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CHARACTERISTIC CLASSES FOR SPHERICAL
FIBER SPACES

AKIHIRO TSUCHIYA*

§0. Introduction and statement of results.

Let SF = SG denote the space lim SG(n), SG(n)={f:S"! - S"*; degree 1},
and BSF be the classifying spa;of SF. Our purpose is to determine
H.(BSF:Z,) as a Hopf algebra over Z, where p is an odd prime number.
We have announced the main result in [14].

Let @,5° = lim 255", where 23S is the zero component of the n-th loop
space of S*. Then Q,S° has the same homotopy type of SF. Dyer-Lashof
[4] determined Hy(Q,S': Z,) as an algebra over Z, where p is an odd
prime. HJ(Q,S°: Z,) is a free commutative algebra generated by z,, JeH,
where H={] = (&1, j1,82 Jos * * *+&r J»)}, J satisfies the following properties.

0-1) 1) r=1
i) j;=0mod(p—1), i=12++-,7
iil) j,=0mod2(p — 1).
) p-l=j<j=--+=<j,.
v) &=0o0rl.
vi) if e, =0 then j;/(p —1) and j../(p — 1) are even parity.
if €4y =1 then j/(p —1) and j,.,/(p — 1) are odd parity.

The elements z, are determined as follows. There is a continuous
map ho: L, ~Q,S°, where L, is the mod p lens space of infinite dimension.
Then «, is by definition hoyleyp-n). And x, is by definition 83Q; 85Q;,- - -
Bi-1Q;, By %y sap-ny Where J = (&,7y ++ ,€, 7, )EH, and Q, are the extended

power operations defined by Dyer-Lashof, and 8, is Bockstein operation.
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We identify H(Q,S°: Z,) with H(SF:Z,) as Z, module by i,, where
i:Q,S*—+SF is the homotopy equivalence, and we denote & = i (z) for
2 Hy(QoS" : Z,).

The space SF becomes an H-space by composition of maps. The
homotopy equivalence i : @,S°— SF is not an H-space map, S0 i, is not an
algebra homomorphism.

Our first object is to determine the algebra structure of Hy(SF:Z,).
The result is the following theorem.

TueorREM 1. HSF : Z,) is a jfree commutative algebra generated by %,, J€H,
even though i, is not a ring homomorphism.

To show this theorem, we proceed as follows. In §1, we study the
relationship between the H-structures on €,S° and SF. And in §2, intro-
ducing a filtration on Hy(@,S°:Z,), mod this filtration we compute the
multiplications on Hy(Q,S°: Z,) and H,(SF :Z,. We obtain the first theo-
rem in §3.

The next object is to determine the Hopf algebra structure of H(BSF: Z,).
Let H, be the subset of H consisting of J = (e, ji, **+, € J,) such that
ji7=p—1, and r=2. Let H,={(¢, p—1,1, j)eH}. And let Hf = {JeH,,
degz, = even}, H;={J/€H, dega, =o0dd}, i =1,2. Let j:BSO—BSF
be the natural inclusion,.then By Peterson-Toda [12], Im 7, = Z (2}, 25, -+ + ],
deg 2, = 2j(p — 1), 4%; = ié}()a@i,_i.

THEOREM 2. 1) H(BSF :Z,) = Z,[2), % + *+ *1Q Alc&;, 0% » + + )RCy. Cy
is a free commutative algebra gemerated by o%,, JEH,UH, o%; of, are primitive
elements, and 4(z;) = gé‘i@é‘,_i.

ii) H*(BSF : ZP) = Zp[q19 Gz * ° -] ®(Aq“ Agsy + » - RC

C =IeH,*®u Hg*A((a(iI))*)JeH@UH,'F?[(G(xJ))*]. where ( )* dcfnotes the dual element,
and gq; is the j-th Wu class.

This theorem is proved using the Serre spectral sequence associated to
the principal fibering, SF—ESF— BSF. In §4, we introduce the H3
structures § : W Xn,(SF)? =+ SF, and W X=z,(BSF)” - BSF. Using this 4, we
introduce, in § 6, the extended p-th power @; on Hy(SF : Z,) and H,(BSF : Z,).
Related with this @, we formulate the Kudo’s transgression theorem imr
proposition 6-1.
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To compute the operations Q; on H(SF:Z,), we study the map
G : WXa,(SF)” - SF, in §5, and using this we compute @,_y(x), Q,_o(%) for
2= Hy(SF : Z,). Using these we obtain Theorem 2.

Peter May [7] independently succeeded to determine Hy(BSF : Zp).

In a forthcoming paper [15], we shall use the results of this paper to
determine the characteristic classes for PL micro-bundles.

§1. H-space structures on 27S".

1-1. Let SF(n) be the space of base point preserving continuous maps
from S™ to S" with degree 1, and SG(n) be the space of continuous maps
from S™* to S™! with degree 1. These spaces are given the compact open
topology. Then SF(z) and SG(n) become topological monids by composi-
tion of maps. We shall define the suspension homomorphism, SF(#)—+SF(n+1),
and SG(n)—~ SG(n + 1), as follows.

feSF(n)— f A idieSF(n + 1).
(1-1)
9eSG(n) — gxid,eSG(n + 1).

where A and = denote reduced join and join respectively and id,eSF(1),
id,eSG(1) denote identity elements.

We shall introduce another H-space structures on SG(z) and SF(n) by
join and reduced join respectively.

SF(n)x SF(n) 2> SF(2n)
(1-2)

SG(n)xSG(n) > SG(2n).

We shall discuss various relations between these maps.

Lemma 1-1.  The following diagrams are homotopy commutative.
i) SF(n)XSF(n)—> SF(n + 1)XSF(n + 1)

l/‘ Alidy) J,/‘
SF(2n) ———> SF(2n + 2)

ii) SG(n)XSG(n) —> SG(n + 1)XSG(n + 1)

*(id,) *
SG(2n) ——— SG(2n + 2)
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LemMmA 1-2. The following diagrams are homotopy commutative.

i) SF(#)XSF(n)—>SF(n);  (f,0)~>go .
SA | Aa
SF(2n)

i) SG(m)xSG(n)—>SG(n);  (fr0)—>g0 f.
\* ;
L, | Hida
SG(2n)

Let i : SF(n)— SG(n + 1) be the natural inclusion, and i : SG(n) - SF(n)
be the inclusion defined by i(f)= f+id, with base point (02 @ 12;)= 5" *+S'=S",
S0 = {21, zz}-

Lemma 1-3.  The following diagrams are homotopy commutative.

1) SF(n)XSF(n)—> SG(n+ 1)XSG(n + 1)

A [
SF(2n)—> SG(2n + 1) —> SG(2n + 2)

i) SG(n)xSG(n)—> SF(n)xXSF(n)
I "
SG(2n) ————— SF(2n)

LemMA 1-4.  The following diagrams are homotopy commutative, that is the
reduced join and join products on SF(n) and SG(n) are homotopy commutative.

A

i) SF(n) XSF(n)———)SF(Zn)

lT |

n)XSF(n )
i) SG(n)xXSG(n) LN SG(2n)

' l T et
/
- SG XSG

It is well known that SG(#) .and SF(n) have the same homotopy (# —1)
type. Therefore SF=lim SF(n) and SG = lim SG(n) have the same homotopy
type, and SF = SG has .three ‘H-space structures defined by composition of
maps, reduced join and join, and these three H-structures are homotopic

each other.
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1-2. Next we shall consider iterated loop spaces. We denote the #-th
loop space over X by 2"X, where Q"X={/ : (I",3I") - (X, »): continuous maps}.
And we identify Q**'X and 2(2"X) by the following rule.

X1, Ieq2"X)
(1-3) )
l(t)(tly A °’tn> = l(t1 tly A '9tn)9 (ty [P '9tn)E[n+l‘

We shall define loop product V; on Q"X, 1=<=j=<n by the following

rule.

ll(tly c tj—l’ 2tj, tj+1’ c ey tn), Oét,él/Z.
(1-4) Vj(ln lz)(tb ey ty) =

lz(tly i '9tj—-1y 2tj - 1, tj+l’ A '9tn)’ l/ZStjél.
We write V for V,. Denote SX= XAS!, and we define the natural inclu-
sion Q"X — Q"*'SX by I—IAid,

Let 23S™ be the subspace of Q"S™ consisting of elements of degree g,
for g any integer. And we shall identify 93S™ and SF(n) canonically, We
shall define the map i, : 2;S" - SF(n) by I —>1Vid,. Itis well known that
i, i1s a homotopy equivalence, and it is easy to show that the following
diagram is commutative.

in
(1-5) ;8" ——> SF(n)

in+1 l

QS t———> SF(n + 1).

Hence, we have a homotopy equivalence

(1-6) i :Q,S*—~SF.
' We shall define the map A, :2:S"x2:S" - 3i"S*» by the following
diagram.
IaX1
(1-7) Q2S™ X 28S™ —————? SF(n)XSF(n

VR (vimidgy LA

25t ¢ SF(2n),

a (2
where (— id,)eR",S™ is thq map defined by (— id,) : (I",dI")—> (I*,3I")—>
(S™, %), where o(t;, »+ +,t,) = (1 — ¢y, 15 »+ +1,), and ¢, 1s the natural identifi-
cation map. Then the following diagram is homotopy commutative.
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Qgs'n, X Q'gs'n 3 Q's+1sn+1 X Q’:)H-lsn-l-l
(1-8) |7 | o
anszn ) ngzszmz

So that passing to the limit we obtain the map.
(1-9) A QuS"X QoS —> QuS".

Our first proposition is the following structure theorem of A,.

ProrosttioN 1.5.  The following diagram is homotopy commutative.

QISP XIS — " gingn
AXA \
(1-10)  QISPX@ISPXQISTXQIS®  QirSTx QIS
lidexid Tidx(/\id,.)

AXV
QES™ X 25" X QS X S™ ————> QST XS .
Passing to the limit we obtain the following corollary.

CoRrOLLARY 1-6.  The following diagram is homotopy commutative.

QoS'XQeS' —————> QS°
AXAN
(1“11) QoS° XQ,S° XQoS" X QpS* \
idXTXid AXV
QoS° X QpS* X QoS X QeS* ————> QoS* X QoS’
We shall consider the relation between the loop product and the reduced
join product. Roughly speaking, it is distributive law.

