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Abstract

Any unital *-endomorphism of a type II i-factor is implemented by isometries of a Cuntz algebra outside
the factor. If the Jones index of the range of the *-endomorphism is an integer and the algebras act on the
standard space, the Jones index must agree with the number of the generators of the Cuntz algebra. We
also study (outer) conjugacy of *-endomorphisms using Cuntz algebras.

1991 Mathematics subject classification (Amer. Math. Soc): 46L10, 46L35.

1. Introduction

In [1], W. Arveson showed the following fact: Let a be a nonzero normal
*-endomorphism of the algebra B(H) of all bounded linear operators on a (separ-
able) Hilbert space H. Then there is a (finite or infinite) sequence of isometries
Vi, v2,... in B(H) having mutually orthogonal ranges such that

a(a) = Y^vnav*n, a e B(H).
n

The linear space of operators

Ea = {t <= B(H) : ta = a(a)t for any a e B(H)}

is a Hilbert space relative to the inner product defined by

t*s = (s, t ) \ , s , t e E ,

and {t>i, v2, • • •} is an orthonormal basis for E and generates an extension of a Cuntz
algebra [5]. In this paper we shall show an analogous fact for type Hi-factors on
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344 Masatoshi Enomoto and Yasuo Watatani [2]

a (separable) Hilbert space. We can describe *-endomorphisms of a type Hi-factor
M using the relative position between a Cuntz algebra &n and the type II [ -factor M.
More precisely, any unital *-endomorphism a of a type Hi -factor M is implemented
by isometries of a Cuntz algebra €„ = C*({s, : / = 1, . . . ,«}) outside the factor
M such that a(x) = ]T)"=i s,xs*, x e M. In particular if the Jones index [M :
a{M)] is an integer and M acts on a Hilbert space standardly, then the Jones index
[M : a(M)] must agree with the number of generators of the Cuntz algebra Gn. In
general we can choose the number n of generators of the Cuntz algebra &n such that
n < 4{(the integer part of [M : or(M)]) + 1}. We study the condition of conjugacy
and outer conjugacy for *-endomorphisms of a type II] -factor which is analogous with
results of Laca [10, Proposition 2.2,2.3 and 2.4]. Using Cuntz algebras, Doplicher and
Roberts [6] presented a new duality theory for compact groups. Among other things
they obtained the following result [6, Theorem 7.1] which is related to ours: for the
*-endomorphism a of a factor si with a permutation symmetry of dimension d > 1
satisfying the special conjugate property, there exists a factor SB, a group Ŝ  c Aut SB
and a Cuntz algebra Gd = C*({s, : i = 1 , . . . , d}) c SB such that si' = SBV and SB is
generated by si and Gd. Furthermore a(x) — 5^,=i SjXS*, x e si. But, in Remark 4
below, we note that there exists a *-endomorphism a of a hyperfinite type Hi -factor
R such that [R : a(R)] = 2 and a does not satisfy permutation symmetry, but a
still has the form a(x) = J ^ s,xs*, x e R. So our result generalize a part of [6].
Crossed products by *-endomorphisms are discussed in [2, 6, 15]. Related results on
*-endomorphisms are also investigated in [3, 4, 7, 12, 13].

2. Implementation of *-endomorphisms

In the following, we shall show that any unital *-endomorphism of a type Hi -factor
is implemented by isometries of a Cuntz algebra outside the factor.

LEMMA 1. Let M be a type \\x-factor acting standardly on L2(M, tr). Let a be a
unital *-endomorphism of M such that [M : a(M)] is an integer n = 1, 2, 3 , . . . .
Then there exists a representation p of a Cuntz algebra &n = C*({t>, : / = 1 , . . . , «})
into B(L2(M, tr)) such that

n

a(x) = 2_, p(vi)xP(viY for any x e M,

where we identify &x with the algebra C(T) of continuous functions on the torus T,
which is generated by a single unitary V\.

