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Abstract. The classical spaces ¢/, 1 <p <oo, and 1’7, 1 <p < oo, are
countably normed, reflexive Fréchet spaces in which the Cesaro operator C acts
continuously. A detailed investigation is made of various operator theoretic
properties of C (e.g., spectrum, point spectrum, mean ergodicity) as well as certain
aspects concerning the dynamics of C (e.g., hypercyclic, supercyclic, chaos). This
complements the results of [3, 4], where C was studied in the spaces CV, Lf (RY)
for 1 < p < oo and C(R'), which belong to a very different collection of Fréchet
spaces, called quojections; these are automatically Banach spaces whenever they admit
a continuous norm.
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Secondary: 46A04, 47B34, 47B38.

1. Introduction. The Cesaro operator, whether acting on sequences or on
functions, is based on an averaging process. Many features of this classical operator
(e.g., continuity, spectrum, dynamics, mean ergodicity etc.) have been intensively
studied in a large variety of Banach spaces. Such investigations have also been extended
into the setting of Fréchet spaces, [11]. In [3], the Cesaro operator is analysed in the
Fréchet sequence space w := CN and in [4] it is studied in the Fréchet function spaces
L (RY), 1 < p < oo, and in C(R") when equipped with its compact convergence

topology in R* := [0, 0c0). Each of the spaces w, C(R*) and L} (R") is a quojection
Fréchet space. In such spaces, special features arise which are not available for Frechet
spaces in general. Our aim is to analyse the Cesaro operator in the classical reflexive
Fréchet sequence spaces €71, 1 < p < oo, and in the reflexive Fréchet function spaces
1P~ :=17~([0,1]), 1 < p < oo. These are (non-Montel) countably normed Fréchet

spaces (i.e., which can be written as the intersection of a decreasing sequence of
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Banach spaces with continuous inclusions) and hence, they are “far away” from being
quojections. For more features of ¢+ and L7~ see [19] and [8], respectively. It is time
to be more precise.

The discrete Cesaro operator C is defined on the linear space w := CN (consisting
of all scalar sequences) by

X1+ x2 X1+x2+--+ X

C(x) := (x1, IR z

et x:(xj)fil € w. (1.1)

It is a linear (algebraic) isomorphism of @ onto itself with C™!': w — w given by

C'O) =0y —0—=DyDZ, y=0)Z €o, (1.2)

where we set yo := 0. The discrete Cesaro operator C is said to act in a vector subspace
X C wif it maps X into itself. If X has a locally convex Hausdorff topology, then the
continuity of C: X — X also needs to be addressed.

Let p € [1, 00). Recall that £7* =N, ,¢" is a Fréchet space with respect to the
coarser locally convex topology on ¢t for which the inclusion map ¢+ < ¢ is
continuous for all 7 > p. So, if p, | p (so that p, > p for alln € N), then ¢7+ = N ¢/
and its Fréchet topology is generated by the sequence of norms

oo 1/pn
Il = (Z |xi|f’"> . xelt neN. (1.3)
i=1

Clearly the Banach space ¢7 C ¢+ continuously and ¢#+ < CN. It turns out (see Section
2) that C acts continuously in each Fréchet space £+, 1 < p < oo, which we denote by
CebH - gt 5 prt.

Analogously, for 1 < p < oo the space I/~ =Nj.,,L", which contains [/ :=
L7(]0, 1]) continuously, is a Fréchet space with respect to the coarser locally convex
topology on LP~ for which the inclusion map L~ — L' is continuous for each
1 <r<p.So,if 1 <p,tp(sothat 1 <p, <p forall neN), then I/~ =N L~
and its Fréchet topology is generated by the sequence of norms

1 1/pn
il = ( fo For dr) . felr. neN. (14)

The Cesaro operator C is defined pointwise by
1 X
ofw = [ fwar xew., (15)
0

for each f e L'. It turns out (see Section 3) that C acts continuously in each Fréchet
space 17—, 1 < p < oo, which we denote by C?~): [/~ — [/~.

An analysis of the operator C?»*) (resp., C?7)) is carried out in Section 2 (resp.,
Section 3). To explain this in more detail, we require some further notation and
definitions. Let X be a locally convex Hausdorff space (briefly, IcHs) and I'y be a
system of continuous semi-norms determining the topology of X. The strong operator
topology t, in the space L£(X) of all continuous linear operators from X into itself
is determined by the semi-norms ¢.(S) := ¢(Sx), for S € L(X), for each x € X and
q € 'y, in which case we write L£,(X). Denote by B(X) the collection of all bounded
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subsets of X. The topology 7, of uniform convergence on bounded sets is defined
in £(X) via the semi-norms ¢p(S) := sup,.5 ¢(Sx), for S € L(X), for each B € B(X)
and ¢ € I'y; in this case we write £;(X). For X a Banach space, 7, is the operator
norm topology in £(X). If I'y can be taken countable and X is complete, then X is
called a Fréchet space. The identity operator on a IcHs X is denoted by /. Finally,
the dual operator of T € L£(X) is denoted by 7": X’ — X', where X’ = L(X, C) is the
topological dual space of X. The strong topology in X (resp. X”) is denoted by B(X, X”)
(resp. B(X’, X)) and we write Xz (resp. X ;5). If X is a Fréchet space, then Xg = X. As
a general reference for IcHs’ see [18].

