn(t))
|xn(t)|2 |yn(t)|2χn(t) � (h(t) + ε)|yn(t)|2χn(t).
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Passing to the weak limit in L1({y 
= 0}) and using [11, Proposition 7.3.9, p. 694], we
obtain

γ(t) � (h(t) + ε)|y(t)|2 a.e. on {y 
= 0}.

As ε > 0 was arbitrary, we also have

γ(t) � h(t)|y(t)|2 a.e. on {y 
= 0}.

On the other hand, it is clear from (3.8) that

γ(t) = 0 for a.a. t ∈ {y = 0}.

So, finally,

γ(t) � h(t)|y(t)|2 a.e. on T

and so

γ(t) = h̄(t)|y(t)|2 a.e. on T,

with h̄ ∈ L1(t), h̄(t) � h(t) for almost all t ∈ T . Then, from hypothesis H(j)3 (iv) and
by passing to the limit in (3.6) as n → +∞, we obtain

1
2‖y′‖2

2 �
∫ b

0
h̄(t)|y(t)|2 dt � ‖y‖2

C(T )

∫ b

0
h̄(t) dt � 0

and so
y ≡ η ∈ R.

If η = 0, then as before we have that yn → 0 in W 1,2
per(T ), a contradiction, since ‖yn‖1,2 = 1

for all n � 1. Hence η 
= 0 and we have

0 �
∫ b

0
h̄(t)η2 dt � η2

∫ b

0
h(t) dt < 0,

a contradiction. This proves the coercivity of ϕ, which in turn implies that ϕ is bounded
below and satisfies the non-smooth Palais–Smale condition (see the proof of Theo-
rem 3.1).

Next let

Wk
df=

{
x ∈ W 1,2

per(T ) : x(t) =
k∑

i=0

(
ai sin

2πi

b
t + bi cos

2πi

b
t

)
, ai, bi ∈ R

}
.

Let ρ1 > 0 be as in hypothesis H(j)3 (v). From the compactness of the embedding
W 1,2

per(T ) ⊆ C(T ), we know that we can find ρ2 > 0 such that for all v ∈ Wk, with
‖v‖1,2 � ρ2, we have

‖v‖C(T ) = max
t∈T

|v(t)| � ρ1.
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Using hypothesis H(j)3 (v), for all v ∈ Wk, we obtain

ϕ(v) = 1
2‖v′‖2

2 −
∫ b

0
j(t, v(t)) dt � 1

2‖v′‖2
2 − 1

2λk‖v‖2
2 � 0

(the last inequality follows from the fact that (‖v′‖2
2/‖v‖2

2) � λk for all v ∈ Wk (see
Mawhin and Willem [18, p. 156])).

Let w ∈ W⊥
k . Again we can find 0 < ρ3 � ρ2 such that if ‖w‖1,2 � ρ3, then

‖w‖C(T ) = max
t∈T

|w(t)| � ρ1.

So we have

ϕ(w) = 1
2‖w′‖2

2 −
∫ b

0
j(t, w(t)) dt

= 1
2‖w′‖2

2 −
∫

{|w|�ρ1}
j(t, w(t)) dt −

∫
{|w|>ρ1}

j(t, w(t)) dt.

From (3.7), for a given s > 2, we can find c2 ∈ L1(T )+ such that for almost all t ∈ T

and all |ζ| � ρ1 we have
j(t, ζ) � c2(t)|ζ|s.

Thus from hypothesis H(j)3 (v) we have

ϕ(w) � 1
2‖w′‖2

2 − 1
2µ‖w‖2

2 − β3‖w‖s
1,2,

for some β3 > 0. As (‖w′‖2
2/‖w‖2

2) � λk+1 > µ for all w ∈ W⊥
k \ {0}, so

ϕ(w) � β4‖w‖2
1,2 − β3‖w‖s

1,2,

for some β4 > 0. Because s > 2, we can find ρ4 < min{ρ3, 1} such that

ϕ(w) � 0 ∀w ∈ W⊥
k with ‖w‖1,2 � ρ4.

Therefore, we can apply Theorem 2.2 and obtain two distinct non-trivial critical points
of ϕ. We know (see the proof of Theorem 3.1) that these are two distinct non-trivial
solutions of (HVI′). �

Remark 3.6. As we already mentioned in § 1, for ‘smooth’ problems (i.e. j(t, ·) ∈
C1(R)) only Del Pino, Manasevich and Murua [7] addressed the problem of multiple
periodic solutions. However, their approach is different and uses the Fučik spectrum
of the scalar p-Laplacian. Moreover, they assume that the right-hand side nonlinearity
f(t, x) (= ∂j(t, x)) is continuous in both variables (t, x) ∈ T × R.