PROOF. Let r] be a canonical embedding of M into L2 (M, tr). In the case n =• 1, a is
an automorphism and then Lemma 1 is well known. In fact, ifweputMr?(;t) = r\ (a {x)),
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for x e M, then we can take vx as p(ui) = u. Next we consider the case n > 2.
Put a(M) = N. Let EN be the unique trace preserving conditional expectation of M
onto N. Let eN be the orthogonal projection of L2(M, tr) onto L2(N, tr) (which is
the closure in L2(M, tr) of A?). Then we can choose a Pimsner-Popa basis {/n,}y=1, „
for N c M such that / ^ = 1 and EN(mjm*) = <5,j. Therefore every m e M has a
unique decomposition w = 5Z"=i ^y7"; w ' t n 37 e ^ , a n d "*?£# are partial isometries
(1 < j < n),

m*m)• = [M : N].
7=1 ; = i

Using the above relations, we have the following: for any x = Yl"j=i ximi e M and

y = E" M ^

=tr ( 1 2 y*

We shall define an operator sx on L2(M, tr) by

s^rjix) = r](a(x)) for x e M.

Since

is an isometry. Furthermore, we have

Since \\n(x)\\2 = E"=i \\*l(Xj)\\2 f o r * = E?=i *.•«.• e M, x, e N, we can define a
self-adjoint unitary operator w, (/ > 2) on L2(M, tr) by permutating the first compon-
ent and the i-th component; that is,
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Consider the isometries s, = u,^i for / = 1 , . . . , n, where V\ = 1. Then for
x e M and y = J2"j=l

SiXS*r](y) = s,xs*rj I ^y^rn, - I = ViSiXS*v*r} I £ ] v,/n,

= ViT) (a(x)yi) = ViT) (a(*))>,m,) = r? (a(x)yimi).

Therefore we have

/ / n \ \

= ^ ? ? (a(x)y,m,) = r\ la(x) I ^ v , w , I I = ?j(a(^)v).
; = i /=i \ \i=\ I)

Thus we have
n

a(x) = ^2sixs* on L2(M,tr).
/=i

Furthermore we have Yl"=i sis*ri(y) = tfiy)- So J21=i s's? = ^ Thus this family
[s,• : i = 1 , . . . , n) of isometries generates a Cuntz algebra <?„.

Next we shall investigate the non integer case.

LEMMA 2. Let M be a type Ili-factor and a be a unital *-endomorphism of M.
Assume that [M : a(M)] < oo. Then there exist a \\\-factor L with L 2 M and a
*-endomorphism f5 of L such that

(1) [L : /3(L)] is an integer.
(2) fi \u= a.
(3) following diagram is a commuting square.

M
U

a(M)

C

c

L
U

PROOF. We put

n = 4 ((the integer part of [M : a(M)]) + 1)

and

[M : a(M)]
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Then /x > 4. By [9], we can take the sequence of Jones projections {e,},>i which
satisfy the relations

Set MM = {e\,e2,ei,...}" and 7VM = {e2, e3,...}". Then there exists a
*-endomorphism y from MM onto AfM such that

y(ek) = ek+i for £ = 1 , 2 , 3 , . . .

Put L = M ® MM and /S = a <g> K- Then /5 is a unital *-endomorphism of L. It is
clear that 0 satisfies (2) and (3). We shall calculate [L :

[L : /3(L)] = [M g) MM : fi(M ® MM)] = [M ® MM : a (M)

= [M : a (
[M : a(M)]

Using Lemma 2, any unital *-endomorphism on a type II]-factor can be described
by Cuntz algebras as follows:

THEOREM 3. Let M be a type II ry"actor and a be a unital *-endomorphism of
M. Assume that [M : a(M)] < oo. Then there exist a natural number n, a
* -representation p of M on a Hilbert space H and a * -representation n of a Cuntz
algebra Gn = C*({u, : / = 1, . . . ,«}) into B(H) such that

n < 4 ((the integer part of [M : a(M)]) + 1)

and

n

p(a(m)) = 'Y^n(vi)p(m)Tc(viy, m G M.