We say that T e £(X), with X a IcHs, is power bounded if {T"}2, is an
equicontinuous subset of L£(X). For a Banach space X, this means precisely that
Sup,en 17"y < 00. Given T' € L(X), we can consider its sequence of averages

1 n
Ty i= Y1, neN, (1.6)

m=1

called the Cesaro means of T. Then T is called mean ergodic (resp., uniformly mean
ergodic) if {T},1}02, is a convergent sequence in L,(X) (resp., in L£,(X)). It follows from
(1.6) that TT =Ty — %IT[,H], for n > 2. Hence, 1,-lim,_ o % = 0 whenever T is
mean ergodic. A relevant text is [13].

Concerning the dynamics of a continuous linear operator 7 defined on a separable
IcHs X, recall that T is hypercyclic if there exists x € X whose orbit {7"x: n € Ny} is
dense in X. If, for some x € X, the projective orbit {AT"x: A € C, n € Ny} is dense
in X, then T is called supercyclic. Finally, T is called chaotic if it is hypercyclic and
the set of its periodic points {# € X: 3n € N with 7"u = u} is dense in X. As general
references, we refer to [5, 11].

For a Fréchet space X and T € L(X), the resolvent set p(T) of T consists of all
» € C such that R(x, T) := (M — T)~! exists in £(X). The set o(T):=C\ p(T) is
called the spectrum of T'. The point spectrum o, (T) of T consists of all A € C such
that (A — T) is not injective. If we need to stress the space X, then we also write
o(T; X), 0,(T; X) and p(T; X). Whenever A, u € p(T) we have the resolvent identity
R(A,T)— R(u, T) = (u — A)R(A, T)R(u, T). Unlike for Banach spaces, it may happen
that p(T) = @ or that p(T) is not open in C. This is why some authors prefer the
subset p*(T') of p(T') consisting of all A € C for which there exists § > 0 such that each
e B, :={zeC:|z— Al <§}belongsto po(T)and theset {R(u, T): u € B(A, §)}
is equicontinuous in £(X). If X is a Fréchet space, then it is enough that this set is
bounded in £;(X). The advantage of p*(7'), whenever it is non—empty, is that it is
open and the resolvent map R: A — R(X, T) is holomorphic from p*(7) into L;(X),
[2, Proposition 3.4]. Define o*(T) := C \ p*(T'), which is a closed set containing o (7).
If T € £(X) with X a Banach space, then o(T) = o*(T). In [2, Remark 3.5(vi), p.265]
an example of a continuous linear operator 7" on a Fréchet space X is presented such
that o(T") C o*(T) properly. For the Cesaro operator this turns out not to be the case.

The mean ergodic properties and the dynamics of the Cesaro operators C?*),
1 < p < oo (resp., C?7), 1 < p < oo) are presented in Section 2 (resp., Section 3) as is
the precise connection between the two notions of spectra o (-) and o*(-). Of interest is
the fact that both of the spectra o(C!!*)) and ¢*(C!'*)) are unbounded subsets of C,
whereas the spectra of C?+)| 1 < p < co,and C?7), 1 < p < oo, are bounded subsets of
C. For purposes of comparison, the final Section 4 is devoted to an analysis of the two
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notions of spectra for the Cesaro operator acting in the quojection spaces w, C(R*) and
L (RF), 1 < p < co. It turns out that o(-) and o*(-) coincide for C: C(R*) — C(R™)
and for C: Lf (R") — L (R"), which suggests that this may always be true whenever
C acts in an appropriate quojection Fréchet space. That this is not so is illustrated by

C: w — w, for which it is shown that o (C) C o*(C) properly.

2. The Cesaro operator on the space /T, 1 < p < co. Fix1 < p < co. Itis known
that the discrete Cesaro operator maps the Banach space ¢” continuously into itself,
which we denote by C?: ¢ — ¢¢, and that |[C?|,, = ¢, where 11)+ }1 =1, [12,
Theorem 326, p. 239]. Consequently, the Cesaro operator maps the Fréchet space
77,1 < p < oo, continuously into itself. In fact, for a sequence p, | p (so that p, > p
for all n € N), consider the norms (1.3) and, for each n € N, let C,, := C?) e £(¢rr). If
wedenote by i,: £/ <> £Prand iy, : €9 <> £Pr the canonical inclusion maps (which
clearly have dense range), then i, o C?+) = C, 0 i, and also i, 11 0 Cpy1 = Cp 0 ipnti
for all » € N. Hence, for every n € N, we have

ICY P xll, = 1i,.CPFxlly = I1CuinXlln = ICuxXllw < gllxll  x € €7,

According to [14, p. 123], the dual operator (C?)Y: ¢4 — ¢4 is given by

[e¢]

(CPY(x) = (Z %) L ox= ()R, el 1 <p <o .1)
h=i i=1

The following result will be useful to study the spectrum of C?*),

LEMMA 2.1. Let X = (,cn Xn be a Fréchet space which is the intersection of a
sequence of Banach spaces (X, ||.11n), n € N, satisfying X1 C X, with ||x||, < [|x||ns1
foreachn € N and each x € X,11. Let T € L(X) satisfy the following condition:

(A) For each n there exists T,, € L(X,,) such that the restriction of T, to X (resp. of T,
to X,41) coincides with T (resp. with T,y1).