When p = 1, note that the map x → ψp(x) = |x|p−2x is no longer a homeomorphism
on R and the resulting differential operator is highly singular and to our knowledge no
work exists in the literature for this case. One can check that in [6–10,13,16], which
deal with the p-Laplacian (or extensions of it), it is assumed that p > 1.
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4. An eigenvalue problem

In this section we consider the following nonlinear periodic eigenvalue problem:

−(|x′(t)|p−2x′(t))′ − λ(|x(t)|p−2x(t)) ∈ ∂j(t, x(t)) for a.a. t ∈ T = [0, b],

x(0) = x(b), x′(0) = x′(b).

}
(EP)1

We shall show that problem (EP)1 has at least three distinct solutions as λ → 0− (a
problem near resonance). This way we give a partial extension to the non-smooth case and
the p-Laplacian of a semilinear smooth result of Mawhin and Schmitt [17, Theorem 4].

Our hypotheses on j(t, ζ) are as follows.

(H(j)4). j : T × R �→ R is a functional such that

(i) for all ζ ∈ R, the function T � t �→ j(t, ζ) ∈ R is measurable and j(·, 0) ∈ L1(T );

(ii) for almost all t ∈ T , the function R � ζ �→ j(t, ζ) ∈ R is locally Lipschitz;

(iii) for almost all t ∈ T , all ζ ∈ R and all u ∈ ∂j(t, ζ) we have

|u| � a(t) + c(t)|ζ|r−1,

with a, c ∈ Lr′
(T ), where 1 � r < p and (1/r) + (1/r′) = 1;

(iv) lim|ζ|→+∞(ζu − pj(t, ζ)) = −∞ uniformly for almost all t ∈ T and all u ∈ ∂j(t, ζ);
and

(v) there exist M > 0 and ξ̄ > 0 such that for almost all t ∈ T , all |ζ| � M and all
u ∈ ∂j(t, ζ) we have ζu � ξ̄.

Theorem 4.1. If hypotheses H(j)4 hold, then there exists λ̂ > 0 such that for all
λ ∈ [−λ̂, 0) problem (EP)1 has at least three distinct solutions.

Proof. For λ < 0, let ϕλ : W 1,p
per(T ) → R be the locally Lipschitz functional defined

by

ϕλ(x) df=
1
p
‖x′‖p

p − λ

p
‖x‖p

p −
∫ b

0
j(t, x(t)) dt.

From the mean value theorem of Lebourg [15] and hypotheses H(j)4 (ii), (iii), for almost
all t ∈ T and all ζ ∈ R, we have that

|j(t, ζ)| � a1(t) + c1(t)|ζ|r,

with a1 ∈ L1(T )+, and c1 ∈ Lr′
(T )+. So

ϕλ(x) � c2(λ)‖x‖p
1,p − c3‖x‖r

1,p − c4,

for some c2(λ), c3, c4 > 0 (recall that λ < 0). As r < p so ϕλ is coercive. So it is bounded
below and satisfies the non-smooth Palais–Smale condition.
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Now consider the direct sum decomposition

W 1,p
per(T ) = R ⊕ V with V

df=
{

v ∈ W 1,p
per(T ) :

∫ b

0
v(t) dt = 0

}
.

Using the Poincaré–Wirtinger inequality (see Mawhin and Willem [18, p. 8]), for all
v ∈ V we have that

ϕλ(v) =
1
p
‖v′‖p

p − λ

p
‖v‖p

p −
∫ b

0
j(t, v(t)) dt

� 1
p
(1 − λbp)‖v′‖p

p − c5 − c6‖v′‖r
p,

for some c5, c6 > 0 and thus ϕλ is coercive on V uniformly for λ < 0. So we can find
m > 0 such that

ϕλ(v) � −m ∀λ < 0, ∀v ∈ V.

Consider the following two disjoint open sets in W 1,p
per(T ):

U+ df=
{

x ∈ W 1,p
per :

∫ b

0
x(t) dt > 0

}
,

U− df=
{

x ∈ W 1,p
per :

∫ b

0
x(t) dt < 0

}
.

Next we will show that there exist ξ0 ∈ R and λ̂ < 0 such that

ϕλ(±ξ0) < −m ∀λ ∈ [λ̂, 0). (4.1)

First, for a given ξ ∈ R we have

ϕλ(ξ) = −λ

p
|ξ|pb −

∫ b

0
j(t, ξ) dt.