PROOF. If the Jones index [M : a(M)] is an integer, by Lemma 1 we can take
n = [M : a(M)]. So we shall consider the case in which [M : a(M)] is a non-integer.
Take L and 0 in Lemma 2. We put H = L2(L). Since n = [L : fi(L)] is a natural
number and n > 2, by Lemma 1, we have a *-representation n of a Cuntz algebra €?n

into B(H) such that

forall x e L.
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As L 2 M, we can take p to be the restriction of the GNS representation of L. That

is,

p(m)rj(x) = r)(mx) for * e L and m € M.

Thus

p(a(m)) =

REMARK 4. Let a(i), i = 0, ± 1 , ± 2 , . . . be a sequence such that a(i) = 1 if
i = ± 2 and a(i) = 0 if i: / ±2 . Let {w,},>0 be a family of self-adjoint unitaries such
that

Then {«,} generates a hyperfinite type IIj-factor R and the map a : M, i-> M,+1

induces a *-endomrphism a of /?. For this a, we have a2(R)' C\ R = £1 [8]. But
*-endomorphisms p of a von Neumann algebra with permutation symmetry must
satisfy the relation: p2(M)' D M ^ C/[6]. Thus such a *-endomorphisms a does not
satisfy permutation symmetry. But even for this *-endomorphism a, it has the form
a(x) = Y.,s'xs?> x e R.

3. Conjugacy and outer conjugacy of *-endomorphisms

In [10], Laca considered conjugacy between two *-endomorphisms of a type
I-factor (and also for outer conjugacy) using the related Cuntz algebras. In the
following, we shall consider a version of type Hi case.

PROPOSITIONS. Let Mbe a type l\x-factor on aHilbert space H and &n = C*({^, :
( = I, ... ,n}) be the Cuntz algebra on H. Let a be a unital *-endomorphism of M
such thata{x) = YM=\ sixs*, X e M. Put

Ea = [x e B{H) : xa = a(a)x for every a e M]

and

F(su ...,sn) = l^Tsjiii : n,• e M' \.
I =i J

Then we have the following:
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(1) Ea and F(s{,..., sn) are right M'-modules.
(2) Ea = F(si,..., sn) as a set.
(3) As a right M'-module, Ea is the free M'-module of rank n.

PROOF. ( 1 ) is c l e a r . W e s h o w ( 2 ) . F o r a n y Yl"=i s'ni e F(su • • • ,sn) ,

) ( ) ( ) (

Therefore F(s\, ... ,sn) C Ea. On the other hand, take t e Ea. Then

ta = a{a)t for any a 6 M.

Then

s*ta = s* I y ^ stas* 1 1 f o r a n y j = 1 , . . . , «

and

s*ta = as*t for any j = 1,... ,n.

Hence s*t = ns € M'. Then we have

Hence Ea c F(5], . . . , J B ) . We show (3). In order to do this, it is sufficient to show
that

n

if y ~ \ « , = 0 then n, = 0 for i = 1 , . . . , n.

This follows from

s,* I Y^5,-n,- 1 = nk for ^ = 1,... ,n.
\ ' = 1 /

Therefore we have

Hence £„ ~ J^"=1 ©M'. Thus £ a is a free M' module of rank n.
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By Lemma 1 and Theorem 6 below, when M acts on L2(M, tr) standardly and the
index [M : a(M)] is an integer, the index [M : a(M)] of *-endomorphism a of M
necessarily agrees with the number of generators of the Cuntz algebra €?n related to a.

THEOREM 6. Let M be a type W.\-factor acting on a Hibert space H, with finite
commutant. Let &m = C*({s,- : / = 1 , . . . , m}) and 6n = C*({tj : j = 1 , . . . , n})
be the Cuntz algebras on H generated by isometries {«,•},• and {tj}j respectively.
Let a and fi be unital *-endomorphisms of M such that a(x) = XT=i sixs* and
P(x) = Yl"j=\ hxt* ,x € M. Then the following are equivalent:

(1) a = /3.
(2) m = n and there exists a unitary matrix (M,;) e M' ® Mn(C) such that tt =

HU^u,.

