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1 
C . J . Neugebaue r 

( r e c e i v e d August 5, 1962) 

In th i s pape r we wi l l c o n s t r u c t an e x a m p l e showing tha t 
the p r o b l e m posed in [ l ] h a s a nega t ive a n s w e r . Two m o r e 
t h e o r e m s on the subject t r e a t e d in [ l ] wi l l be inc luded . 

Let I = [ 0 , 1 ] , R the r e a l s , and le t , for A C R, A be 
o 

the i n t e r i o r of A. Le t { x } be a sequence in [0, 1) such that 

0 = x < x_ < . . . and l im x = 1. F o r e a c h n, le t I be a 
1 Z n n 

c lo sed i n t e r v a l having x a s i t s midpo in t (except for n = 1 in 

which c a s e x is the left endpoint of I ) such that I r\ I = <j>, 
1 1 n m 

n i m , and the m e t r i c dens i ty r e l a t i v e to I of KJ I a t 1 
o t n 

n> l 
i s z e r o . Let J be a c lo sed i n t e r v a l in I c o n c e n t r i c wi th I 

n n n 
(except for n = 1, w h e r e J ha s x a s i t s left endpoint) 

1 1 
whose length is half that of I . B n 

We r e c a l l tha t a function f: I -*• R is a p p r o x i m a t e l y 
o 

cont inuous a t x , x s I , if t h e r e e x i s t s a m e a s u r a b l e se t 
o o o 

E ç I such tha t E h a s m e t r i c dens i ty 1 a t x r e l a t i v e to 
o o 

1 and l i m f(x) = f(x ), x s E , x -> x [2, p. 132]. 
o o o 

T H E O R E M 1. T h e r e e x i s t f, g: I -> R bounded on I 
o o 

such tha t f is a p p r o x i m a t e l y cont inuous on I , g i s a 
2 2 ° 

d e r i v a t i v e on I , and f + g does not p o s s e s s the D a r b o u x 
p r o p e r t y on I . 

o 
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1 
Proof . We wi l l f i r s t c o n s t r u c t g. Let x = 1 - — , 

n n 
and let g( l ) = 0 , g(x ) = 0 , n = l , 2 , . . . . On the i n t e r v a l s 

n 
[x , x ] define g cont inuous ly such that { x: x £ [x , x 1 

n n+1 n n+1 
. x 

and |g(x)| >-} =[x , x ] - (J UJ ) and / n + 1 |g| = — . 
2 n n+1 n n+1 J £ 

x 
n On [x , x 1 , le t g be n o n - n e g a t i v e if n i s odd and non-

n n+1 
pos i t ive if n i s even . We can c l e a r l y m a k e g bounded on I . 

Define G: I -> R by 
o 

G(t) = / 

' t 

/ * . 
0 

2 

0 < t < 1 

1 
+ - - + 

3 

t = 1 

It i s r e a d i l y ve r i f i ed tha t G ! (t) = g(t) , t ^ I ( see e . g. the proof 
o 

of t h e o r e m 2). 

Define a bounded function h: I -* R sa t i s fy ing the cond i t i ons : 
o 

{ x: h(x) = 0} = I - W 1° , {x: h(x) > - } = KJ J ° , h(x) > 0 on I 
o n 4 n — o 

n>l 
and cont inuous on [ 0 , 1 ) . Then h i s a p p r o x i m a t e l y con t inuous 
on I and hence f = %/~h i s a p p r o x i m a t e l y con t inuous on I . 

° 2 2 1 2 2 ° 
H o w e v e r , f (x) + g (x) > - for x ^ [0 ,1 ) and f (1) -f- g (1) = 0. 

2 2 
Hence f + g does not p o s s e s s the D a r b o u x p r o p e r t y . 

It i s n a t u r a l to i n q u i r e w h e t h e r or not f + g h a s the 
D a r b o u x p r o p e r t y if f i s a p p r o x i m a t e l y con t inuous and g i s 
a d e r i v a t i v e . We wi l l f i r s t show tha t t h i s i s not a lw ays the c a s e . 