Then o(T; X) € U, ey 0 (Tn; Xu) and R(A, T) coincides with the restriction of R(, T;)

to X for eachn € N and each » € (), p(Tn; X3).

Moreover, if |, cn 0 (Tn; Xu) € 0(T'; X), then

o (T;X)=0o(T; X).

Proof. Let A € N2, p(Ty; X,). To show that (Af — T): X — X is injective, suppose
that (\/ — T)x = 0 for some x € X. Then, condition (A) yields (A — T})x = 0 in X.
Since A € p(T7; X1), this implies that x = 0.

To check that (\f — T): X — X issurjective, fix y € X. For each nthereis x,, € X,
satisfying (Al — T,)x, = y in X,,. By condition (A), for each n € N the restriction of
T, to X118 Ty41. Hence, y = (M — T,)x, = (A — T},)x, 11 with the equality holding
in X,,. Since A € p(T,; X,), this yields x, = x,; for each n € N and so x; € X with
(M — T)x; = y . Consequently, A € p(T; X).

Since o(T; X) € o*(T; X) with o*(T;X) closed, we always have o(T;X) C
o*(T; X). Suppose now that |,y 0 (Ty; X;) S o(T; X). Let L € C\ o(T; X) in which
case there exists ¢ > 0 such that B(A,e)No(T;X)=@. By our assumption, we
also have B(A, €) € p(T,; X,,) for each n € N. Suppose there exists x € X such that
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{R(u, T)x: u € B(A, ¢)} 1s an unbounded subset of X. Then there is ny € N such
that the set {R(u, T,)x: 1 € B(X, €)} is unbounded in X,, (as X € X,,, and R(u, T)
is the restriction of R(u, T,,) to X for p € B(A,¢)). This is a contradiction as
B(A, &) € p(T,,; Xn,) With X,,, a Banach space. ]

THEOREM 2.2. Let 1 < p < o0 and q satisfy % + Ll] = 1. Then
(i) o(CrI)={reC: |r—4%| <$}ufo.
(i) 0,(CPY) =P and {r € C: |x — %] < 4} S 0, ((CPDY).
(i) o*(CPP) = {r € C: |» — &| < 4} = o (CP)).
Moreover, for every non-zero A € o (CP1) the subspace (\I — CP1)(€P*) is closed in £*+
with codim(Al — CPD)(er+) = 1.

Proof. Fix p, | p. Then the conjugate indices satisfy ¢, 1 ¢ (with ¢, < ¢ for all
n € N). Moreover, for every n € N, it is known that

qn

o(Cy) = {/\GC: )x_? @

< ?} and 0,(C,) = ¥, 2.2)

and, if A € Csatisfies A — £| < %, then (A] — C,,)(¢”")is closed in €” with codim().] —
C,)() = 1; see [14, Theorem 1] and [10, Theorems 1& 2], respectively. Clearly
0,(C?") C 5,,(C,), for all n € N, and so the first statement in part (i) follows at

once. Since ¢, < ¢ for all n € N, it is clear via (2.2) that

PR
o(cn)c[xeq:. ‘x 2‘<2]U{0}, neN.
According to Lemma 2.1, with X, := ¢ and T,, := C,,, for n € N, we have that

s(C") c | Jo(Cy) = {,\ eC: ],\— %’) < g} U {0},

neN

and that R(x, C?")) coincides with the restriction of R(x, C,) to £’ for each n € N
and each & € (), £(Cp).

Since C: w — w is a bicontinuous (algebraic) isomorphism, it is clear that C?) is
injective. Moreover, C?*) has dense range in £/, which follows from the identities e, =
rCPH (e, — e,41),forr € N(asCPe, = 3 Le, forr € N). Here, e, € wis the element
with 1 in the rth coordinate and 0 elsewhere, for each r € N, in which case {e,}°, C ¢*
for all 1 < s < co. But, C¥*) is not surjective in ¢/*. Indeed, y := Y, ﬁezi,l €
7+ However, by (1.2), the vector C~'(y) = (1, —1,1,—-1,1, —1,...) € £\ ¢o. This
establishes that 0 € o(C?H)),

Fix A € C with |x — | < £. Since g, 1 ¢, it follows that |» — £| < £ for all
n > ny and some ny € N. So, as noted above, for every n > ng the operator (Al — C,,) is
injective with range (A1 — C,)(¢”") closed in ¢/ and satisfies codim(Al — C,)(¢n) = 1.
This yields that (A] — C?H)(¢7*) is also a proper closed subspace of £*. Indeed,
let {yj}2; € (A — CPH)(£r+) be a sequence which converges to some y in ¢#+. For
each j e N, let x; € ¢/* satisfy y; = (Al — C?P)x;. So, for every j e N, it follows
that

Vi = iny; = iy — CP)x; = (AT — C,)ix; = (M — C,)x; € (A — C,)(¢9),
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with y; — yin €7 for each n > ny. The closedness of (Al — C,,)(¢7) in €7 implies that
ye -Gy, e,y = (M — C,)z, for some z,, € £/» and all n > ngy. As £Pr+1 C £Pn,
we have z,,,1 € ¢/ and so, for n > ny, it follows that

