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CONVOLUTION PROPERTIES OF A CLASS OF BOUNDED
ANALYTIC FUNCTIONS

Z0oU ZHONGZHU AND SHIGEYOSHI OWA

Let A be the class of functions f(z) which are analytic in the unit disk U with
F(0) = f'(0) =1 = 0. A subclass S(A, M) (A 20, M >0) of A is introduced.
The object of the present paper is to prove some interesting convolution properties
of functions f(z) belonging to the class S(A, M). Also a certain integral operator
J for f(z) in the class A is considered.

1. INTRODUCTION AND LEMMAS

Let A denote the class of analytic functions of the form
e <]
f(z)=z+ Z anz"”
n=2

in the unit disk U = {z: |z| < 1}. We denote by S*(p) and K(p) the subclasses of A
whose members are starlike and convex of order p (0 < p < 1).

For a function f(z) € A, we say that f(z) is in the class S(A, M) if and only if it
satisfies the condition

|f'(z) + Azf"(2) - 1| < M (z€ U)

for some A (A > 0) and M (M > 0).

In the present paper, we prove some convolution properties of functions f(z) be-
longing to the class S(A, M). Some inclusion relations between S(A, M) and other
subclasses of A are obtained. We also obtain some new sufficient conditions for
f(z) € S*(p). Finally, we discuss a class of certain integral operators on A.

We need the following lemmas to derive our results.
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LEMMA 1. Let A > 0 and M > 0. If p(z) is analytic in U with p(0) =1 and
satisfies

(1) Ip(z) + Azp'(z) 1| <M (z€U),
then we have

(2 p(2) ~ 1] < % (ze0),

Q 3 [ra-1|< s Gew,

and

(3+20)M
2(1+ X)(1 +2X)

(@ 12 [ storas - pte)| < (€ V)

Inequalities in (2) and (3) cannot be improved.
PROOF: Let us define the function p(z) by

(5) p(z) =1+ ———w(2),

M
142
where w(z) is analytic in U with w(0) = 0. We wish to show that |w(2}] < 1 for all
z € U. If this is not true, then there exists a point zy € U satisfying

max fu(s)] = fu(z)| = 1.

Then, by Jack’s Lemma [1], we can write
2011)'(20) = k‘w(Zo),
where k is real and k > 1. It follows that
kM
zop'(20) = TW(zo)

A
+ Ak
1+z\

and

M2>M.

[p(20) + Azop'(20) — 1] =

This contradicts the condition (1), and hence we conclude that |w(z)| < 1 forall z € U.
Therefore, by using (5), we know that (2) holds true.

In view of Schwarz’ Lemma and (2), we have

M
14+

lp(2) -1 < Izl (z€U),
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and hence
“p(t)d | a| < [ M
= 1) — < tdt =
[“stoya— | = | [0 -nar < [ = gt o
This implies that
l / p(t)dt — ‘ (1+ ey €U
Further, let
1 [ . B+2)M
(6) o(e) - [ o0 = g o),

where w(z) is analytic in U with w(0) = 0. We can prove that |w(z)| < 1 for all
z € U. In fact, if this is not true, then using the same way as in the above there exists
a point zg € U (2 # 0) such that |w(z)| = 1 and zow'(20) = kw(20), where k > 1
From (1) and (6), we obtain

p(20) + Azop'(20) — 1]
(3+ 20)Mw(z) . (3+2))A(k +1)
21+ N1 +20) " 21+ A)(1+22)

20
=l-1— / p(t)dt + Mw(zo)—lj
20 0

<M,
that is,

L 3+2A
21+ N1+ 2))

1+ A+ EA)Mw(z)| < M.