ProrostTion 1-7.  The following diagrams are homotopy commutative.

idx(V)
i) QK X (Q"LXQ"L)— > Q"Kx Q"L
| axia 1A
(1-12) (KX Q"K)X(Q"LX QL) (KAL)
lidx Txid Tv

QKX Q"L x!)"KxQ’"L——;T.Q"“"(KA L)yx Q" (KAL).
X
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.. (VIxid
ii) (" KXQK)X Q"L —— Q"Kx Q"L
|iaxa LA
Q"KXQ"KXQ"LXQ™L Q"™M(KAL)
|iaxTxia Tv
AXA
QEXQ"LX QKX Q"L ———— Q"™ (KAL) X Q"*™(KAL)

2-3. Let 2"X denote the iterated n-th Moore loop space. We can
interprete an element /e2"X as follows. ! : (U, aU,) (X, ), where U, is a
certain closed subset of R™ depending on /. It is well known that the
natural inclusion Q"X— Q"X is a homotopy equivalence, and up to homo-
topy this map preserves the H-space structure defined by the loop product.

We shall define the reduce join product A :2m"XX2"Y — 2™+ XAY)
by the following rule, for /,eQ2™X, [,e2"Y.

(1-13) (L) 2 (U XUy, (U, XU)) = (XAY, #).

Then the natural inclusion 2"X— Q"X is compatible with the reduced join
product. We shall define the suspension map 2"X— 2"*1(SX) as follows,
! IAid,. Then this is compatible with the natural inclusion Q"X — 2"X.

We consider the result of Dyer-Lashof [4] about the iterated loop
spaces. Let 3}, denote the permutation group of g-elements, and J"3
denote the n-th join of 3, with itself. We consider j*3, as a subset of

.,'leq by the fOHOWing rule) ]"Eqa(txth@ R @ t:,,,l)',,,) = (O@tlal @ ¢t @ tno‘n)
eJ*'3. Dyer-Lashof proved that 2*X is an H" '-space in their sense, so
that there exists a continuous map.

(1-14) 037t 1 JP X (2P X)) > 27X
with the following properties.
1) 3, equivariant i.e. for each s},
(1-15) 07ty Do o @ tpon; Iy o 00y 1)
= 077t10107 D+ + @ taons™ Lawy * + 0y L)
il) normalized i.e. for each s3],
077 0@ - - @0D1easly, c+ oy l) =LV Vi

We shall consider the relation between #2~! and reduced join, we obtain
the following proposition.
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ProposiTioN 1-8.  The following diagram is homotopy commutative.

_ _ o0xid _ _ A
(J"2 X s (Q"TK))XQ™L ———— Q"KXQ™"L —> Q™™ (KAL)

Ta
(1-16) (J" 2 X 2, (R"K)*xQ™L) TP X 2 (2% (KAL)
lidxidqu Ti><(/\)"
TP X 2 (@ KX (@™ L)) —————> J" T, X 3 (2" KX 2™ L)

Proof. At first we shall remark that the following diagram is commuta-
tive by the definition of inclusion "3}, — J**"%, and naturality of 07 with
respect to the iterated loop map.

o ixid _
TP X5 QMR (KAL) ——— J* " X 5, (@™ (KA L)
0 I
2*Q™(KAL) —————— Q™™(KAL))

Fix an element /€2™L, and define the map /;:K—2™(KAL) by the fol-
lowing way,

Ix) - (U,0U0,)>KAL, xeK.

L(x)(Bsy o o oy b)) = (@A Uy« » =, E0)).
Consider 2™(l:) : @"K— 2™(2™(KAL)), Then it is easy to see that ﬁ"(l'g)(ll)=

LAl 1€2"K. Naturality of 677! under n-th iterated loop map shows that
the following diagram is commutative.

_ idX(2™)(1s) o
TP Xz (27K )" —— " X 5 (2™ Q@™(KAL))
0 2™1) L
2"K —> 2M2™(KAL))

The commutative diagram and the above remarks show the following
I CHUNERRN WY
= @L)OT Hw, Iy; + -+, 1)
= 05 (o, 2™ L) L)5 + + -, Q"))
=007, WAL - LA D)
= g1, AL - ey L AD

This shows the proposition.
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Let =, denote the cyclic group of order q. Q(X) = lim %S*X), Q(X)=
lim 2%(S"X).  @;S° = lim 235", 2,8° = lim 275".  We shall define & : [z /z,
27S™ by the following rule.
_ 0 _

R Jhaglng = J mgXa(idy)? = [P Xx (278" — 2,S".
And passing limit, we obtain & : Jor,/z, —~ Q,S’, and define ko : J*z,/x, > 21S™

) _ V(—qida)_ .. .
by the following, &, : J"z,/z,—~ 2,S" ——> 2,S", and as a limit, we obtain
Ro i Jomgm, — 305"

ProposiTiON 1-9.  The following diagram is commutative.

_hxid A _
(J*zofn) X @™ K —— > Q15" X 2"K —» @™ ™(S* AK).

(1-17) idx A, i (i, A To
Jiag Xz (27K ) I Xa (2™ (S AK))

Proof of this proposition is the same as the proof of Proposition 1-8.
We shall consider the case K =S™ and passing to the limit, we obtain
the following corollary.

CoroLLARY 1-10.  The jfollowing diagram is homotopy commutative.

_ hxid _ _ A
(J7rg/mq) X QoS® ———— Q,S* X QS* —> Q,S°

| >
lidqu /

]mﬂ.'q X nq(Q—oSo)q

(1-18)

It is easy to prove the following proposition.

ProrosiTiOoN 1-11.  We have the following commutative diagram.

_ hyxid _ _ A
(Jzglm) X @™ K ——— 23S* x 2™ K —> 2**™(S* AK)
lAq-ﬂ-l T\/
(1-19) (J"rgfmg X 2™ K )1 Q™™(S* AK)X(2™™(S" AK))

(hAid)X (z2)" TidX«—id,.)/\)"
— s Q™ (S*AK)X (27K )?

(Jaigfmg X QK ) X (J"ngag x Q™K )

§2. Filtration on H,(Q,S'; Z,).

2-1. In this chapter, p denotes an odd prime number unless otherwise
stated. Let C denote H,(Q,S°; Z,) as a Hopf algebra over Z,. It is well
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known that H(J"a,/z:2Z,) = Z, i=0,1,2, -++-. We shall serect generators
e, € H(J nylz, : Z,) with the following properties.

(2-1) ) e=1 i) Ale)= éoei(@'e,_t i) Bpes = €sjse

where 8, is Bockstein operation.

Dyer-Lashof [4] defined on H(X:Z,), the extended p-th power ope-
rations Q¥ =Q;, j=1,.-+.n, with the following properties, where X is a
H?% space in their sense,

1) Qj . Hk(Xv Zp) —_—> Hpk+j(X9 Z?)!
2) @, is a homomorphism for j<n—1,
(2-2)
3) @, is the Pontrjagin p-th power,
4) Quj-1 =@y, 2j<mn—1, B, is Bockstein operation,
5) ze€H/(X,Z,), Q(x)=0 unless the change in dimension, 2j+pr—7r
is an even multiple of p —1,

6) Cartan formula:
X,Y : Hp-space, x€H,(X,Z,), yeH,Y,Z,), 2j<n then
Q2 R y) = (—1)”@—1)/2‘2:10@%(50) & Q2j-24(¥).

For J=(ey 41+ * *1€,4,), €,=0 or 1 and j,=0, we denote Q, = B3Q;,
e BYQ..

We shall now formulate the Adem relations for Q}s. At first we shall
comment on the homology of symmetric group.

Let X be a connected finite CW-complex and =z, ,, - + - €Hy(X, Z,) be
a basis of Z,-module consisting of homogenous elements. Then e;® z%,
i=0, j=1, and eo@%@ « - Qu,, is a basis of H(J 1,%x,X?,2,), v’;here
not all the j, - - -,j, are equal and (j,, « * -, j,) runs through all representa-
tive classes obtained by cyclic permutations of the indices. As the chapter
VIII of Steenrod [13], we can obtain the following lemma.

LemMA 2-1. X is as above. Let d: J7rylep X X—> J"n, X, X? be the twisted
diagonal map.  Then the image of dy: H{J wolz, X X, Z,) = Ho(J"X2,X?, Z,)
coincides with the sub-module generated by e; @, x5, i =0, j=1.
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LemMMaA 2-2.

Let g JmyXa(Jmples)? = J(sfs) /zpsﬂp—+ T (X)) /S be the natural
inclusion. Then the following relations holds on
b 2 H(J7my X, (J w7 )" ¢+ Zg) = H(J™(p2) X2+ Zp)s

(2-3) a) pule;®,(e;)?) =0 unless (i,7) is of the form (2s(p—1)—e, 2¢(p—1));

s=0, t=0, e=0 or 1, or ((2s + 1) (p—1)—¢, 2t(p —1)—1); s=0,
t=1, ¢=0 or 1.

b) ¢ >s(p+1), s=0
25(@at-2sp)p-1) R (€25(5-0)7)

(/2] ( 1)""’*‘ ((k—s)(p—l)—l

= C(os— " Corip-1))7)e
bt Bl st )#*( Ct-2up)(p-DQ(Ca(p-10)")

c) t=s(p+1), s=0, m=(p—1)2.

—m !#*(e(zn1—2sp)(p—1)®n(ezs(p-1)-1)p)

[2/p) (k—s)(p—~1)
— _1k+8+t( ) Ceon 00o1 R (Cortory)®
k=[(t—8)/p]( ) Fobamt 2ilec: 2k p)(p—1) 1@ ( 2k(p 0)")
[£742] (k~s)(p—1)—1
-1 k””( )m !ﬂ*(e(2:+1—2kp)(p-1) X (ezk(p—l)-l)p)
k=[(t =s+1)/9 kps—t

Now the Adem relations are formulated as follows.

ProposiTiON 2-3., Let X be an H=-space. ~Then we have the following
relations.