()‘I - Cn)ZnJrl = ()”I - Cn)in,;1+lzn+1 = in,n+l()‘1 - Cn+1)2n+l
= in,n+ly =)y = ()\I - Cn)Zn-

The injectivity of the maps (Al — C,)) for n > ng, then yields that z,,; = z, for all
n > ny. Setting z = z,,, it follows that z = z, € £/ for all n > ny and so z € ¢/ with
(A — CPP)z = y. Thus, (A — CPD)(¢7F) is a closed subspace of ¢7*. Suppose that
(A — CD)(er+) = ¢+ Then

0 = (A — CPHYePt) € (A — Cp )(#P),

with (A — C,,,)(¢P%) closed in ¢’o. The density of €/t in ¢’ implies that (Al —
C,,,)(€P0) = £Pw; a contradiction. So, the closed subspace (LI — CPP)(r+) of " s
proper. In particular, A € o(C?")). This establishes part (i).

Next, we prove that codim(x/ — C?)(e’*) = 1, still assuming that [» — | <
5 and hence, |A — q% < q% for some ny € N. Observe that the dual operator
(CODY: ¢4~ — ¢4 (with €47 := U £ being the strong dual (¢7*), of £%) is
given by the same formula as in (2.1). So, if (CPPYu = 1u for some u € €49~ with
u#0, then wiyy =u[[,_; (1—5;) for all ieN, [14, p. 125]. This shows that
each eigenvalue of (CP1)Y (if it exists) is necessarily simple, i.e., dim Ker(AJ —
(CPYY) = 1. But, [» — %2| < % implies, via [14, Theorem 1(b)], that there exists
a non-zero vector u € £ C ¢4~ such that (C,)u = Aiu and so (CPY)Yu = iu.
Accordingly, since dim Ker(x — (C?*))’) = 1 and the dual of the quotient (¢/* /(A —
CPH)(er+)y ~ Ker(rl — (C?1)Y) (algebraically; actually, also isomorphically), it
follows that codim (. — C?))(¢2*) = 1. Along the way it has also been verified that
A€ ap((CPYY), ie, {AeC: |x— %] < £} S0, ((CPD)). So part (i) is completely
verified.

Finally, part (iii) follows from Lemma 2.1 as it was shown above in the proof of
part (i) that o(C?") = |, .y o(C)). d

q

neN

THEOREM 2.3. The Cesaro operator CP1): ¢P+ — P+ 1 < p < oo, is not mean
ergodic, not power bounded and not supercyclic.

Proof. By Theorem 2.2(ii) the number 132 > 1 belongs to a,,((C?*)Y) and so

there exists a non-zero vector u € £97 satisfying (C?H))u = 459, Choose any x € ¢/t

2
such that (x, ) # 0. Then

(1+49)
2

<%(c<"+>>"x,u>=%<x, (<c<f’+>>/>"u>=%( ) o), neN,

1

n
{L(CwDy }zozl does not converge to 0in Ly(¢7+), thereby violating a necessary condition
for C?1) to be mean ergodic; see Section 1. Since the power boundedness of C?+) would
imply that 1(C#D)" — 0 in L£,(¢7*) for n — oo, it also follows that C?*) is not power
bounded.

and so the set {1(C?P)"x: n € N} is unbounded in ¢*. In particular, the sequence
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Suppose that C?1) is supercyclic. As ¢/* is dense in the Fréchet space o (see
Section 4) and C?1) coincides with the restriction of C : w — o to £, it follows that
C : w — w is supercyclic. This contradicts Proposition 4.3 below. ]

Since the Cesaro operator fails to map ¢! into ¢! (e.g., Ce; = (%)Zl ¢ £')itisto
be expected that the situation is different for p = 1. Let p, | 1 and equip ¢!t = nx e
with the lc-topology generated by the norms (1.3). Then £!* is a reflexive Fréchet space
with strong dual £%°7 := U,>1£9. The same argument given prior to Lemma 2.1 shows
that the Cesaro operator CU'¥): ¢!+ — ¢!+ is continuous. Unlike for p > 1, the spectra
o(CUM) and o*(C'P)) are now unbounded subsets of C. The following result should

be compared with Theorem 2.2.

THEOREM 2.4. For p = 1 the following assertions hold.
(i) o(C!") = {1 e C: Rer > 0} U{0}.
(i) 0,(C'P) =P and {1 € C: ReA > 0} € 0, (C' ).
(i) o*(C1*)) = o(C1H),
Moreover, for every non-zero A € o(C"')) the subspace (\I — C)(€'%) is closed in '+
with codim(Af — CUH)(¢1+) = 1.

Proof. Fix p, | 1. Then the conjugate indices satisfy g, 1 oo (with 1 < ¢, < oo for
all n € N). Moreover, for every n € N, the identities (2.2) hold. So, via Lemma 2.1 with
X, := ¢’ and T, := C,, for n € N, we have that

o(C) U o(Cy) € { € C: Rer > 0} U{0},

neN

and that R(x, C!'")) coincides with the restriction of R(x, C,) to £'* for each n e N
and each A € (), 2(Cy).