1 [*
l— / p(t)dt — 1
20 0

Hence, we have

1 [* 3+2X M
12/0 ”(t)dt"l‘ >N M= ey
This contradicts (3) and hence |w(z)| <1 for all z € U. This follows (4) with (6).
Since the function po(z) = 1+ (M/(1+ X))z satisfies the condition (1), we see
that the inequalities in (2) and (3) cannot be improved. Thus we complete the proof of
Lemma 1.
Let Ap =(a;j),, denote the real symmetrical matrix of order n. Jian Huaiyu has
showed that |A,| >0, if A, satisfies the conditions:
(i) a;; 2 aij41 20 (i=1,2,3,...,n;i$j$n—1),
(1) @ip1i41 2 @i (i=1,2, 3,...,n—1),
(i) @i > ai—1; (i=1,23,...,ni<j<n),
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and
(IV) Qi — Qij+1 ?ai_lj—a,'_lj.}.] (i=1,2,3,...,n;i€j<n—1).

In fact, the case a;; = 0 is trivial. If a;; > 0, then we have

ey Qa2 ... Qip B '
] [ az2 Qzn
A 0 ayp ... a3,|
| nl = = Q11| crv et et 3
................... ' '
a PR §
1 t n2 nn
0 Gna ann
where
a:
r 11 oo
a.,-j—a.-j—analj (:,7=1,2,3,...,n).

By the hypothesis, we see that

is a real symmetrical matrix of order n —1 and satisfies the conditions (i) - (iv). Hence
we can prove that |A,| > 0 by mathematical induction.

LEMMA 2. Let bp>0,b, 20,and by_y — b, 2 b, —bpp1 20, n=1,2,3,....
If

b oo
p(z) = 50 + Z bn2",
n=1

then Re(p(z)) > 0(z € U).

PRrRoOF: We can write
by had n
p(e) = 21+ Y cnz™}
n=1

with ¢, = 2ba/bo (n=1,2,3,...). Adopting the convention that ¢ = 2, c_y = ¢,
(n 2 1), we have that

Co Cc1 C2 Cm
C1 Co c Cm—-1
Apnr = (i=0,1,2,...,m)
Ci Ci—-1 Ci—2 Ci-m
Cm Cm-1 Cm-2 Co
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is a real symmetrical matrix of order m + 1, and satisfies the conditions (i) - (iv).
Hence we can prove that A,,;; is a semi-positive definite matrix by the mathematical
induction.

Since, for m=1,2,3,... and Ay € C(0 < k < m), we have

Bn=3.3 Croghidg = NAmp1},

k=0 ¢g=0
%o
p
A=

bt

m

and hence R,, > 0; this implies that

Re{l + f: cr2"} >0 (z € U),

n=1

so Lemma 2 is completed. 0

ExaMPLE. If A >0 and

1(2) ‘Z+Z A+nA

then
f(2) 422 +32+1
7 R U).
(7) e{ : |2 manarzy €Y
PrOOF: Let by = (14+3X)/((1+A)(1+2)) and b, = 1/(1+nA),n =
1,2,3,.... Clearly, the sequence {b,}5° satisfies the conditions in Lemma 2, and
hence
143X — 1
8 » .
(8) Re{2(1+)‘)(1+2/\)+';1+m\z}>0 (z€U)

The conclusion follows from (8) at once.

2. THE cLass S(A, M)

Let a function f(z) be in the class S(A, M). Setting p(z) = f'(z) in Lemma 1,
by (2) and (3), we obtain

©) F@-l<ihy  (ev)
and
(10) i(zi)_ll<2(1+,\) (z € U),
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respectively. From (10), we see that S(), M) is a class of bounded analytic functions
in U. If M <1+, by (9), S(A, M) C C, the usual class of close-to-convex functions
in U. From (9), we also obtain

PROPOSITION 1. Let 0< A2 €\ and X\ > 0. Then
S(A1, M) C S(Az, M).

THEOREM 2. Let f(z) € S(X\, M) and g(z) € A with Re{g(z)/z} > 1/2
(2 € U); then h{2) = (f *g)(z) € S(A, M), where (f * g)(z) denotes the convolution
(or Hadamard product) of functions f(z) and g(z).