PROOF. (1) implies (2): If (1) holds, by proposition 5, we have

F(su ...,sm) = Ea = Efi = F(tu . . . , tn).

Since M' is also type II]-factor, the A"-group K0(M') of M' is the set R of all real
numbers. Considering the map tr~ from K0(M') to R which is induced from the
normalized trace tr of M', we have

tr / r - ] \ =

Since F(su • • •, sm) = F(t{,..., ?„), we have m = n. Since a = fi,

5, I 7 StXS, I 11 — i,

Hence x(s*tj) = (s*tj)x. So s*tj e M'. Put u = (w0) = (s*tj) e M' <g> Mn(Q.
Since (M*M),7 = ^,(spi)*s^tj = J^1^^1] = lth = v̂> anc^ similarly uu* — 1, u is
a unitary matrix. On the other hand we have f, = ( £ \ J;5*)?, = ^ 5;«;,.

(2) implies (1): Conversely, assume that (2) holds. Then

sjxs* =a(x).
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REMARK 7. Let M be a type II i-factor acting on a Hilbert space H such that the
commutant M' of M is not finite. Let 6n = C* ({ J, : / = 1, . . . ,«}) be a Cuntz algebra
on H. Assume that the *-endomorphism a of M has a form a{x) = $Z"_, stxs*,
x e M. Since M' is not finite, there exist isometries tut2 e M' such that C*({fi, ?2})
is a Cuntz algebra. Considering 2n isometries {.?,•/) : / = 1 , . . . , n, j = 1, 2}, we
have a(x) = £ ( . SjtjXt*s*, x e M. Thus if M' is not finite, the number of isometries
which implement a depends on the choice of isometries, in general.

On the conjugacy of *-endomorphisms, we have the following:

THEOREM 8. Let M be a type Hi-factor acting standardly on a Hilbert space H.
Let em = C*({si : i = 1 , . . . , m\) and &n = C*({tj : j = 1 , . . . ,«}) be the Cuntz
algebras generated by the isometries {5,}, and {tj}; respectively. Let a and fi be unital
*-endomorphisms ofM such thata(x) — Y17=\ sixs* and /3(x) = Yl"=i {jxtJ' x e M.
Then the following are equivalent:

(1) a and fi are conjugate.
(2) m = n and there exist a unitary operator w e B (L2 (M, tr)) and a unitary matrix

(uu) e M' <g> Mn(Q such that r, = Ylnj=i(wsjw*)uji-

PROOF. (1) implies (2): Suppose that a and fi are conjugate. Then there exists
y e Aut(M) such that fi = yay~l. This y gives rise to a unitary operator w
on L2(M, tr) such that wr)(x) = r)(y(x)) for x € M. Using this w, we have
Yl"=itjxtj = 127=i(wsiw*)x(wsiw*y• Applying Theorem 6 for fi = yay~\ we
have m = n and a unitary matrix (M;J) e M' ® Mn(<L) such that tt — ^" = 1 (U;S ; U;*)M J , .

(2) implies (1): Assume the condition (2). Then

= 2_.WSJW*X I 2-[ujk(Uj'k)* I (tVSj'W*)* = / ^ WSjW*x8jj>(WSj'W*)

On the outer conjugacy of *-endomorphisms we have the following:

THEOREM 9. Let Mbea type II1 -factor acting standardly on a Hilbert space H. Let
Gm = C*({Si :i = \,...,m})and0n = C*({tj : j = 1 , . . . ,«}) be Cuntz algebras
generated by isometries [s,], and {tj}j on H respectively. Let a and fi be unital*-
endomorphisms of M such that a(x) = Y17=i Sixs* and fi(x) = ]T]"=i tjxt*, x e M.
Then the following are equivalent:
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(1) a and ft are outer conjugate.
(2) m = n and there exist a unitary operator w e B(L2(M, tr)), a unitary

operator v e M and a unitary matrix (w,-y) G M' (g> Mn(£) such that tt —

£>=1 v(wSjW*)Uji.