To prove the reverse containment let o € {k € C:Rel > 0}. Then there exists n €
N such that |@ — £| < %. Hence, there exists u € £ \ {0} (and so u € (£'*) = £>7)
satisfying (C,)'u = au and hence, (CU'Y)'u = au. Then, for each x € £!*, we have

(CMY —ah)x,u) = {x, (C"Y —alyu) = 0.

Hence, (y, u) = 0 for every y in the range of (CUH) — oI) with u # 0 and so (C!'Y) — a)
cannot be surjective. This shows that {1 € C: ReA > 0} € o(C!P).

Adapting the proof of Theorem 2.2 it can be shown that CU*) is injective, not
surjective and CU™) has dense range in £!*. Part (i) is thereby established.

Fix A € C with Re A > 0, i.e.,, A € o(CU)\ {0}. Since g, 1 0, there exists ny € N
such that [» — %| < % for all n > ng. Then, arguing as in the proof of Theorem 2.2,
it can be shown that the subspace (A — CU)(!*) is closed in £'* with codim(A] —
CU)(e'*+) = 1. Actually, as in the proof of Theorem 2.2, it is established along the
way that also A € o, ((C11)Y).

Finally, part (iii) follows from Lemma 2.1 as it was shown above in the proof of
part (i) that o (C') = |, 0(Cy). O

THEOREM 2.5. The Cesaro operator CU1): ¢1% — ¢1% is not mean ergodic, not power
bounded and not supercyclic.

Proof. Via the inclusion in Theorem 2.4(ii) it follows that 2 € o,,((C'")) and
so there exists u € £%°~ \ {0} satisfying (C"'*))u = 2u. Choose any x € £'* such that
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(x,u) # 0. Then

Y, ) = L, (CUDY Yy = 227wy, neN,
n n n

and so {1(CUy"x: n € N} is an unbounded subset of ¢!*. To complete the proof it
now suffices to argue as in the proof of Theorem 2.3. O

REMARK 2.6. (i) We point out that the range
(I — CPV)(ert) = span{e,}=r = {x € £7: x; = 0}.

Clearly (I — CPP)(er+) C {x € €7*: x| = 0}. Since {e,}% is a basis of ¢/, it is routine
to check that span{e,},>» = {x € £/*: x; = 0}. In view of this observation and the fact
that (I — C?H)(¢7%) is closed in 7+ (by Theorem 2.2), it remains to show that e, €
(I — CPD)(er+), for r > 2. But, this follows from the identities e,,; = (I — C?H))y,, for

r € N, with

1 r
V= ey — — E e e Pt reN.
r
k=1

A similar argument shows that also
(I = CUD)(e') = span{e,},=o = {x € £'": x; = 0}.

(il) We have seen that (I — CP)(¢7+) is a (proper) closed subspace of £F, but
Crt is not even mean ergodic. This fact should be compared with the equivalence of
uniform mean ergodicity of 7" € £(X) with the closedness of the subspace (I — T)(X)
when X is a (pre)quojection Fréchet space and (1/n)7" — 0 in Ly(X) for n — oo, [3,
Theorem 3.5]. Of course, ¢’ is not a (pre)quojection.

3. The Cesaro operator on the space 1/~, 1 < p <oco. We now consider the
“continuous” Cesaro operator C defined pointwise by (1.5). Hardy’s inequality, [12, p.
240], ensures that C maps each Banach space L”, 1 < p < oo, continuously into itself.
We denote it by C®): 7 — L7, in which case its operator norm satisfies ||C?||,, = ¢
if 1 < p < oo (with % + (l] = 1) and |C®||,, = 1. Accordingly, the Cesaro operator
maps the Fréchet space L~ continuously into itself. In fact, if 1 < p, 1 p (so that
1 < p, < pforallneN), then L/~ =N, L/ and its Fréchet topology is generated
by the sequence of norms (1.4). For each n e N, let C, := C?). If we denote by
In: LP~ — 7" and i, 41 : [P — [P the canonical inclusion maps (which clearly
have dense range), then i, o C?~) = C, 0 i, and also iy 11 0 C,y1 = C, 0 iy pnyq for all
n € N. Accordingly, for every n € N, we have (with pl” + % = 1) that

I ln = 1iCPf 1 = IChinf Il = ICf lln < gullf Nns S € L~
THEOREM 3.1. Let 1 < p < oo and q satisfy 117 + 611 = 1. Then

) o€ ={reC: n—g| <4} =0"(C).
(if) 0(CY7) = {2 € C: [ = §| < 4} \ (0},
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Proof. Fix p, + p. If pi” + é =1 for all n € N, then g, | ¢ (so that ¢, > ¢ for all
n € N). Moreover, for every n € N, we have
qn }
<=1
2

qn

o—(Cn)z{/\eC: )/\—? n dn

=2} and o€ = frec: -2

[15], [16, Theorem 1]. Accordingly, for each n € N we have

{ke@: ‘x—g‘ <%}§J(Cn) and {AEC: )/\—g‘ <g} C 5,(C).