1) x€HJ(X,Z,), degx = even =0,

a) t>s(p+1), s=0,
(2-4) Qur-2ep)p-nQ2s(p-1)(®)

(/2 -1 k+8+c<(k—s)(1>—1)-1

= i )Q(zc-zx N p-1@2x(p-)(%)
k=[(t=5)/7] kp+s—t PP ?

b) t=s(p+1), s>0, m=(p—1)2

—m !Q(ZM1-2:?)(1}—1)'81:»@2:(9-1)(9:)

(¢/m) (k—s)(p—1)
—_ -1 k+s+t< > - _ _ x)
k=[5 ﬁpQ(zc 2k )2 l)Q2k(p 1)(

n [t/n) ( 1)k+a+‘<(k—s)(11—1)—1) 'Q 5.0 ()
— m. - - (X
k=((t S 13/ kpbs—t (2¢+1-2kp)(p- 1P & 2k(p~1)

kpts—~1
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2) z€H(X,Z,) dega = odd >0,
¢) t>s(p+1)+m+1, s=0, m=(p—1)2,

Q(Zt—(zs+1)p)(p—l)Q(Zs-l—l)(p—l)(x)

[t/p—1/2] (k=5)(p~1)~ X
>Q(2c—(2k+ l)p)(p—l)Q(2lc+l)(p—l)(x)’

—1 m+k+s+t+1(
kp+s—t+m—1

- k=({(t—s+1)/9]
d t=sp+1+m+1, s=0, m=(p—1)2

—m !Q(2t+1-(23+1)p)(p—l)le'pQ(Zs+l)(p-l)(x)

O V8,0 Q (@)
- - (&
Fpbs—tbmal (2t —(2k+1) pX o~ 1)V (2k+1)(p-1)

- [¢/p=1/2) _q)meksests (
k=[(¢~s~m~1)/7]

(2/p-1/2) (k—s)(p~1)~1

('—1)m+k+‘+t+l( )m !Q(ZH—l—(2k+l)p)(p—l)ﬁj)Q(2k+1)(p—1)(x)

k=[(t—s—m)/p} kp4-5—E4m

On S+, cyclic group =z, acts freely in standard way, and $**! has
the CW-complex structure with p-cells in each dimension, and =z, acts
cellularly. We denote this z, CW-complex by W@+, and put W=LimWes+D,
We fix a r, equivariant homotopy equivalence W — J*z,, and we identify
these spaces, and hence identify L, = W/z, and J*r,/z,. In §1 we define
a continuous map ho : L, = J°ry/r, —> QeS’. As in §0, we define 2, € Hyjipmn
(QoS' : Z,) by x;=howl€rjo-v) =12, +, and Ty=PpQy, - - 'ﬁ;)"le,_lﬁ;J'mh/:tg-n
for JeH, J=(e,jy, &7

In H(Q.,S": Z,), the Adem relations between %, and Q; are following.

ProrosiTiON 2-4.  In H(Q.S': Z,), the following relations hold.
a) t>s(p+1), s>0.

(2-5) Q(zt—2sp)(p—1)(xx)
¢/p1 (k—s)(p—1)—1
= et srra) -1 k+8+t(kp+s-t )Q(Zc—ka)(p-—l)(xt)

+ rgo(xr)”yr, Y, EHY(QoS° : Z,).
b) t=s(p+1), s>0, m=(p—1)/2'

—m! Q(2t+1-2ap)(p—l)(ﬁpxs)

(t/p) ( 1)““ . ((k—s)(P—J))ﬁ 0 ()
= — - D\
k=1 (s5y/9) kst 2 (2¢-~2kp)(p-1\ W
k741 (f—s)(p~1)~1

)m ! Q2+1-2:9)(p-1) (B %)

3 (e (

k=[(¢—s+1)/9}
+ r§) Z7Y »s Y,-EH(Q,S° : Zp).

kpts—t
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2-2.  We shall define a filtration in C as follows;

(2-6) 1) C=G2G,2G,2- - -
2) G, =ker ¢ where ¢ : C—Z, is the augmentation,

3) (D(x‘;') = p1, Where ]EH’ ] = (519 jl, MRS er+l9jr+l) and a)(a:) =
inf{qg; 2eG,} for zC.
q

O olwsfeagt) = Skolag), JeH k=1,
1=

if deg2,;, = odd then k, = 1.

Then C become a filtered algebra, ie. w(z-y)=w(x)+ o(y). And E.C
denotes the associated graded algebra. Then we have easily obtain the

following proposition.

ProrositioN 2-5. EC is a free commutative algebra generated by {z,}, Je H.
By the definition of the filtration on C and by Proposition 2-3 and 2-4
we obtain the following proposition

ProposiTiON 2-6.  If x=C belongs to G, and | = (&1 f1y * * *4 €y Jr)y €:=0
or 1, j;=0, then Q;(%) belongs to G,r,.

CoRroLLARY 2-7. For j=1, and ] as above, the element Q;(Byx,;) belongs
to Gy,
We shall define the Z, module homomorphism A :C® C—C as follows;

As
(2=7) At HdQeS" : Z,) ® H(QoS : Z,) = H(QoS" X QoS° : Z,) —> H(Q,S° : Z,),
Then we have the following proposition.
Prorosition 2-8.  The following relations hold. Let a,b,c=C.

(2-8) i) All@e+b0®c)=Ala®c)+ AbQc),

i) A@®B+c)=Aa®b) + AaQc),

i) Al®a) = A@®1)=0 if dega>0,
ANI®L) =1,

iv)  Alla b)@c) = YY(—1)degb dege’(gAc)« (bAC”),
where  A¢) =S¢’ @ ¢,

V) A@®(b c) = Z(—1)dee @ degd(g’ Ab)(a' Ac).
where Na) =Xla’ @a’’.
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Proof. i) and ii) are trivial. iii) follows from the result that if 0€Q,(S)
is the trivial element, then the image of 0xQ4(S%) = Q,(S°) is 0. iv) and v)
follows from Proposition 1-7.

Next we shall introduce a filtration on C® C as follows;

(2-9) Gi(CRC)= 3 Gi(C)RQG(O).
J1tie=7
Proposition 2-9. If x€C belongs to G, then A(x)eC @ C belongs to G,

This follows easily from Cartan formula, and Proposition 2-6.
Our final object in this chapter is the following.

ProrosiTioN 2-10. If &=(Q;8;%;) @ (QuiBy %), where J=(E13f15 * * *4Eps Jv)s
J = (el jis+* +,€,48), and 3, j' >0, then A(x)eC belongs to Gyr+s-1.
We shall prove this proposition in the last of this chapter.

CoroLLARY 2-11. If xeC® C belongs to G,, and q >0, then A(x) belongs
to Gge1e

This corollary follows from Proposition 2-8 and Proposition 2-10, by
tedious calculation,

We shall define ¢, :L7—Q(S°, r=12 ++-, in the following way,
where L} = L,x -+ +L,, r-fold product.

hT_l X ho A
—> (Q5(S")™7 X Qu(S°) —> Qu(S").

&, 1L, =L XL,

Lemma 2-11.  The image of (&,)x : H(L) — Hy(Q(S®) coincides with the
submodule gmemtb’d b)’ QJﬂ;vxj’ J=(e, jh co €ty Jra)y €=00r 1, j;=0,j=1,
€=0 or 1, in positive degree.

Proof. This follows easily, using induction on 7, from lemma 2-1, and
the commutativety of the following diagram:

(&+)s O
H (L) —> H{(Qu(S")) ——— Hy(J"7» X,(Q0S°)")

(id Xﬂ,(ér—l)p)*

(Zd X ”pA?)*
H(LyxLy™*) > Ho(J"np X2, (L5™)?)s
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LemMmA 2-12,  The following diagram is homotopy commutative.

erés A
LiX L ——> QS X QS —————> Q,S°
l Ap+1 TV
(LyX L) X (L, x L3)? QoS X (Q0S°)”
. . o 1\
‘ zd><(7r,_1><zd) $r+ax(Er+a—1)p TZdX( 1)
(L)X (L™ X L) ————————> Q¢S X (Q,S")”

where m,y : Ly = Ly XL, — Ly is the projection to the first part. This lemma
Jollows eastly from the results that ho is equal to h\ (-pid) and the distributive law
of Proposition 1-7.

LemMA 2-13. ¢ = (—1); : H(QoS%) = Hy(Q,S%) is filtration preserving.

Proof. The following two diagrams are homotopy commutative.

A idxX(—1)
a) Q'05°——>QoS"><QoS0 > QS X QS®
! v
* >Q0S°
(=1)x(-1)
b) QoS X Q,S° ———> QoS" X QoS®
v (—1) lv
QOSO 7 QoSo

b) shows that ¢ is algebra homomorphism, and yeH.(Q,S%), Aly) =y ®1
+1Q@y+2y ®y”. Then e(y)=cly) +y+ Zy'cly”’), where e:C—>2Z, is
argumentation. Since ¢ is algebra homomorphism, it is sufficient to prove
c(QsBpx;)EG,r if | J| = ». This follows by induction argument from Corollary

2-7. and Cartan formula.

Proof of Proposition 2-10. From lemma 2-11, it is sufficient to prove that
the image of A.-(&A&)« belongs to G,r+s-1, r,s=1, for positive dimen-
sion. If yeHJ(L;xL{), and degy >0, then A,u(y)=yQ1® -+ ®1

F3Y1RY® - Ry + 2y Ry ® « - - @y?“, where in the third term,
(Y25 * * =5 Yp+1) 18 not of the form (y,, + »+,y,). Then lemma 2-12 shows

A8 X EDu(Y) = (Era)ly) + 2M(Eri )y )] 0 (=1l Errsmt)al(mrmr X i d)i(y2)) TP

+ XA rradl ¥l o (—1)slbras—1)ul(mrrmy X id)sy2))] e+ » -
U=D)ul&rss-t)sl(mr1 X i)Y p+1))]-
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But in the third term, since (yz, * * 5 Yp+1) is not of the form (Yay = * *,¥y2) if
(Yas * * *s Ypi1) 'éppeérs then its éyclic permutation (Yocry * * -;y’;(pﬂ)) appears
for sex,. So that the third term vanishes. By lemma 2-13, (—1)u(&4s-1)x
(-1 Xid)y(y:) belongs to G,r+s-2, so that the second term belongs to
G,r+s-1. The first term bel;ongs to Gyr+s-1 by lemma 2-11 and Corollary

2-7. This proves proposition

§3. Pontrjégin ring H(SF,Z,)

3-1. In this chapter, p denotes an odd prime number. We shall
‘consider H,(Q,(S"), Z,) as .a Hopf-algebra with product- A : Hy(Qo(S%), Z,) ®
H(Qo(S*), Zp) = Hy(QoS* X QoS°, Z,) &> Hy(QoS* Z,), and with standard diagonal.
We shall denote this Hopf-algebra by C. Then C and C are naturaly iso-
morphic‘ as coalgebras. Since SF is an H-space, H,(SF,Z,) is a Hopf-
algebra over Z,. Let i : @S*— SF be the inclusion defined in (1-6). Then
ix: C = HJ(Q,S") — H,(SF) is a Hopf-algebra isomorphism because of defini-
tion of A, c.f. 1-7). So to determine the structure of Pontrjagin ring
H,(SF, Z,), it is sufficient determine the ring C.