By virtue of hypothesis H(j)4 (iv), for a given β > (pm/b), we can find ξ0 > β such that
for almost all t ∈ T , all |ζ| � ξ0 and all u ∈ ∂j(t, ζ) we have

ζu − pj(t, ζ) � −β. (4.2)

Also, by hypothesis H(j)4 (v), we can find λ̂ < 0 such that for almost all t ∈ T and all
u ∈ ∂j(t, ξ0) we have

−λ̂ξp
0 � ξ0u. (4.3)

So using (4.2) and (4.3), for all u ∈ ∂j(t, ξ0) we have

ϕλ̂(ξ0) = − λ̂

p
ξp
0b −

∫ b

0
j(t, ξ0) dt

� 1
p

∫ b

0
(ξ0u − pj(t, ξ0)) dt < −β

p
b < −m.
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Therefore, if λ ∈ [λ̂, 0), we have that ϕλ(ξ0) < −m. In a similar fashion we can show that
for all λ ∈ [λ̂, 0), ϕλ(−ξ0) < −m. So we have proved (4.1).

Next let
ϑλ

±
df= inf

U±
ϕλ.

Note that by virtue of the coercivity of ϕλ, the numbers ϑλ
± are finite and because of

the statement proved above, we see that if λ ∈ [λ̂, 0), then ϑλ
± < −m. Moreover, since

ϕλ satisfies the non-smooth Palais–Smale condition, we can find xλ
± ∈ Ū± such that

ϕλ(xλ
±) = ϑλ

± for λ ∈ [λ̂, 0). If xλ
± ∈ bd Ū± = V , then ϑλ

± � −m, a contradiction since
λ ∈ [λ̂, 0). So xλ

± ∈ U± and so xλ
± are distinct local minima of ϕλ, hence 0 ∈ ∂ϕλ(xλ

±) for
λ ∈ [λ̂, 0).

Because ϕλ|V � −m > ϕλ(±ξ0), we can apply Theorem 2.1 and obtain yλ ∈ W 1,p
per(T )

such that 0 ∈ ∂ϕλ(yλ) and ϕλ(yλ) � −m > ϕλ(xλ
±), with λ ∈ [λ̂, 0). Hence yλ 
= xλ

± and
as in the proof of Theorem 3.1, we can check that xλ

± and yλ are solutions of (EP)1 for
all λ ∈ [λ̂, 0). �

We will end this section with a simple example illustrating the applicability of our
result. The example is in the spirit of those of Panagiotopoulos [19], analysed there in
the context of mechanical systems.

First, let us consider the following function f : R �→ R (we drop t-dependence for
simplicity)

f(ζ) df=




1 if ζ < 0,

1 + raζr−1 if 0 � ζ < e,

1 + raζr−1 + ln ζ if e � ζ,

(4.4)

where a > 0 and 1 � r � p (see figure 1).
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aer + e

1

j (  )ζ
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−1 1 e
ζ

Figure 2.

Let j : R �→ R be defined by j(ζ) df=
∫ ζ

0 f(ξ) dξ (see figure 2). Then

j(ζ) df=

{
ζ if ζ � 0,

aζr + max{ζ, ζ ln ζ} if ζ > 0.

Note that j is not differentiable at e. At this point f exhibits a jump discontinuity. Let us
define the multifunction f̂ : R �→ 2R, by ‘filling in the gaps’ at the discontinuity point of f

(see figure 3). From Clarke [5, p. 34], we know that j is locally Lipschitz and ∂j(ζ) = f̂(ζ)
for all ζ ∈ R.

If we are given the problem

−(|x′(t)|p−2x′(t))′ − λ(|x(t)|p−2x(t)) = f(x(t)) for a.a. t ∈ T = [0, b],

x(0) = x(b), x′(0) = x′(b),
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∂j (   ) = f (   )ζ ζ

1

−1

−1 1 e
ζ

ar er − 1 + 2

ar er − 1 + 1

^

Figure 3.

which need not have a solution (due to the discontinuity of f), we replace it with the
multivalued problem

−(|x′(t)|p−2x′(t))′ − λ(|x(t)|p−2x(t)) ∈ ∂j(x(t)) for a.a. t ∈ T = [0, b],

x(0) = x(b), x′(0) = x′(b).

}
(4.5)

It is easy to verify that j satisfies hypotheses H(j)4 and so, by Theorem 4.1, there exists
λ̂ > 0 such that for all λ ∈ [−λ̂, 0), problem (4.5) admits at least three distinct solutions.
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