PROOF: According to Herglotz Theorem, we have

9(z) _ /T (),

z

where p is a probability measure on the unit circle T'. Since
R'(2) + Azh"(2) = 1 = (f'(2) + Azf"(z) — 1) * g_(;_)’

we obtain
k'(z) + Azh"(z) -1 = A(f'(rz) + Arzf(r2) — 1)dp(T).

Moreover, we have
Ih'(z) + Azh"(z) - 1| < / Mdu(t)= M,
T

which shows h(z) € S(A, M). 0

COROLLARY 1. Let f(z) € S(A\, M), g(z) € S(A\, M) and M <1+ A. Then
h(z) = (f*g)(z) € S(X, M), that is, S(A\, M) is closed for the convolution (or
Hadamard product) when M < 1+ A.

PROOF: By means of (10), we have Re{f(z)/z} > 1/2 (z € U), and hence the
conclusion immediately follows from Theorem 2. 0

Next, we derive

THEOREM 3. Let f(z) € S(A, M), g(z) € S(A, M), and h(z) = (f * g)(z).
(i) IfM<1+ A, then h(z) € S*(0) and satisfies

zh'(z)

h(z)

(ii) If either A > 1/3 with M < (1+1)/V2, or 0 < XA < 1/3 with M <

Vv2X(1 + A), then h(z) € K(0).

—1‘<1 (z € U).
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PROOF: Defining the functions f(z) and g(2) by f(2) = 2+ Y anz™ and g(z) =
n=2

(o]
z+ Y bnz™, respectively, we have
n=2

B(z) = (Fra)(e) =2+ Y anbas™

n=2

(i) From (9), we obtain that

(11) //U |f'(z)—-1|2d:cdy=7rgn|a,,|2 <1r(1%)2.

Hence

(12) Y nlaal’ <1.
n=2

Similarly, we have

(13) > nlbal’ < 1.
n=2

By means of the Cauchy-Schwarz inequality, we obtain

(14) Zn [anbn] < (Zn |an|2) (Z n |bn|2) <1

n=2 n=2 n=2

Therefore, we know that h(z) € $*(0), so h(z)/z # 0 (z € U). It follows from (14)

that
En lanba| |2|" 7! < 1 (z € U),
n=2
or oo o
3 (n = 1) lanbal 2" < 1= 3 Janbal 2" (2 € V).
n=2 n=2

This implies that

oo
1+ Z Apbpz™!

n=2

< (z € U),

Z (n —1)anb,2"?
n=2
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that is, that

R'(z) — "(Z) \h(z"’) (z € U).
Consequently, we obtain that
zh'(2)
R 2) —-1I<1 (z € U).
(ii) Since f(z) € S(A, M), we have
Zn(l S YR 'n,)\)a,,z"-1 <M (z € U),
n=2

and hence
(15) / /

Since A > 1/3 with M < (1+1)/v2,0r 0 < A <1/3 with M < +/2X(1 + ), we can
prove that (1 - A+ nA) > nM? for every n > 2, and hence by (15) we have

o0
Z n?lan|? < 1.

n=2

2

dzdy =7 Z n(1 - A+ nA)? |a,|?

n=2

< wM?3.

n(l —A+nl)apz""!

n=2

Similarly
> ont bal* < 1.
n=2

Therefore, we see that

oo oo 1/2 4 o 1/2
Z n? |a,b,] < (E n? |a,,|2> (Z n? |b,.|2) <1
n=2

n=2 n=2

This implies that h(z) belongs to the class K(0). 0
From the proof of (i) in Theorem 3, we have

COROLLARY 2. If

F(z)=z+ i cn2™

n=2
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is in the class A with

o
E nlen| €1,
then n=2

2F'(2)

o)

<1 (z € U).