ProrosiTioN 3-1. [If u,veC, and ucG,;, vEG;, then Au@v) belongs to

Givyy and ANu®v) and u-v are equal mod Giyjuye

Proof. T ANu)=u®1+1Qu + ' Q®u”’, and AW)=v®1 + 1Q»
+ 3>’ ®v”, then by Proposition 2-9, u’ @ u’’ belong to G, and v @v"”
belong to G;. By Corollary 1-6.
Nl @) = uv + A(u ® v)
-+ Z‘(_l)deg w’ degv’(ulvl)/\*(uu ® U”)
+ 2(—1)deg = deg ¥y’ A (u @ v')
+ 22w’ Al @ v).

The term uv belongs to G,.; and by Corollary 2-11, other terms belong
to Giiy+1. This proves the proposition.

We shall introduce a filtration in C by that of C. Then Proposition
3-1 shows the product in C is filtration preserving.

TuroreM 1. As an algebra H(SF, Z,) is a free commutative algebra generated
by %, = i\(x,), JeH.
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Proof. Let E,C, and E,C denote associated graded algebras with respect
to the filtrations. Then Proposition 3-1 shows that E,C and E,C are iso-
morphic as algebras by Eyi,. On the other hand C and E,C are isomorphic,
and these are free commutative algebras generated by z, and {z;}, J € H,
respectively. * This proves the Theorem.

§4. H3 structure on BSF

41, If 7,:6—>X and r,:9—Y are two spherical fiberings, then we
shall define the exterior Whitney join product as follows.

(4-1) mams t &4 = XX Y.
where & = {(t:(e1 X y) @ to(x X e)E(§ X X)*(X X7)
; mle) = 2 and my(e,) = y if £, £, >0}.
and (mridms)(Ey(e X y) D to(x X ey))
(mey),y) if &, +0
B {(x,ﬂ‘z(ez)) if ¢, 0.

And if X =Y, then we shall define the interior Whitney join &#—X as
fiber product. ' ;

&7 —> &4y

(4-2) I A
X s XXX

By the same method as in Hall [5], it is easy to prove that Whitney
join is a spherical fibering.

We can interpret the iterated exterior Whitney join of =z, :¢& — X,
i=1,-+-,g by the following.

71'1;' . °/*-\'7tq . EI;;. . ’QEq"‘)XIX e e e XXq.
ke v 036,
= {(t(e Xy 0X + » 22y D - '@(tq(xq.lx c e XBgq-1X8y)
E(EX XX+ v e XXre o (X X o o o XX XE).

with mle) = @, = ¢ 0 =Xy,
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if ¢, =0 then we omit the condition on =;(e;) and -}
Let &2 X¢ denote the exterior g-th join of & — X with itself. Symmetric
group 3}, acts on X? as permutation, and on &' as follows. For s3],

G‘(tl(elxxl'zx ¢ Xxl,q) @‘ . ‘@ tq(qulx e qu'q-lxeq))
= (tﬂ(l)(ea(l)xxa(l).aﬂ)x AR an(l).a(q)) @ ¢ @tv(q)(xv(q).v(l)x

X o0 o XBolg).alg-1) X €alg))e

Then the operation ¢ commutes with projection & — X? and define a
fiber map.

Let z, : J°3}, X X?— X? be projection on the second factor. If z}(&%) =
I3, x¢&% is the induced fibering of & by =z, and 3, operates on =3(&%) by
oo, e) = (o(w), ale), 0wE]">, ect’, ¢, then ¢ is a fiber map covering the
operation ¢ : J*2, X X — 3 X X,

ProrosiTiON 4-1.  There exists a spherical fiber space P(&)— J*3,x 5, X? and
a bundle map =§(&%) — P(&) such that the following diagram is commutative for any

LS Zq-
23(6Y 2 s 3(EY
l S pe
@3) . !
I x X4 — —> 2 x X’
\ /
\]wqu z,,Xq /

It is easy to prove this proposition so we omit it.
We shall call this fibering P(§)— ]”Z}qéX" by the extended p-th join
of &. '

ProposiTioN 4-2. Let 7, 56— X and 7, ;79— Y be two spherical fiber spaces,

then.
a) There is a natural fiber map as follows.
P(&) > P(£):P(n)
(4-4) '
]”qu EG(XXY)Q ’(INEqXZqu)X(]mEqXEGYq)
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b) If X =Y, then the following two spherical fibering are naturally isomorphic.

P(&xy) > P(&)xP(y)

(4-5)
J Xz, X" > J 2 X 5, X%

CoroLLARY 4-3. The following isomorphism holds.

P(fl*l) > P(€)+P(1)

l
J x5 X - 75X 1, X"

where 1 — X denotes the trivial bundle with fiber S°.

Let BSG(n) be the classifying space of SG(n), and 7,— BSG(n) denote
the universal oriented spherical fibering with fiber S™!. Consider P(r,)—
I3, X z,(BSG(n))?, then if n is even, then P(7,) has the natural orientation,
since g :S™ e xS S k0 xS™ & 3 is  orientation preserving.
Define

(4-7) 6 =0%: "2, X 2(BSG(n))? - BSG(gn)
as the classifying map of P(r,). We shall also consider

(4-8) g

g% ; J°m,X=(BSG(n))* - BSG(qn)

as the restriction of ¢ of (4-7).
4-2. Consider regular representation N = N,

(4-9) N =N, : 2, —~>0(q) — Gg).

Then it is easy to see that the bundle P(1)— J~3,x 3z, X? is the associated
spherical fiber space to the principal 3}, bundle /=3, x X?— /3, X, X? with
N: 23— Glg.

Consider the following map f,

(4-10) Fu i LE™D = Wensp s emtx , (50)?
g
— J°my Xz (BSG(n))? = BSG(pn).

where p is odd prime number and 2,&BSG(n). Then f, is the classifying
map of the associated spherical fibering with =z, principal fibering W®@n+b—
Lg™P by n-times regular representation: =, = SO(pn) = SG(pn). By Kambe
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{6], the order of regular representation in KO(Ly™*?) is a factor of p°, where
s=[2m+1)/(p—1]+1. So if »n is divisible by »° and greater than 2m + 1,
then we can assume that §(WE™*D X (2,)? = y.= BSG(pn).

REMARK 4-4. Since the order of the regular representation N in KO(J'Yl) is
finite, if t is finite, the above consideration holds when we consider ]33, instead of
Wen+h for some t and n.

Let z:ESG(n)— BSG(n) be the associated principal fibering with

7» — BSG(n),
(4-11) ESG(n) = {f : S =71,  f :orientation preserving fiber map}
4 4
* — BSG(n)
=(f) = f(*).

Fix an element ¢,ESG(n) with =(g,) = %, and define g, : SG(n)—>
ESG(n) by g,(f)=g.-f. Then we can identify the image of ¢, with the
fiber z7Y(x,). Define §,, : SG(pn)— ESG(pn) by putting g,, : S?*1 -7,
(Gpn) = Yo

gn*; c v *0,

Gpn 1 SPPT e Tyx e M ——> Ty

and §,a(f) = fog,,. And identify z~Yy,)SESG(pn), with SG(pn) by this
map Jpn.
Define a map 5, : We=*b — SG(pn) by

((0991»*' . o *g, )
(4-12) pal@) 1 SPP1— s Wemth X 12— py(7,) ——> T

!

# ey WERD X (BSG(1))? —> WEm*D x . BSG(n)? —> BSG(pn).

2%

CpeWemtt,
Define a homomorphism g, : =, - SG(pn) by

Pla)t1@: D+ - D 1,2,) = (LawTo D+ +* @ LipToip)
(321D s D 1,x,)ES" Ixe o xSl = §PP-1,

Then we have,

ProposrTionN 4-5.  The following formula holds.

(4_13) ﬁn(o‘@)Pn(O') = ﬁn(w)’ CET,H, e Wenth,
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Proof. This follows from the commutativety of the following diagram.

(‘09 gn¥e o *gn

SPn-1 ——*‘)W(“‘“)XT" —_—— > P(7)
\P("> \\
(‘7(1)7 gk * *g1
Spn" A‘V(Zm*‘l)xrl’

* —l“—-—>W<2"‘+‘) X (BSG(n)) l ——>Wenih x; (BSG(n))?

\

PropPoSITION 4-6. Let p,.: WE™™D - SG(n,), i =1,2, be the map of (4-12).
Then pn*Bn, and pa,.n, are , equivariantly homotopic as maps, Wem+0 — SG(n,+ ny).

Proof is easily follows from proposition 4-2.

Define a map 4, : Werthx(ESG(n))” — ESG(pn) as follows. weW@n+,
S15 ¢ ¢+ f[oEESG(n).

M > Wen+) x (BSG(n))?

(4-14) Oa(@; f1* + =+, o)
Pnlo)™! (@, fr*e = +*fp)
gon-t > Pl > WERDXTE — Py(T3) ———> Tpn
| | i
% > * —> Wen+h X (BSG(n))? = We*) x5 (BSG(n))*—+BSG(pn)

PrROPOSITION 4-7. §} is a =, equivariant map, where =, operates on ESG(pn)
trivially.

This follows easily from definition as that of proposition 4-5.