PROOF. (1) implies (2): Assume that a and ji are outer conjugate. Then there exist
a unitary operator v e M and y € Aut(M) such that ft = Ad(v)yay~l. This y gives
rise to a unitary operator w on L2(M, tr) such that wrj(x) = rj(y(x)) for x e M.
Using this w, we have

j=\ 1=1

Applying Theorem 6 for f! = Ad(v)yay~\ we have m — n and a unitary matrix
(Ujj) € M' (g) Mn(C) such that /, = J]"=i V(WSJW*)UJJ.

(2) implies (1): Assume the condition (2). Then

*v* = Ad(v)yay~l(x)

4. Ergodic endomorphisms and shifts

A unital*-endomorphism a of a von Neumann algebra M is called ergodic if
{a € M : a(x) = x] = C/ and a S/ZJ/? if n,>oa'(M) = C/. If a is a shift, then
a is an ergodic endomorphism. In the following we shall investigate ergodicity of
endomorphisms of a type Hi -factor M as in [10]. We shall use the following notation.
We assume that a family of isometries {u/},-=i,...,n generates a Cuntz algebra. Put
Wk = { O ' i , . . . , i k ) : i j = l , . . . , n , j = l,..., k ) . F o r 0 e Wk, v p = v t ] v n ... v i k .

We denote &„ by the C*-algebra generated by Uk{vpv* : fi,y e Wk}.

PROPOSITION 10. Let M be a type lli-factor on a Hilbert space H and n be a
*-representation of a Cuntz algebra Gn = C*({VJ : j = 1 , . . . , n}) on H. Put
Sj — n(Vj). Let a be a unital *-endomorphism of M such that

n

a(x) = ̂ 2sjXs*, xeM.
1=1
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Let M" be the fixed point algebra ofM under a. Then we have the following:

(1) Ma = Tx{&n)' n M.
(2) nt>oa*(Af) = n(&a)' n nk>0[y e M -.for any y e Wk, s*Yysy € M).

In particular a is a shift ifn(^n)' f lM = O .

PROOF. (1): We put a *-endomorphism a of B(H) such that

a(x) = J2sixs* for x €

i = \

Then we have a\M = a. By Laca [10], B(H)a = n(0n)' n B(H). Then Ma =
B(H)° HM = n{0n)'r\M.

(2): Take y e ak(M). Then there exists x e M such that

T a k e B,y e Wk.

7 . Srxs* I — SfiXS*.
\reWk

On the other hand

Furthermore, for y € Wk,

s*ysy = x

So, s*ysy e M. Thus we have

ak(M) c C*{^** : j 5 , 7 £ W*}' n {>> e M : for any y e W*, s * ^ r e M}.

Conversely, take

y e C*{sps* : B, y e Wk\ n {y e M : for any y e Wk, s*ysY e M}.

Then for T0 e Wk,

( )

Soj € a*(M),thatis,

C*{sps* :B,y€Wk)'n{yeM: for any y e W*, j * ^ y e M} c a*

Therefore

ak(M) = C*(spsY : B,y eWk)'r){y €M : for any y e W*. s^s , , 6 M}.
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Next remark describes a fact on a *-endomorphism of a type I-factor which was
already obtained by Price [14, Definition 2.1].

REMARK 11. Let M be the algebra B (H) of all bounded linear operators on a Hilbert
space H. Let C*({s, : / = 1 , . . . , n}) be a Cuntz algebra generated by isometries {s,},.
Let a be a unital *-endomorphism of M such that a(x) = Yl"=\ SjXS*, x e M. Then
we have

[M :
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