Fix 2 € C with |» — 4| > 4. Then |» — %| > % for all n > ny and some ny € N (as

gn | g) and hence, A € p(C,,) for all n > ny. Since we also have L7~ = N, 7", Lemma
2.1 applied to T := C?»™) e £(I/7) with X, := L’ and T, := C,, for n > ny, implies

that (., {z€C: |z—%| > %} € p(C¥?) and hence, 1 € p(C?~)). Accordingly,

o(Cr ) c{reC: |ra—4% <1}
Now suppose that & € C \ {0} satisfies |» — 4| < £ or, equivalently, that Re (1) >

é, in which case Re (%) > }1 > % for all n € N. The claim is, for each n € N, that the

function f;(x) := xi~l belongs to I/ and is an eigenvector of C, associated to the
eigenvalue . To see this note that

1 1
W1 = /0 5. (0)Prdx = /0 x(Re()Ndx < 00, neN,

as py (Re (1) — 1) > p, (% - 1) = —1. Thus, f; € N> LP» = [P~. It is routine to

check that C,f; = A,, for n € N, and hence, C?7f; = Af; as i, o C?) = C,, o i,. This
shows that {1 € C: [» — £| < £}\ {0} € 0,,(CP7)).

It follows from (1.5) that C?) is injective on L7~. In particular, 0 ¢ 0,,(C?7)).
Moreover, C?~) is not surjective, since the range of C”~) contains only functions
which are continuous on (0, 1]. Thus, 0 € 6(C?7))\ 0,,(C?7)). At this stage part (ii)
has been established, as has the first equality in part (i).

It remains to verify the statement in part (i) concerning o*(C?7)). From
the first equality in (i) and the fact that o(7T) C o*(7T) always holds we have
{LeC: |r—1%| <4} Co*(CP)).Ontheother hand, fix A € Csuchthat A — 4| > £.
Then there exist ¢ > 0 and ny € N such that B(A, €) C p(C,), for n > ny. Assume that
there exists f € L7~ for which the set {R(i, C?))f: i € B(k, €)} is unbounded in L/~
Then there is n > ny such that {R(u, C??)f: u € B(x, ¢)} is an unbounded subset
of I7r. Since R(u, C?7)) coincides with the restriction of R(u, C,) to L, the set
{R(u, C,)f: u € B(A, €)} is unbounded in L7, This contradicts the fact that A € p(C,)
with L7 a Banach space. Accordingly, {R(it, C?7): u € B(x, £)} is equicontinuous in
L(LP~)and so A € o*(C?)). O

PROPOSITION 3.2. Let 1 < p < oo. The Cesaro operator CP7): [P~ — [P~ is
hypercyclic, not power bounded and not mean ergodic. Moreover, C?7) is chaotic only if
1 <p<oo.

Proof. Let 1 < p < oo. The operator C?: [? — L7 is known to be hypercyclic
and chaotic, [17, Theorems 2.3 and 2.6]. Since L? is separable and dense in L/~ and
the restriction of C?”~) to L? coincides with C?, it follows that C?~): [P~ — [/~ is
also hypercyclic and chaotic, [11, Propositions 2.24 and 1.31].
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Now let p = oco. It is shown in [11, Example 12.20] that the Cesaro operator
C(>7) is hypercyclic on the separable Fréchet space L™~; see also [11, Corollary
12.19]. But, C®) is not chaotic because, via Theorem 3.1, we know that 0,,(C®)) =
{k eC: |A - %| < %} \ {0} which contains only one root of unity, [11, Proposition
5.7].

Since C?»~) is hypercyclic, for 1 < p < oo, it cannot be power bounded.

Assume that C?7) is mean ergodic in Z7~. Then

17~ = Ker(I — C?) @ (I — Co)(1r),
[1, Theorem 2.4]. This means precisely that
Ker(I — C?)yn (I — Co))(Lr) = {0}
and that
Ker(I — C¥7)) + m =1

But, dim Ker(/ — C?7)) =1 (as the constant function 1 € Ker(I — C?7)) C Ker(I —
C"), for any 1 < r < p, with dim Ker(/ — C") = 1, [15, Theorem, p. 28]) and (I —
C»=))(Lr~) is dense in 17~ as C»7) is hypercyclic, [11, Lemma 6.3]. So, we have a
contradiction, i.e., C?~) is not mean ergodic. Ol

4. The Cesaro operator in other classical Fréchet spaces. The lc-topology of each
Fréchet space /7, 1 <p < oo, and I”~, 1 < p < o0, is generated by a sequence of
norms. This is not so for the classical Fréchet space C(R™), equipped with the topology
generated by the semi-norms

q(f) = max f()l, fe€CRY), jeN, 4.1)

nor for the Fréchet space Lf, (RT), 1 < p < oo, consisting of all C-valued, measurable
functions / on R™ such that

Jj 1/p
pilf) = </0 lf(x)P dx) <oo, jeN, 4.2)

endowed with the topology generated by the semi-norms {p;}jen. In fact, C(R*) and
L (RT), 1 < p < 00, belong to the class of quojection Fréchet spaces which, whenever
they admit a continuous norm, are necessarily a Banach space, see [6, 20].

The Cesaro operator C: C(RT) — C(R') defined, for every f € C(R"), by
Cf(0) =f(0) and Cf(x) = % f(ff(t) dt, for x > 0, has been investigated in [4], where it
is shown that C is power bounded and mean ergodic but, not uniformly mean ergodic
and not supercyclic (hence, not hypercyclic). Moreover,

a(C; C(RY)) = {k eC: ‘A - %

< %} @.3)

with 0,/(C; C(R")) = o(C; C(R™)) \ {0}, [4, Theorem 3.1]. It remains to clarify the
connection between the two notions of spectra.
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PROPOSITION 4.1. For the Cesaro operator C: C(R*) — C(R™) we have

a(C; C(RT)) = o*(C; C(R™)).