By proposition 4-7, we can define the following fiber wisemap.

wenthx . (SG(n))? —> SG(pn)
P e
{4-15) Gn : Wenth . (ESG(n))” —> ESG(pn)

Wen+ % (BSG(n))? —> BSG(pn)

ProposiTION 4-8. G, : We™*D X, (SG(n))? = SG(pn) is expressed as follows.
wcsWen+d :

(4_16) 0_((0; f19 b '1fp) = P((D) ° (fl*' . '*fp) ° {7(0’)_'-
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ProrposiTioN 4-9. The jfollowing diagram is homotopy commutative.

id X (o)?
Wen+ x . (SG(n) X SG(n))? —> Wm0, (SG(n))?
(4-17) l Axid l O
Wenth x enth x  (SG(n)x SG(n))? SG(n)

TpXTy

0, %0, T°
Wems x . (SG(n))? X Wem+ X (SG(n))? ———> SG(n) X SG(n)

REMARK 4-10. By remark 4-4, the above consiruction 8, can be extended as

Sollows
BY?’X 5,(SG(n))? —————> SG(pn)
e
(4-18) On : B2YY’ X 5 ,(ESG(n))* —> ESG(pn)

B>’ X 5 (BSG(n))? ——> BSG(pn)

At the last we shall consider the relationship between 4, and the sus-
pension homomorphism.

ProrosiTionN 4-11. The following diagram is homotopy commutative, where
s=[@m+1)/(»—-1]+1.

(4-19) Wenth x . (BSG(n))? ———> WeEm*D x ;. (BSG(n + p°))*
l(? lé
BSG(pn) ———— > BSG(p(n + p°))

Proof. By proposition 4-2, the fiber space Py(7,*(p°)) is equivalent to
Py(7,)*p*N). And the fibering (p°N)—=>Wen*Dx, (BSG(n))? is equivalent to
the trivial fiber space. So proposition follows.

ProposiTioN 4-12.  The following diagram is homotopy —commutative,
s=[2m+ 1)/(p — 1]+ 1).

(4._20) W @m+1) Xx,,(SG(n))p _— W(2m+l) X n,(SG(n + p’))l’

Lo Lo
SG(pn) ———— > SG(pn + p?P*).

Proof is analog as that of proposition 4-11.
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§5. Decomposition of 4.

5-1. In this chapter we shall study the map 4 : W xz,SG* - SG. p is
always an odd prime number. For topological spaces X, Y, we denote by
G(X)Y), the space of all continuous maps from X to Y with compact open
topology. And if X and Y are endowed with base points, we denote by
F(X)Y), the space of all base preserving continuous maps. We denote by
G(n), the space G(S*},S™!), and denote G (), the subspace of G(xn) consist-
ing of the maps of degree ¢,gq=Z.

We denote &={E = (&},&, * + *,&,); =0 or 1}. And for Ecg, |E| is
the number of elements of the set {¢,&,=1; E = (&, - - -,&,)}. The cyclic
group =, operates on & by (e, + ¢+, &) = (€, * * *5Eup). Introduce a total
ordering in & by

E<FE 61=8;,“',5j_1:8;—|, 81<8§9

where E = (&, + « +,&,) and E’ = (&}, - - -, &}).
& is by definition &/x,, and = : & - & denotes the projection. Define a
cross section s:% —% by S({E}) = the first element in {E} by the total

ordering, and &, denotes the image s(g&).
Define a map ¢, : S*! =S¢~V St~!, by the following way, where S§~'V St
denotes the one point union of two spheres S3~! and S}~'.

(gﬁn—l(Ztly t27 Sty tn—l)ESg—ly 0= h= 1/2'
(5_1) ¢2(¢n—l(tl’ ceeytny) =
Pn-a(28y =1, fyy « + o, ta)EST 12t < 1.

where ¢, : (/"1 8I"') > (S"', *) is relative homeomorphism.
For E,e%,, define a continuous map 7z, : (227181 = G(pn) = G(S**"},
S?7-1) by the following diagram. [, - . -, l,e0Q8'S™!

‘DZ*' . -*502
Nee(dyy ¢ 0 0y lp) 1 SP7Ixe o a8 ————> (ST ST ). o o x(STTTV ST
(5—2) l lEo(lly c lp)
SP”"l ( V gn-l
AP, Eeg
where S~ = Sitx. « «xS77! for E=(ey, + + +,&,) and Ig,(ly, - + -, I,) represents

the following map.

lEo( ll’ . .’ lp)lS%"" :Sgﬂ-l __)Spn-l
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(5-3) a) if E #d(E,) for any g€zn, then Ilg(l, -+ +,1,) is O+ - ++0, where
0:8"! x> S™1,

b) if E =o(E,) for some s€x,, then lg(ly, + -, 1,) is I*- - xlp, where
lg = id‘n-l’ and l_lj = lj, E = (61, .. ',6,,).

Lemma 5-1. The following formula holds for any o=z, and 1y, .- -,
1,E€2071S™1,
(5-4) ﬂEo(la(g)» c vy la(p)) = p(”)’?Eo(lh ¢ "‘9 lp)p(o')—l-

Proof. This follows from the commutativety of the following diagram.

‘ Poke o ¥y o Lgo(ly <0 0y lp)
S 1xe o o xSl — V Sg"-l S N £
AL Eeg

T,o(a) Po¥ e * 2 FPy Tp(a‘) el 00y lp) Tp(a)
Smlxe o ,*Sn-l_______)‘ v ‘Sg-"'_l ___________—_)3111;-1

APl Eeg
where 0(0)| g, 2 SE*! = SIG5" is defined by p(o)(£2:.@ ¢« @ t,2,) = (fww
@ et @ ta(?)wf(p))' ' .

Next define a map 67, : Wen*Dx(Q257'S"!)? = G(pn), by the ‘following\
for B,y ocWen, [ «o. [, Qi 1S™ 1, -
(5—5) 0—5’,‘0((1’ : lh s '9'lp) = ﬁ(m)"]Eo(ll, M) lp)p(a))s-l'

PROPOSITION 5-2. G}, : WD X (Q3~1S™1)? — G(pn) is a =, equivariant map.
So we can obtain
(5-6) B0 : WERD Xz (QB-1S"-1)P 5 G(pn).

This follows from the formula (4-13); p(ow)p(0) = p(w), and lemma 5-1.

— -1 n=1 pn-1 N

5-2. Denote N_l\,/EE gﬁ by X”AP“‘\Z{%E g:,;o by X,, and Ap_‘\'/aE””S.,(Eo, by
Xz, for E;e%,.  Let ig, : Xg, > X, ig : S ' — X, be natural inclusion, for
E,=%, Define continuous maps, z:X— X, 70t Xo—=> ST, zg, t X Xgo,
gt Xo—> SEr = Sl for E,e8, as follows.

id
i) ”ls%"" . Sg""‘ = §Pr=l — 5 §Pr=l = S?;‘&;.
.. id
5-7 11) @olp;_l : Sg;"l = SP=l — SPr=l,

0
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id
Sgn-) = §pn-1 > SPr=1 — Sgn-!, if E = G(Eo)
for some oEx,.

iii) ﬂ'Eo Ispn_l .
& O« « «%0
Sgn—l = Spn=1 — (*)*. . o*(*) = Ap'l gXEo,
if E < o(E,) for any ¢Emn,.
. id if E = E,
IV) ﬁ'Eo 'Sg.""

O+« «%0 if E s E,.

Define the maps #, 7z : (2571S"")? = G(S™, X,), E,.€%,, by the follow-
ing way. Eo= (6, ** *,8&), I, *++,1,=0277'S™

F(lyy » . ey ly) = m((idV 1)xe « «x(idV 1p) 0 (@ox e« «#p) 1 SP* 1 3> X = X = X,
&) Toolliy o oy lp) =g g s Gy * + 05 lp) t ST > Xo = SET = X,

For wcWen+d, define p'(w): X, — X, as follows.

7 n—-1 n-1 P(ﬂ)) n=-1 N1
(5-9) 5(0) | s SEIT = S s SR =SB,
[

For ocer, define p'(e) : X, > X, as follows.

o(o)

(5-10) 0'(0) | ggor 2 ST = ST ————> 7" = SR

Then it is easy to show the following formula.
(5-11) p'(ow)p’(0) = p'(w), 0EWEm*D, e,

Define continuous maps §’, 64, : Wen*Dx(2371S"1)? = G(S™!, Xo), Ec€ 0,
by the following.

-1

-

(5—12) 1) g,(m; lyy » v, lp) = .5,(‘0)';7‘(119 RS lp)ﬁ(w
lp)p (o)
).

ll) 5go(a); lyy o o "lf)) = ﬁ'(w)'ﬁm(lu Sty
=idg @m0l -yl

Then it is easy to show that §’, and 6}, are =, equivariant, and we obtain

the following maps.

(5-13) i) 6 :Wenrhx, (Q71S™ 1P — G(S™, X,)
ii) gEo :_W(zm‘+l)xwp(gg-lspn—l):ﬂ__),G(Szm-l,Xo)
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5-3. We shall consider the relations between § and 4, and between
¢ and @z. Let A be a finite CW complex, (not pointed), and EA denotes
the (not reduced) suspension of A4, i.e. EA = AxI/~. We endow the base
point on EA by {(4,0)}. And >®A denote S(EA)=(EA)AS'. Define a
map ¢ : 3124 =324 by,

(a, ty, 25) 0<t,<1/2

v((a, ty, tz)) = {
(a, ty, 2ty — 1), 1/2<t,<1.

Then 3320 and 33?0z are defined as follows.

(5-14) 2220t WEmD X7 (2371 S™1)P — G(SP™, Xo) — F(222S7"!, 312 Xo)
S2hp, : Wemth i (Q2-18™1)P 5 G(SP™-1, X)) — F(312S7"1, 3 X),

Introduce a product in F(325?"!,312X;) by the following.