T H E O R E M 2. T h e r e e x i s t f, g: I -> R such tha t f i s 

a p p r o x i m a t e l y con t inuous on I , g i s a d e r i v a t i v e on I , and 
o o 

f + g does not p o s s e s s the D a r b o u x p r o p e r t y . 
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Proof. Using the notation introduced in the second para-

1 
graph, let x = 1 - -T=- , and divide the two complementary 

n \/n 

intervals of I - J (n > 1) into two equal intervals Tf , T?r and 
n n n n 

or", or1, where T' , or" are to the left of T", cr ! , respectively, 
n n n n n n 

and Tfl is to the left of or", 
n n 

o" n . Let g be continuous on J , zero at the endpoints of J , 
1 n n 

O r \ 
negative on J such that J g = - — (n > 1), and let g be 

J 
n 

zero on J . On each interval K of the form [x , x ] -
1 n n n+1 

o o 
(J , v^J ) define g to be continuous, zero at the endpoints 

n+1 n 

For n = 1, we have only cr ' , 
1 

o /• 1 
of K , positive on K such that / g = - , and 

n n T / Zn-1 

Let g(l) =0. Then 

K 

{x: x€ K and g(x) < 1} = cr11 U T " 

n — n n+1 

g is continuous on [0, 1). Let 

f 

G(t) = < 

V 

/ g , 0 < t< 1 
0 

, 1 1 t = 1 

It follows that G! (t) = g(t), 0 < t < 1. To prove that 

G1 (1) = g(l) =0, let h -> 1, h e [0, 1). For each i, let n 
i i l 

be the integer for which x < h < x . Since G(l) - G(h ) 
n. l — n. + 1 l 

l l 

is the remainder of an alternating convergent series, we have 
the inequality 

|G(1) - G(h.)| < 1 

2(n."l) • 

Hence 

G(l) - G(h.) 
1 / 1 

2(n.-l) / N/n.+ l ' 
l / l 
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and thus G1 (1) = 0. 

Define f: I -> R so tha t the following cond i t ions a r e 
o 

sa t i s f ied : { x: f(x) = 0} = I - \J I , f > 0 on I , f con t inuous 
o n — o 

n>l 
on [0, 1), { x : f(x) > 1 } = <u ( T M ^J J V-/crM)wJ v^(r l î, and 

— n n n 1 1 
n> l 

f(x) = " g( x) + 1> x U . Then f i s a p p r o x i m a t e l y con t inuous 
n 

on I . But f(x) + g(x) > 1, x c [0, 1), and f ( l ) + g ( l ) = 0 . 

Both funct ions in the above proof a r e unbounded. In v iew 
of the next t h e o r e m t h i s i s an e s s e n t i a l f e a t u r e . 

T H E O R E M 3. I^et f: I -*• R be a p p r o x i m a t e l y con t inuous 
o 

on I and le t g: I -> R be a d e r i v a t i v e on I . If e i t h e r f or 
o o o 

g i s bounded on I , then h = f + g p o s s e s s e s the D a r b o u x 
o 

p r o p e r t y on I . 
o 

Proof . If f i s bounded on I , then f i s a d e r i v a t i v e on 
o 

I f2, p . 1321, and the conc lus ion fo l lows . We a s s u m e tha t 
o 
| g | < M on I . Let 0 < a < p < 1 such tha t h (o r )^h(p ) , say 

h{a) < h(p) , and le t h{a) < y < h(p) . We wi l l exhib i t 
o 

x , a < x < p , such tha t h(x ) = y . Define f : I -• R by 
o o o o n o 

( n , f(x) > n 

f (x)- = < f(x), - n < f(x) < n 
n \ 

- n , f(x) <. - n . 

Then f i s bounded and a p p r o x i m a t e l y con t inuous on I , and 
n o 

hence f i s a d e r i v a t i v e on I . Thus f + g = h h a s the 
n o n n 

D a r b o u x p r o p e r t y . Le t n be an i n t e g e r such tha t 
o 

- n + M < y < n - M and h {a) < y < h (p). T h e r e 
o o o n o n 

o o 
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e x i s t s x £ (&,&) such tha t h (x ) =y . We only need to 
o n o o 

o 
show that - n < f(x ) < n . If |f(x ) I > n , then If (x ) 

o o o o — o n o 
o 

and f (x ) + g(x ) 4 Y > c o n t r a r y to h (x ) = y . 
n o o o n o o 

o o 
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