Proof. Let 1 € C satisfy [» — 1| > 1 (equivalently, Re(}) < 1) and define £ := |
The linear operator Pz which maps f" € C([Ri*) to the function

1
Pif:x e Rt > / s f(xs)ds,
0

is a continuous operator on C(R*) such that £1 + £2P; is the inverse of (Al —
C) on C(R™). Indeed, applying the dominated convergence theorem to calculate
lim,,—, o Pef(x,), whenever f € C(RT) and x, — x in R* for n — oo, it follows that
P:f € C(RY). Moreover, the substitution s = ¢/ yields

1 00
Pef(x) = /0 s f(xs)ds = /0 e Iif(xe " dt, x e R,

which implies, for each j € N, that

G (Pef) < [0 e M9 max [f(xe ) di £ o). f € CRY)

1
~ Re(1 —§)
Accordingly, P: € L(C(RY)). That &I + £2P; is the inverse of (A —C) on C(R")
follows as in [15, p. 29] (or, see the proof of [7, Lemma 2(a)]).
So, for every A € C such that [ — 1| > 1, the operator

1
RA) =W —C) ' =&l + &P, &:= e
is the resolvent map of C at A on C(R*) and satisfies the estimates
1§17 :
(R(A — g N C(R™). 4.4
q](()f)§(|$|+Re(1_§)>qj(f), JeN, feCRT) (4.4)
Fix Ay € C satisfying |A — 3| > § (i.e, & € p(C; C(R™))), and set & := ;-. Via the

resolvent equation we have
R(A) = R(ho) + (2o = MR()R(0), & € p(C; CRT)).

Then (4.4) yields, for every j € N and /' € C(R"), that

< oF i
R = (Il + e ) |1+ o= 21 (614 o g ) o @)

Observe, with & := i, that ®(A) =14 |x¢ — A|<|§|+Re'fl‘ s)> is defined and

continuouson C \ {x € C: | — 1| = 1}. Via (4.3) there is r > 0 such that D(%, r) :=
(AeC:|A— 2| <71} C p(C; C([R{““)) Then (4.5) yields that

€0l
Re(l —

G(RON) < M (|so| + - )) o). jeN. fe R,
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with M := max;epp,.n P(A) < 00, i.e, {R(X): L € D(xy, 1)} is equicontinuous in
L(C(R1)). This shows that Ag € p*(C; C(R")). By the arbitrariness of Ao we have
p(C; C(R1)) € p*(C; C(RT)), by which the proof is complete. O

We now address the spectra of the Cesaro operator C: 1OC([RRJF) — LI (RY)
given by Cf(x) := 1 fo f(0)dt, for x > 0 and all f/ € Lf (R"), which is well defined
as L7([0, x]) € L'([0, x]) for each x > 0. By Hardy’s inequality, [12, p. 240], the
linear operator C is continuous on I} (RT). It is known, for each 1 < p < oo,
that C: L} (R*) — LI (R") is not power bounded and not mean ergodic but, it
is hypercyclic, chaotic and satisfies

o(C; I (R*)) = {x eC: ‘x - -‘ } (4.6)
with o (C; L (R*)) = {1 € C: |A — €| < £}, [4, Theorem 4.2].
PROPOSITION 4.2. For the Cesaro operator C: Lj, (RT) — Li (R") we have
o(C; I (RY)) = o*(C; LI (R™)).

Proof. Let A € Csatisfy A — 4| > £ (equivalently, Re(1) < 5) and set & := 1. The
linear operator Q¢ which maps f € LIOC([R{JF) to the function

1
0cf i x € R 1> / s¢f(es) ds,
0

is a continuous operator on L (R*) such that &/ +&2Q; is the inverse
of A\ —C) on L (RT). Indeed, fix [ e L} (RT). For jeN set g:=fxpo,.
Then g e L7(R*) and hence, by [7, Lemma I(a)], the function Qgg € L?(R")

-1
and satisfies [ Qsgll, == (/fy 1Qeg(nI dl)l/‘" < (%{ - Reé) ligll,. Since f(x) = g(x)
and Q:f(x) = Osg(x) whenever x €[0,/], it follows (with p; given by (4.2))
that

1 -1 1 -
PAOS) = p(0:8) < 10:gll, < (5 _ ReE) lll, = (5 _ Res) o).

Since j € N is arbitrary, we have Q¢ € L(L] (RT)). That £1 + & 2Q; is the inverse of
(A — C) on Lj (R™") follows as in the proof of [7, Lemma 2(a)].
Therefore, for every A € C satisfying |A — ‘—21| > 1, the operator

’

1
RR)i= (I = O =§1+80;, &=

is the resolvent map of C at A on LI (R") and satisfies the estimates

| -1
Pi(R(V)f) = (I%‘I + €17 (;1 - Re%‘) )pj(f), JeN, fe L[ (RY). 4.7)
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Fix ¢ € C satisfying |Ao — 4| > £ (i.e., 2 € p(C; L, (R™))), and set & := /\Lo Via the
resolvent equation we have

R(A) = R(k) + (ko — M)R(MR(k), A € p(C; L (RT)).