(fVa)
(fVg): 23288 — 3728Pml vV 212877 ———— (372X,) V (202 .X0) —> 232X,

Then define the map Evgzzfim by the following
€S0

(5-15) ngz% P WEemD X (571 ST ———— F(222S 1, 310 Xy,

0E
| Tv
I (Wem+hx, (Qg-lsﬁ-l)l”)m R II F(ZZS”"‘!,ZZXOH.)
Eye P HEZBEII Eye&o

ProrosITION 5-3. 324 and Evgf_‘.zl?,;o are homotopic on (pn — 5) skeleton of
(=3
WaEnD X o (315" )P, e

Proof. By definition X120y, = (X%ig,) o (3%75) (3224) so that proposition
follows easily from the following lemma.

Lemma 5-4, Let X, - -+, X, be connected finitet CW complex with baxe
points, and X; is (n + m;) connected, n >0, m;>1. Then Q"(X,V VX,)—>

QXX e o X X)) = X)X - .Q"(X)X.Q"(Xl +VX,) is homotopy equiva-
lence on (m — 2) skeleton, where m = min (my, » « -, m,).

Continuous maps =, : X, =S, and 7z : Xo—S*"Y, cf. (5-7), define
maps o, g, : G(S?', Xo) > G(SP*, SP"!) = G(pn). In §4 we introduce a
continuous map 8 : Wen*bx, (SG(n))® —SG(pn). We also denote by 4 the
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, idX(idpyV)? 7
following map : WD X £, (@5 18") ————————5 Wen+D X 1 (SG(n))? = SG

(pn). Then we have

PROPOSITION 5-5. 0 =m0 and Oz, = 7ig,+0gy EcEF, as maps WEmD X,
(2571817 = G(pn).
From this proposition and proposition 5-3 we have.

ProrosiTiON 5-6. 3120 and EVgZP&_Eo are homotopic on (pn —5) skeleton
0ES 0
as the maps : WD X7 (Q3718"1)? — F(22SP"~1, 3125P"~1) = QPrtigentl,
It is easy to show that d,...,0 : Wem*D X7 (2571S"")? — G\(pn) is constant

map, so we obtain.

ProrosiTionN 5-7. The following diagram is homotopy commutative on (pn—5)

skeletons.
g 2
W(Zm“)Xn,,(.QTIS"'X)p _— G(pn) 3 Qzlonﬂspnn
| T(Vidyna)
(5_16) lA Q€n+lspn+l
széﬁio T V
(em+1) % n-1Qn~1\p - 5 I pn+l Qpn+l
EaEgo.lEH:i(:ZV X (2575 )z EaEgo.lEnl*O(Ql S VEo

5-4. For E,e%,, define continuous maps pg : X—S?""}, and Pz : Xz

- SP*=1 by
id .
Spr=1 = grn=l _y Gpn-l if E = o(E) for some o<,
1) pEo'S'%n-x Qs o + %0
St = St ————— §P"1 if E = o(E) for any semn,

11) DEo = pEole-

Introduce continuous maps kg, : LE™*P=Wen*D/z - G(pn), for E,e&,,
as follows. kg (w), @=We@m*d represents the following map.

_ plo)™! Qo¥e o o ¥y Dro o)
(5-17) hgo(w) : SP*! > Spn-l > X—> SPPt ———— §Pr-l

ProrositioN 5-8.  The following diagram is homotopy commutative for E,=,,
0< [Eol <p.
= =
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idX /N, 78
Wenthip X Q1S ———— Wenth x (371 S™1)P — Go(pn)
(5"18) l };Eo X7Eo * *idzm—l
G(pn) X Go(pn) > Go(2pn)

where lg(l) = 1"t% « ox]'?, Eq= (&, +,8&p), Ij=1d, Ij=1,

Proof. At first, choose a homotopy Fg,,;: 257'S™! = Go(2pn) with the
properties, a) Fgo(l) = (I« o «*]*?)id ;.

b)  Froa(l) = idpp_i*(1**+ + +x]*»), And then define ¢p,,,: 258" = G(Xg,
*SP1 XpxSP™1) as follows, where Xp,=Xg /AP = V S2atl, Sins'=Si' AP

gET,
Dro,e(l) l§g&;;) xgpn-1 = (0(0)*id pp-1) © Fgo,s(1) 0 (0(0) " *id pn-1).

And define 7z, : 2271S"! — G(2pn), as follows, I31S™!,

(ks » +%@o)k0d ppy

VP (R it DIEEE Sl XxSrn-1
lm*id,,,._,
S2pn-1 X #5271
sty )
X+ SPr=1 «— X xSpn-1

And define fg,,i(@, 1) = (5(@)*id pn-1) © (Im0,e(1)) © (p(@)*id po-r). Then it is easy
to show that g, and (*idys-,)(idXA,) is homotopic, and @z, and (¥
(hE,x Ig) is homotopic. This gives the proof.

Now introduce the following map 6, : Wen*hx(Qi718"1)? — Gy(pn) as
follows.

(6-19) 0.2,((0 Y PN lp) = .5((0)‘ (ll*' ¢ '*lp)‘ ﬁ(w)_l-

ProrposiTiON 5-9. 4§, and 6
topic.

This proposition is proved by the same idea of two proof of proposi-
tion 5-8, so we omit the proof.

p s Wenthx, (921812 — G(pn) are homo-

The following is the easy consequence of proposition 5-9.

ProrosiTioN 5-10.  The following diagram is commutative.
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(5-20)
idxn,(c')"
W(2m+1) X RP(Q’:}L—ISR—I X Qg—lSﬂ—l)P > W(Zm +1) Xﬂp(g:—lsn—l)?
laxia [
(W(Zm+l)xW(2m+l))( % )(Q:-lsn—l X_Q(r)z-lsn—l)p Go(pn)
TpX Ty
Ga,....0X0q,....0 l
W Em 0 o (Q5-1571) X W EmHD 3 1 (31 §71)? 25 Go(pn) X Go(pn)

Next define P : Wem*D X, (Q771S" 1P — Gp(pn) as 62w ;5 1y, «+ », 1)

= p(w)-(I;*+ + +xl,) plo)'. Then we obtain following proposition easily.

ProrosiTiON 5-11.  The jfollowing diagram is commutative.

id ch,,<°)p
WEmHD X 7 (571 S X Q57! S™71) —————— WEn D x 1 (2771 S"71)P
|axid A
(WansDx Wemen) x (@-1S™Ix @IS Golpn)

X7y
95> x b, T
—> Go(pn) X Go(pn)

(5-21)

WERH X o (031 81) X W @m= X (@31S™1)?

Remark 5-12. By remark 4-4, §, and G can be extended on J¥X, Xz,
(@2*1S* )P — G(pn).

§6. Computation of the spectral sequence.

6-1. We shall introduce the extended p-th power operations @, j=0,
1,2, -+ on H(BSF,Z,) and H,(SF,Z,), where p is an odd prime number.
For an element x€H(BSF,Z,) and j=0, we shall pick up a large number
n divisible by p* for large s, and represent z as an element of H,(BSG(n),Z,),
and then define Q) as the element §,(¢; ® x?). Then by Proposition 4-11,
Q;(z) does not depend on the choice of n. For xeH,(SF, Z,) we shall define
Q,(x) similarly.

These operations @; have the similar properties as the extended p-th
power operation Q; defined by Dyer-Lashof [4].

(6-1) a) @, is Z,-module homomorphism. j=0,1,2, ¢
b) @, is the Pontrjagin p-th power.
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c) Qsj-y = B,Q.;, where B, is the Bockstein operation.

d) For x=H/(SF, Z,) or x€ H(BSF, Z,), Q(x) =0 unless the change
of dimension 2j + pr — r is even multiple of p — 1.

e) 'Cartan-formula holds, i.e. for e H/(BSF, Z,), y€H(BSF,Z,) or
xe H/SF, Z,), yeH,(SF,Z,), following formula holds:

021(50 Y) = (—1)re@-ns é}oézi(x)gzj—zi(y)-

Now we shall consider the following principal fibering SF— ESF— BSF.
And then consider the Serre spectral sequence associated with this fibering.
Then we obtain the following proposition.

ProOPOSITION 6-1.  (transgression theorem) In the spectral sequence E}.=H.BSF,
Z,)® HSF, S,), E3=Z, We obtain the following relation.

Suppose xS E3ny is a transgressive element, and yEE} .-, 15 an element such
that, <(x) =y in Ef’ay. Then

(6"2) a) T(Qo(x)) = T(xp) = CQ—p;l(y) in Eg.nfnp—l y CF O’
b) (2" ®y) = cQ,(y) in EINE;L, c+0.

This proposition can be proved by the same method as Theorem 4-7
of Dyer-Lashof [4], so we omit the proof.

We will compute this spectral sequence using this proposition. So we
must compute Q,_,(z) and Q,-4() in H(SF, Z,). The answer of this problem
is the following proposition.

PROPOSITION 6-2. For any ] = (8,71, * * *+€mfn)y v=1, €, =00r 1, j, =0,
and € =0 or 1, and j>0. Q,(Q,8x;) and Q,_,(Q;Bsx;) belong to G+, and
as elements of Gre1f(Gyreyy + decomp.), they coincide with ¢(Q,-.Q.8'x;) and
(Qy-1Qs8'%)) respectively, where ¢ is a non-zero constant. And decomp. means sub-
space of G+ consisting of decomposable elements in H,(SF).

Let q;e H¥»")(BSF, Z,) denote the j-th Wu-class j=1,2, ..., and 4gq,
denotes its Bockstein image.

Lemma 6-3. For any x€HSF, Z,), =G, {2,0(Aq;)> =0 and {x,s(q)>=0,
where o denotes the suspension homomorphism and {%; o(A\g;)y # 0 and {B,%,, a(q,)» #0.

LEMMA 6-4. F(W ] = (elvjl’ Sty sryjr), 720, €i=0 or 1, j'l.Zos 1207
e=0o0r1, j>0. éEu*(ei@(Q,ﬂ;,x,)”) belongs to Gy, if |Eol 0,1, p.
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LeEmMA 6-5. If [,i,¢ and j are the same as lemma 6-4. Then Oq....04
(e: @ (QuByax,)?) belongs to Gy, and as an element of Gyr1[(Gyrorsy + decomp.) 1t
coincides with c(Q:QB5x;), ¢ =0, decomposable means in H,(Q,S® : Z,).

LEMMA 6-6. If J = (€171 ** *s&nis)y r=1and i <p—1. Then 0q,... 1.