Letting A= M —1 =0 in (i) of Theorem 3, we have

COROLLARY 3. Let f(z) € A and g(2) € A with |f'(z) -1/ <1 (z € U) and
l9'(2) — 1| <1 (z € U). Then h(z) = (f * g)(z) € S*(0) and
zh'(z)
h(z)

THEOREM 4. Let f(z) € S(), M).
(i) I M <21+ X)/V5, then f(z) € S*(0).
(i) If M <(1+2X)/2, then |2f'(2)/f(2) - 1| <1 (2 € U).
(1) If M <21+ A)(1+2X)/(5+6A), then f(2) € S*(1/2).

PROOF: (i) Since M/(1+ ) < 2/v/5 < 1, in view of (9), we obtain Re{f'(z)} >
0 (z€U), and

larg f'(z)| < sin™? (%) <sin™? (%) < g (z € U).

By (10), we have Re{f(z)/z} >0 (z € U), and
F)|_ (L
2 l < sin~?! (\/5) <

o () () -

s 2 < e+ e P2 < 3 ew)

which implies f(z) € $*(0).
(i) Setting p(z) = f'(z) in Lemma 1, we have by (4)

f(2)

1‘<1 (z € U).

(z € U).

0ol 3

arg

Noting that

we have

L 3+2)
T+

\f’(z) - (z € V).
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Since (10) gives

f(2) 1+2)  3+2)
'T Taaey Caarny €U
we have
-2 e,
which proves
z}f(z) —1l<1 (z € U).
(iii) It is sufficient to prove that
zf'(z) 2f'(z)
2) —1l< 2) (z € U).
Since (10) leads to
f(z)|  41+2)
z 5+6X (z€ ),

we see that f(2)/z # 0 (z € U). Therefore, we only need to show that

(16) ‘f@) 1)

<If'(2) (z € U).
With the aid of (4) and (9), we obtain

f(z)] (342

r- 188 Geu
and
FEI> R e
Thus we prove the inequality (16). a

REMARK. Taking A = 0 and M =1 in (i) of Theorem 4, we obtain Theorem 2 and
Theorem 3 by Mocanu [2]. Further, letting M =1 in (ii) of Theorem 4, we obtain the
main result by Mocanu [2], that is, Theorem 4.

Making A = 0 in (iii) of Theorem 4, we have

CoroLLARY 4. S(0,2/5) C S*(1/2).
By Corollary 4, we see
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CoroLLARY 5. S(1,2/5)C K(1/2).
Next, in view of (9), we derive

THEOREM 5. If zf'(z) € S(A, M), then f(z) € S(1, M/(1+ A)). Conversely,
if f(z) € S(A, M), then zf'(z) € S(0, 2M/A(1 + X)) when 0 < A < 1, and zf'(z) €
S(0, 2M/(1 + X)) when A > 1.

THEOREM 6. Let

f(z)=z+ Z apz*

k=2
belong to the class S(\, M). Then, for every n > 1, the nth partial sum f,(2) of f(z)
satisfies
(i) @—1|<% (z € U)
and
(ii) Ifa(z) -1l < M (ze ),
where A > 1.

PROOF: We define the function g(z) by ¢(z) = log(1/(1 — 2)). Then, we have
9(z) € K(1/2), and Re{gn(z)/z} > 1/2 (z € U) by Singh [3, Theorem 2], where gn(z)
denotes the nth partial sum of g(z).

(i) Since f(z) € S(A, M), by (9) and the equality

BB (-2 (ev),

in the same method as Theorem 2, we obtain

fa(2) M
. 1| < T (z € U).
(ii)) By Proposition 1, we see that f(z) € S(1, M), and hence
14 ) Kat ' -1l <M (z € U),
k=2

Since

fa(z)—1= (1 £ kgt -1) 2B (e,

k=2
by the same way as the part (i), we obtain

fa(2) =1 < M (€ U)
forall A>1. 0

COROLLARY 6. If f(z) € S(A, 1), then fo(z) € C for all A > 1 and for every
n2l.
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3. INTEGRAL OPERATORS

We now discuss integral operators
7+ 1 * ¥—1
(17) 9(2)=J(f)2) =~ [ T f(®)dt (v>-1)

for f(z) € A. Writing y =1/A —1 (A > 0), we see that

(18) f(z) = (1 - A)g(z) + Azg'(2)
and
(19) f'(2) = ¢'(2) + Azg"(2).