It follows from (4.7), for every j € Nand f € L}

loc

Pi(ROVf) = 4.8)

-1 —1
(|5§o| + 1€l (é — Re&) ) [1 + Ao — Al (|§| + &2 (é — Res) ﬂpj(f).

-1
Observe, with & := %, that W(A) := 1+ |Ag — A| <|E| + |€)? (5 — Reé) > is defined

(R™), that

and continuous on C\ {u € C: | — | = £}. According to (4.6) there exists r > 0
such that D(rg, r) € p(C; L? (R*)). It then follows from (4.8) that

loc

-1
PROY) < L (lEol 18l (; _ ReEo) ) 2. jeN, fe Ll ®Y),

with L := maX,epp, ) ¥(A) < 00, ie., {R(A): A € D(h,r)} is equicontinuous in
L(LF (R*1)). This shows that Ag € p*(C; L (R™)). By the arbitrariness of Ao we have

loc loc

o(C; L _(R*)) € p*(C; L" (R™)), by which the proof is complete. O

loc loc

Consider now the Cesaro operator C: w — w as given by (1.1). As an increasing
sequence of semi-norms defining the Fréchet topology in w = CV we take r;: w —
[0, 00), k € N, where ri(x) = max<j< |x;], for x = (x;)%2, € w. Clearly, C € L(w). In
fact,

(C'x) < r(x), xe€ew, k, neN. 4.9)

Its dual operator C': ¢ — ¢ is continuous on ¢ := (), and is given by

C'x)= (Z %) . x=(x)Z € o. (4.10)
i=l

h=i

The linear operator C is a bicontinuous (topological) isomorphism of w onto itself
with C™': @ — o given by (1.2). Denote by 1 the constant sequence (1, 1,...) € w.
The following result, with the exception of the statement about supercyclicity, occurs
in [3, Proposition 4.1]. The supercyclicity can be deduced from [9, Lema 11]; we include
a direct proof.

PROPOSITION 4.3. The Cesaro operator C: w — w is power bounded (hence,
satisfies 07 — 0 in Ly(w) as n — oo) and uniformly mean ergodic but, it is not
supercyclic. Moreover, Ker(I — C) = span{1} and the range (I — C)(w) = {x € w: x1 =
0} = spanf{e,},>2 is closed.

Proof. To show that C: w — w is not supercyclic we proceed by contradiction.
So, assume the existence of x = (x;)%%, € w such that {AC'x: 1 € C, i € Ny} is dense

in . Since the 1-st coordinate (C'x); = xp, for every i € N, it follows that x; # 0. On
the other hand, there exists a set {ux: k € N} € C and a strictly increasing sequence
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(Gix € Np such that pu;Chx — e, as k — oo. Considering the 1-st coordinate and
recalling that x; # 0, we may conclude that yu; — 0 as k — co. Consequently, for
all k € N, the inequality (4.9) implies that 0 < ro(ur G x) < |ux|r2(x) = 0 as k — oo.
But, r(ux Cx) — ra(ez) = 1 as k — oo, which is a contradiction. O

PROPOSITION 4.4. The spectra of the Cesaro operator C: w — w are given by
0(C)=0,(C)={1/k: k e N}
and

a*(C) = {0} Uo(C) = o(C).

Proof. As observed above, 0 € p(C). Moreover, 1 € 0,/(C) € ¢(C) by Proposition
4.3.For A € C\ {0} theclaimis that (A\/ — C)isinjectiveif and onlyif A & {1/k: k € N}.

To establish the claim, fix A € C \ {0} and consider the equation (A — C)x = 0 with
X = (Xy)nen € @. Then x; = Ax; and 2A — 1)x; = x; and (nA — D)x, = A(n — D)x,—;
for all n > 3. If m € N denotes the smallest positive integer satisfying x,, # 0, then it
follows that A = % and so x, = ﬁxn_l for all n > m. This implies that

- 1)
Xn = Xm+(n—m) = mxnu n>nm.
Thenx = (0, ...,0, x,,, mx,,, ’”(";H)xm, .. ) € w satisfies Cx = %x with x # 0 for any

choice of x,, # 0. This proves the claim.

According to the established claim we have 0,,(C)={1/k: ke N} Co(C) C
o*(C) with 6*(C) closed, and so 0 € *(C).

It remains to show that every A ¢ {0} U {1/k: k € N} belongs to p*(C). To see this,
fix A ¢ {0} U {1/k: k € N}. The formula for the resolvent operator (C —AI)™' : v —
is a matrix which has the entries in it’s ith row given by

-1 — A=l
dij = 57 N -1 1N’
28 Hh:j(l - ) ll_Ih:_;()\ - )
aij=1/1/i=2), i=],
with all the other entries being 0, [21, p. 266]. Select § > 0 such that the distance € of
B(%, ) to the compact set {0} U {1/k: k € N} is strictly positive. Using the form (4.11)
of the matrix for the resolvent operator it follows, for each k& € N, that there is My > 0

such that 7, ((C — uI)~'x) < Myri(x) foreach u € B(i, §) and each x € w. This implies
that {(C — uI)~': u € B(x, 8)} is equicontinuous in £(w) and so A € p*(C). O

1<j<i @.11)
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