(e; ® (QuByx,)?) belongs to Gyretyy.
These lemmas will be proved in §7.

Proof of Proposition 6-2. From the proposition 5-7, the following diagram
is homotopy commutative:

W X7,Q,(S")? >SG > Q7S
la
Eul:IEg(W X 7,Q0(S°)") ko (V(id))
1Eg |0
mzem
QS gy —————————> @S’

On the other hand, we have

Aile; X (Qs82,)7)
= 2(—=1)*es, ® (Qs,Bpw;)") ®+ + - ® (e;, ® (Qu Byx;,)).

So above homotopy commutative diagram, and Lemma 6-4, 6-5 and 66
show that (V, (I35 )xAxle; @ (QsB5x;)?) belongs to G,+, and as an element
of Hy(Q,S'; Z,), it is of the form c¢Q.Q/8;%;+ x + y, 2EG,+1, Y&Gyiyy,
and z is decomposable as an element of H.(Q,S°). Since i(z)€H/(SF;Z,)
can be expressed as z, + 2, 2,EG,+1, 2,EG,+, and 2, is decomposable as
an element of HSF), this proves proposition 6-2.
It is well known the following results.
(6-3) a) HJ(SO,Z,)=Au,u,, -+ +) as an algebra, where deg u; = 4i — 1.
b) HJ(BSO,Z,)=Z,[v, vy -+ -] as an algebra, where deg »; = 4i, and
Avy)= 23 v;,Qu;. vo=1
n+je=j
c¢) In the homology spectral sequence associated to the universal
fibering SO — ESO — BSO, Ei=H(BSO0,Z,)® HJ(SO,Z,), Es=Z,.
1) dyprf)=ypy it (,p)=1 k=0
) diyprtpmn(vy ) = @ CDQuy e, (7,0) =1, k=1
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We shall denote the inclusion SO —SF, BSO — BSF by j. Then by Peter-
son-Toda [12], Im j. HJ(BSF,Z,) is the polynomial ring generated by

j«v,_y ), i=1,2, -+, and by dimensional reason, j.(v;)) =0, if j %0, (_p%lL

We shall denote % = jy(0 ,_1)y 7 =0,1,2, +++, then AlZ)= 3 2 ® 2.
AP

ti=j

We consider j(#,_;)=%, t=12-+++-. Then we obtain the following

2
lemma.

LeMMA 6-7. §; = ch, + 2, 26y, ¢+0, in H,(SF, Z,).
Proof. Because <(§j o(q;)> +0, so this follows from Lemma 6-3.

ProrosiTioN 6-8. As the algebraic genmerators of HJ(SF,Z,), we can choose

the following elements :

(6-4) 1) EjpnGgy 1=1,2,% ¢
i) &, IeHj, i=12
i) Quy+ - +Quu(is), I€H; i=12. @, operates on %; k-times.
k=0, '
V) Qp@pie s +Qp (%), I€H, i=1,2. Q,., operateson &;, k-times
k=0.

Proof. This follows trivially from Proposition 6-2 and Lemma 6-7.
We can now formulate the main Theorem and prove it.

THEOREM 2. 1) H(BSFE Z,)=Z%, %, * » +1Q A6&, aZs + + +)Q C,, where
C, s the free commutative algebra gemerated by o%;, | H\UH, o%, and o%; are

primitive elements and /\(Z;) = ; +§} ]_Ej, ® zj,.
1 2=

11) IJ*(BSE Z?)EZP[QU qoy * * ° ] ® A(A‘h, quy e ) ® C’ C =IEH4uH("(azl)*)é
® 'y UZ)*], where ( )* denote the dual elements.

1"Ue”

Proof. ii) follows easily from i) and the following facts
a') <x9 qj> = 0, <x9 Aq]> = 0, if xEC*;

b) <O‘IEj,Aq1>£—T09 j=1921°";

c) % is in the image of j, : H(BSO)— H(BSF).

So it is sufficient to prove 1i).
We shall consider the following formal spectral algebra:

https://doi.org/10.1017/50027763000014355 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000014355

CHARACTERISTIC CLASSES 33

‘E%=(Z,[2,1Q Aok;) @ Cy) ® Hy(SF, Z,),
with differential d,:

a) dzy) = d(2)y + (—1)de=xd,(y),

b)  daony M(3)) = Gors I (7, 0) =1, k=0,

C)  dyp-n; (25 1) = (Z) T EVQRuy; o, if (,0) =1, k=1

d) d2j(p-—1)(‘7(£j)) = ﬁj, ] =1,2, ¢+,

e) dy(ax)") = Qi (&), I€H;, i=12 and q=deg (o(zs), Qi =
Qo - Qpy, k-times, k=0,

£)  dyip-n(a(E)PD Q QL (1)) = @ p-eQ%-1(E 1),
q =degoa(%:), I€H;, i=12, k=0,

o) do(#) = &1, I€H?, i =12 q=deg(o(z).

Then d, is determined uniquely and ‘E;.=Z,. Then we shall difine the
spectral algebra homomorphism f” :/Ej , — E} . with fXz;)=2; fXo(z))=a(x),
x =&; or ;. By Proposition 6-1, and the properties of 4, in the homology
spectral sequence associated to SO —ESO — BSO, f" extsts. Then the
comparision theorem for spectral sequence shows that f” is an isomorphism
for r=2. So we obtain H(BSF, Z,)=Z[7]1® Ale(&;)) ®C.,. So we obtain
the theorem.

§7. Proof of Lemma 6-3,6-4,6-5, and 6-6

7-1. The object of this section is to prove Lemma 6-3, 6-4, 6-5 and
6-6. p is always an odd prime number.

Let X be a finite connected CW complex with base point, and f:X
—SG(N) be a continuous map. Let é=¢,—-SX be the spherical fiber
space of fiber S¥~! over SX associated to f. Let f:Xxg¥'—S¥1 be the
representative of f, and G(f): XxS"~' —S¥ be the Hopf construction of f.

Lemma 7-1. Let T(&) be the Thom complex of &=¢&,. Then T(&) is
homotopy equivalent to S”Gg)C(X*SN“‘), the mapping cone of G(f).

Let g: X—QF-1S¥"! be a continuous map, and consider §= (gVidy_,):
X — QV-18¥=1 5 SG(N). Let z,€ X, s,eS¥! be the base points, then
XeSV-1( Xxs0)V (2#SV 1) 1s equal to XAS'ASY™, and this gives the homotopy
equivalence between X*S¥' and XAS'ASY", and we identify XxS¥' with
XAS'AS¥-t by this map.
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LemMMA 7-2. G(g) : X+S¥-1 — S¥ is homotdpic to (id; Ag) : XAS¥ — S¥, where
id,\g is adjoint map of idiAg: X— Q)S¥.

Lemma 7-3. Let X, X, be finite connected -CW. complexes with base poinis.
And f;; X, — S™ are continuous maps preserving base points, i = 1,2, n,>0. And
assume f¥ 1 H¥(S™ 1 Zp) > HXX, : Z,) are zero maps, i =1,2. Consider f,/\fz :
X, AX; —> ST AS™ = S™itTe, Then n H*(S”l""ZfU CX,AXy): Z,), Pls)=
]>1 where P? is Steenrod reduced power, and seH“ (ST UC(XIAX,) ¢ )

is the generator representing S™*",

7-2.  Proof of Lemma 6-3. If xe H,(SF, Z,) is a decomposable element,
it is well known that <z, s(Aq;)p = <%,a(q;)> =0. By the result of §2 and §3,
the algebraic generators of Pontrjagin ring H,(SF) are in the image of
ix(B1AE)s t H(LyALy) = H(QoS") —+ H(SF), r=0. So to prove the result
that for z€G,, <z, Ag;)> = <=,0(q;)> =0, we can assume that z is in the
image of i4(&A¢&,), r=1. Let g:(L{)™*' = Q)~'S¥1 be the representative
of &, Ag, r=1. And consider §=gVidy_, : (L) * — Q) 'S¥1 > SG(N).
Then by lemma 7-1 and 7-2, Thom complex of & is of the form
SYUC((LE?)** ASY). By lemma 7-3, in H*(S¥ U C((LI)™* ' ASY) : Z,), P’(sy)
ané AP!(sy) is equal to zero, j=1. This proves the results that <x,s(Ag,)>
= {%,0(q;)> =0. To prove the results that <&, o(Ag;) > #0, <‘§;;cj, a(g;)> # 0,
j=1, it is sufficient to prove that o(Ag;)+0 in H*SF:Z,. This is the
result of Peterson-Toda [12], indeed they proved that there is a continuous
map k4 : SL, — BSF such that A% Ag;) 0. ,

7-3. At first we shall prove the following lemma.

LeMMA 7-4. Let &= (V)so(Aph : H{ (23718 1 Z,) > H(QF'S™ X « « o X
2r718™ 1 7,) > H (23718 1 Z,).  If xe H Q37'S™Y) belongs to G, r>0. then
&) is of the form y®, yeG,.

Proof. Since & is an algebra homomorphism, it is sufficient to assume

2 = Q,8%;., Then Cartan formula shows the lemma..

7-4.  Proof of lemma 6-4. By proposition 5-8, the following diagram is

commutative.
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idX A, Oro
H (L™ X Q371 ™) ———— H (WD X 7 (23718 1)P) =—> H,(Go(pn))
| F T ) | i
Hy(G ,(pn) X Go(pn)) > Hy(Go(2pn))

By lemma 2-11, and its proof, the element e, ® (Q:(8x,)? € Hy(WEm*D x o
(2371S*1?) is in the image of (idXA,)«(A), where A is the submodule of
H(L@™ D x Qp~'S™1) generated by e.® Qlﬁ;;x“ r=\Il=1|J|, 1=0,1, - -,
k=0,1,2,+-+, ¢=0 or 1. So that it is sufficient to prove that (*)u(hz X7z )«
(e: ® Qifyx,) belongs to G,+1,y, where ¢,&Q Q:f;x,€A. If deg(Q:fx,) =0,
then dege, >0, so that (*).(fig(er) ®15(Q:852,) =0. So that we can assume
deg (Q:85%;) >0. On the other hand 7z, : 22715"! — Go(pn) is homotopic to

VAVS A i
the map . Qg-lsn—l _f_) Qs—lsn—l X e o o X sz—lsn—l -—).Q"';o (u—l)Sko(n—b — Go(pn)’
1<ko=|El <p. S0 I5u(Qifyx)) belongs to Gpurn-t by Cartan formula

for Q,, proposition 2-8, iii), and proposition 2-10. Let kg, denote the fol-

. omel hg, 7 (V(—pid))
lowing map: LE™P — Go(pn) - 25"S"" ————> 2575,  Then L™V X Gy(pn)

hg,xid i
= ——)Gp(pn)xGo(pn)j+Go(2pn)-—).Q§”"S”” is homotopic to the map, LE™*P

ﬁEn.OXAZ idXiXAp
XGo(pn) ——————> Q8"S?" X Go(pn) X Go(pn) ——— > Q2"SP* X Q24"SP" X

x(7)? idxV \
(Go(pn))l’ __)Q(Z)zmszxm X (Qgpnszpn)p — le’"S”"xQ%P"S”" — Q%pnsu)n.