Clearly, if A >0 and g(z) € S(A, M), then we observe that f(z) defined by (17) is in
the class S(0, M). Conversely, we have

THEOREM 7. The integral operator J defined by (17) satisfies
J:S(1/(1 +79), M) — S(1/(1 +7), (1 +7)M/(2 +7))-
PROOF: Setting A =1/(1 ++) and p(2) = ¢'(2) + Azg"(z), we see from (19) that
F(2) + Azf"(2) =1 = p(z) + Azp'(2) — 1.

Suppose that f(z) € S(A, M) =S(1/(1+7), M). Then it follows from (2) that

M
Ip(2) -1 < 05 (z € 1),
and hence g(z) € S(A, M/(1 + A)). This completes the proof of Theorem 7. 0

THEOREM 8. Let M <1+ A, -1<y=1/A-1<0,and A 2 1. If f(z) €
S(A, M) and g(z) is defined by (17), then (g * h)(z) € K(0) for every h(z) € S(A, M).

PROOF: Defining the functions g(z) and h(z) by
g(z) =z + Z anz™ and h(z) =z + Z bn 2",
n=2 n=2
(18) leads to
f(z)=z+ ) (1-A+nlanz" € S(A, M).

n=2
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Therefore, from (12), we have

= 2y 2 (_ M\
En(l—/\+n/\) lan| <(1+_A) <1.

n=2
Noting that A > 1, we have
oo
z n3|an)? < 1.
n=2

Further, by (12) we obtain

[ -]

z:n|b,,[2 <1.

n=2

Consequently, we know that

oo
an lanbal < 1,

n=2
which implies that (g * h)(z) € K(0). a0
Next, we prove

THEOREM 9. If f(z) € A satisfies Re{f(z)/z} > p (p <1;z € U), then the
function g(z) defined by (17) satisfies

2 +4p + 5p7 + pv?

NECHS IR A
: L;:% (v>0),

for ze U.

PROOF: Letting

g(z) =2+ Z a,z"
n=2

and y=1/A—1 (A > 0), (18) gives

Re{@}: Re{l+i(1—k+n/\)anz"'l}>p (z € U).

n=2

Hence we have

(z € U).

N =

1 - n—1
(20) Re{l—i—z(—l_—;SZ(l—z\-i-nz\)a,,z }>

n=2
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Note that
(21)
g(:) ={1+ )g(l—A'Fn/\)anz } {1+2(1 P)Z A+TIA}

Thus (7) leads to

P } 2)% + (1 —3))p (z € U).

22 Re<1+2(1 -
(22) e{ + ”)nz::zl—,wnx 1+ )1 +2))
Combining (20), (21) and (22), in a similar way to Theorem 2, we obtain

g(=)] _ 227+ (1430
Re{ p }>(1+,\)(1+2,\) (z€U)

for all A > 0, that is,

9(z) 24+ 4p+5p7 +p7?
R{} @G +7) (z€U)

for all ¥+ > —1. But for 4 > 0, that is, for 0 < A <1, we have

244p+5p7+py:  1+42p+2py
(2+7)38+17) 3+ 2y

Applying Jack's Lemma [1], we can prove

(23) Re{ 9(:)} > 1 +32i “;72”" (z € U)

for v > 0. 0

REMARK. The above inequality (23) was recently proved by Owa and Nunokawa (4]
when 0 < p <1 and y> 1.
With the help of the proof of Theorem 9, we have

THEOREM 10. If f(z) € A satisfies Re{f'(z)} > p (p <1,z € U), then the
function g(z) defined by (17) satisfies

2+4p+5p7 +p7? (1< <0)
14+2p+42p7y
T3+2y (v>0)

for z € U.

REMARK. The second inequality in Theorem 10 was proved by Owa and Nunokawa (4]
when 0 < p <1 and v > —1.
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