So the above homomorphism maps A in Gtr+xo-1,, by using lemma 7-4 and
the result of §2. On the other hand ko +k —1=7r-41, since k=2,
r=0. This proves the lemma.

7-5. We shall consider &, = hq,o...0; L™ = G ,(pn) defined in §5. Let
hy @ L¢™ P x SP"! — SP*~1 be the representative of #;,. And consider the map-

ping cone Cy, of k.

Lemma 7-5. In H*(Cr, : Z,), PUs)#0, AP(s)#0, j=1,2,+[2m+1/
p —1), where seH" ' (Cy:Z,) be the generator representing S*"~' of Cy,=S"""!
UC(LE™ D x SPr-t),

This lemma is proved by tediously long caluculation acording to the
result of Nakaoka [10], so we omit the proof.

_ _ hy i (V-pidn)
Next define &,,, as follows, &y, : LE™P = G (pn) = QE"SP" ———> Q5"SP",
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CoroLLARY 7-6. In H*Cs,,, :Z,), PAS)#0, AP/(S)#0, j=1, «+-
{2m+ 1)[(p = 1)1, for s€e H*™ ' (Cy,,, : Z,) generator.

Lemma 7-7. In H(L,:Z,) for any i,>1, there is a number r >0, such
that P:;:(eZto(pdl)) #0. or P;(eZ'Lo(?—l)—l) 7= 0.

LEmMA 7-8. Consider hy,o+ : Hy(LE™V @ Z,) — H(Q3'S™! : Z,), then we have

ﬁl.o'(e%(p—l)) =ce; +
ﬁl.o'(ez'i(p-l)) = cﬁpxi + Y, i= 17 29 b '[(Zm + 1)/(2’ - 1)]
hile) =0 if j=2ip—~1) or 2i(p—1)—1.

where x,y=G,, and c€Z, is non zero constant not dependent on i.

Proof. By lemma 7-6 and lemma 6-3, k0% (€sup-0) = €%+ 2, c; #0,
xeG,. We shall prove that ¢; is indepent on i by induction. Assume
C=¢ = +++ =(yy for i, >1. By lemma 7-7, there exists » >0, such that
Pi(e210(p-0) = @stio-ryp-1s OF PL(Bplaso(p-1) = aBpestis-n(p-n, fOr some 0+ acsZ,.
And since x; = holerp-n) for hg: LE™P — Q818" Pi(z,) = a%y., Or
P(Bys) = aByi0—re SO that y,c(Piesinp-n) = h1,0*(@ee-pip-») = GCE4-, + @' OF
Ry,04(PiBpesip-1) = ACByse-, + y’ for some, 2’ or y’€G,. On the other hand
by naturality of Py or P"B,, hio{(Piesnp-n) = Pilhi,e(€rinip-n) = PilCiotso + @)
= @C4y%4-» + Pi(x) or Et,o‘<Pr:Bpezzo(p-1)) = P;.Bp(l:il.o‘(ezto(p—l)) = PiB(Cis%s + )
= acioBp®s-r + PiBpx. On the other hand by the result of Nishida [11],
Pi(x), PiB,xeG,. This shows ¢;,, =c. The results that £, (e;) =0 for
j#2i(p —1), 2i(p —1)—1, follows from the Remark in §5 that %, factors
through B3,(¢) as follows, &, : L™ — B3\ — G,(pn).

7-6.  Proof of Lemma 6-5. We are given an element e;® (Q,82,)°s
H (Wenthx, (Qe-1S" 1 : Z,) where J=(&, 71, * * *y&n ), ¥=0. l%y proposi-

tion 1-9 the following diagram is commutative.

idX/N\,
Hy(LyX Q0S") ———— > Hy(W Xr,(QoS)?)
lhx id A lo

—> H(Q,S")

Hy(Q,S° X Q0S")

On the other hand by proposition 5-8, the following diagram is commutative.

https://doi.org/10.1017/S0027763000014355 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000014355

CHARACTERISTIC CLASSES 37

idX /Ny
H(L,X&,S% > Hy(W X, (@0S")?)
h(1,o...o) Xi(x.o...o) A 5(1,0...0)
H(QS;xQ,S") > H(Q0S°)

We can choose an element x H,(L, X @,S°) such that (id X Ay)lz)=e;®
(Qs852;)?. Then by lemma 2-11, # is of the form Ylc(k, I, €', 1) (e, @ Q8:%)),
where =0, I=(&,4iy+**,6,74,), € =0 or 1, and [=0,1,2,--+. So
Q:iQsBx; = Xk, I, &', 1)(hyler) A (Q:Byx,)). On the other hand dy,o...0xe; ®
QByw )=k, I, &', I)has,o...04lee) AN(Q:B52:) =31¢(0, I, &', I)(Fas,o...04(€0) A (Q1B85 %))
+J§)C(/€, Le, l)(h—(l,o...o)*(ek)A(Qlﬁ;,xl))' BY lemma 7-8, ﬁ(l.o...o)*(ek)=c «hyley)+x,
if k#0, and 2€G,, ¢+ 0. And by extension of proposition 2-8, iv), Cartan
formula, and extension of proposition 2-10 shows that zA(Q:8yx,)EG 14y,
and by lemma 7-4, hy(e)A(Q:By%,) = ha,o...04(€0) A(Q:By%,;) belongs to G,
and decomposable. So fq,,...04(€; ® (QsB52,)7) = cQ,Q 8%, + x + y, for
#E€Gy+, «x: decomposable, and y=G,+1,;. This shows the lemma.

7.7.  Proof of Lemma 6-6. By proposition 5-9, 8,.. 0% =0». If i =0,
then 0,+(e,®@(Q852,)") = AL(QsBpx)?) = /}*((QJﬁ;wj)@) - - - ®(QsByx,)), where

AL QEIS™I X e o o x Q1S ——>Qi,"‘“"S‘"“”’-Z>Go(pn). So this element belongs
to Gyro-1. So lemma is valid for this case. By Remark 5-12, §,«(e;®27) =0,
if ix0 mod(p—1)or (p—2) or 2(p—1)—1. So we can assume 7 =p—2
or p—1. And we shall prove in the case i =p—2, when i=p—1 the
proof is similar. By proposition 5-11, the following diagram is commutative:

(id X (0)"),
H(WeEm+h x, (Qa-18™1x Q5-18"1)P) —> H(WEem+) x o (= S*=1)P)
laxia, lds
H(Wensn x @n+n) x (Qn=1§n=1 x gn=1Gn-1)?) H(Go(pn))

ApXTp

éip)xgp* T(")*
H (W EmD x o (571 S™ 1P X WemHD X0 (247 S™ )P )———H(G p2(pn) X Go( pn))

On the other hand @Q,8;x;€ H(Q27'S™!) belongs to the image of B,2
HJ(2;7'S™ 1 xQp'S™ ") by (o)y, where B, is the submodule of H(2'S™")®
H,(277'S™'), generated by (B4 )®(Q.852,), k=0,1,--+,¢6, ¢ =0o0r1l, [ =0,
1,2,--+, Il =r—1, r=1. We shall prove this lemma by induction or 7.
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i) 7=1. It is sufficient to prove (0)u(f,X8,)x(A X id)sep-R (B2 RBy2,))
belongs to G e4;. (AXid)*((ep-z)®(ﬁ§xk®.3¥xz)p)=,+_Z‘. 2(—1)*('e¢1®(5;00k)p)®

t1Tip=pP—

(e,@(By,)?). On the other hand 6P (e, ®Bpx:)") =0 except the case i, =0,
p—2, and so on f,(e,Q(Byx,)?) =0. So that (FPRF,)u(A X id)(e,-:Q (B2, R
5 2,)7) = 09 4(€5-2 @ (By2e)?) @ G,0(e0 @ (By21)?) + (—1)*6P (€0 ® (By24)?) ® bp4(€-:®
(Byz,)?). And 0P, (e® (Boxr)?) = Ap((Bp2:)?)E Gpo-1, if  deg fyae >0, where
Np i 2571S™ X e o e X Q1S —+Q§§"“’S”‘”‘”1>Gpnm>. And 0,(e®(Byz,)?) =
Al (Byz)P)EG -1 if degﬁ;,’xl—>0, where A:Q7'S™ !X« .« X Q018! QE-D
SP= — Gy(pn). So lemma in this case is proved by dividing three cases
a) deg (Bpxs) >0, deg (Byx,)>0, b) deg (B32:)>0, deg(Byx,)=0 c) deg (Bsx,)=0,
deg (By2,) >0. o

ii) We assume that lemma holds when r<r#, r,=1. We shall prove
()0 X Op) AX id)s(ep-2 ® (B2 @ Q,Byx)?) belongs to Gyrovry,, where [ =
(€1 d1s * * *s€rpdr)e (OF% X 0p)ifp) (A X id)u(€pm2 D (B2 R QB5%1)7) = OPu(ep-2®
(By24)? )R 4(€0 ® (Q 1By 21)") + (—1)* 0P (eo®(Bp21)?) R O (e -0 ® (Q;84%,)?).  Then
lemma in this case is proved by using induction dividing two cases a) deg
Byx, >0, deg(QByx,) >0, b) degB;x,=0, deg(Q,85%,) >0. And these proves
the lemma.
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