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Abstract

In this paper, we show that every pair of large positive even integers can be represented in the form
of a pair of Goldbach-Linnik equations, that is, linear equations in two primes and k powers of two. In
particular, k = 34 powers of two suffice, in general, and k = 18 under the generalised Riemann hypothesis.
Our result sharpens the number of powers of two in previous results, which gave k = 62, in general, and
k = 31 under the generalised Riemann hypothesis.
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1. Introduction

The Goldbach conjecture asks whether every even integer greater than two can be
represented as a sum of two primes. There are many variations on the original
conjecture. The Goldbach—Linnik problem was first considered by Linnik [3, 4], who
proved that every large even integer N is a sum of two primes and a bounded number
of powers of two: that is,

N=pi+py+2" 4+ +2%, (1.1)

where p and v, with or without subscripts, denote a prime number and a positive
integer, respectively. In 2002, Heath-Brown and Puchta [1] showed that k =7 is
acceptable under the generalised Riemann hypothesis (GRH). In 2011, Liu and Li
[6] showed that k = 12 is acceptable, in general.

We study a simultaneous version of the Goldbach-Linnik problem. Instead
of considering representations of a single even integer, we attempt simultaneous
representations of pairs of positive even integers as sums of two primes and powers
of two, given by

{Nl:p1+p2+2vl+2V2+~~-+2Vk, (12)
No=p3+ps+2" +272 - + 2%, )

This work is supported by the National Natural Science Foundation of China (Grant Nos. 11426048
and 11301372), Specialised Research Fund for the Doctoral Program of Higher Education (Grant
No. 20130032120073) and Independent Innovation Foundation of Tianjin University (Grant Nos 190-
0903061029 and 190-0903062072).

© 2016 Australian Mathematical Publishing Association Inc. 0004-9727/2016 $16.00

199

https://doi.org/10.1017/5S000497271600071X Published online by Cambridge University Press


https://doi.org/10.1017/S000497271600071X

200 Y. Kong and Z. Liu [2]

In 2013, Kong [2] proved that the simultaneous equations (1.2) are solvable for
every pair of sufficiently large positive even integers N, N, satisfying N, > N; > N,
for kK = 63, in general, and for k = 31 assuming the (GRH). Very recently, Platt and
Trudgian [7] computed some parameters in the proof of [2] carefully and gave a slight
improvement of [2]. They proved that k = 62 in (1.2), unconditionally, but could
not give any improvement on the value of k in (1.2) under the GRH. For further
background and the details of the progress on the problems (1.1) and (1.2), we refer
the reader to [2].

In this paper, by using a different method to treat the minor arcs in the circle method,
we improve the value of k in (1.2). Only improving the major arc estimate as in
Lemma 2.1 below may lead to an improvement in the value of k, but, presumably,
this is relatively small compared with the minor arc improvement. In applying the
Hardy-Littlewood circle method, we divide [0, 17? into three arcs, whereas Kong [2]
divided [0, 1]? into nine arcs. By using the method of integral transforms, we avoid
the restrictions of two arcs in Kong’s method (see Lemma 2.2 below), which leads to
the improvement in Theorem 1.1.

TueOREM 1.1. For k = 34, the simultaneous equations (1.2) are solvable for every
pair of sufficiently large positive even integers N, N, satisfying N, > N| > N,.
Furthermore, k = 18 is admissible under the GRH.

2. The proof of Theorem 1.1

We use the same notation as in [2]. Let w be a small positive constant. Set
S@N)= Y epa)
wN<p<N

and

T(a) = Z e(2'a),

1<v<L
where e(x) := exp(2mix) and L = log, N;.
Let R(Ny, N,) be the number of solutions of (1.2) in (p1, p2, P3,> P4s Vi, V2y -« - » Vi)
with
wNy <p1,p2 £Ni, WNy<p3,pa<Np, 1<v;<L forj=1,2,... k.
We begin with

R(Ny,Ny) = f f S2%(ar, N1)S (a2, N))TH (@) + a)e(=N1ay — Naaz) da; das.

(a1,02)€[0,11?
(2.1)
In order to apply the Hardy-Littlewood method, following the same choice as
Heath-Brown and Puchta [1], we choose P; = N?S/m withi=1,2. Fori=1,2 and

any integers a;, g; satisfying

1<a;<q;<P; and (aiq)=1, 2.2)
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we define

M;(ai, qi) = {a €[0,1]: 'a _d) i},

gil — qN;
W = | Miai, g, mi =10, 17\ M,
where the union [ J is over all g;, g; satisfying (2.2). We further define
M =My XMy = {(@1,a2) €[0, 117 : @1 € My, @ € My},
m=[0,1]*\ M.

In addition, we set
Ei={(a1, ) €[0, 117 : [T(a; + a2)| > AL}.
With this notation, we can dissect the integral representation (2.1) for R(N, N,) as
R(N1,N>)

( f f + f f + f f )Sz(al,Nl)Sz(cyz,Nz)Tk(a/l + (=N — Notry) dayders

M mNE m\&,
: R1(N1,N2) + Ro(N1, N2) + R3(Ny, Na).

We will establish Theorem 1.1 by estimating R (N1, N>), Ry(N1, N2) and R3(Ny, Ny).

Lemma 2.1. For every pair of sufficiently large positive even integers N1, N, satisfying
No > N; > N,,

R (N1, Np) > 3.535(1 — 4w)N, N (log N, log N»)">L*.

Proor. This lemma is actually [2, Proposition 2.1], only with the coefficient 1.74293
instead of 3.535. Thus we only give the sketch of the proof here.
Our proof begins with [2, (2.2)]. Define a multiplicative function k(d) by taking

k(p®) = {?/(p -2) gt;erzv:l)lrssz >

Then
Ri(N1, N2) > 4C3(1 = 20)*Ni No(log Ny log No) 2 - >,
where
- Y Y ke 3w
1<k <L dINy=2VT =27 [Ny =271 =%
=k Yk Y1 (2.3)
d | (V1yomaV)
and :
Co = ]l;l(l T 1)2)
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According to Wrench [8], the value of Cy satisfies
0.6601618158 < Cy < 0.6601618159. 2.4

The conditions (vy, ..., ) in the term ., ) in(2.3) are

,,,,,

1<vi,...,ww <L, 2" +---+2% =N; (mod d)
and
2" 4 ..o 4+ 2% = N, (mod ).

For any odd integer d we define &(d) to be the order of two in the multiplicative
group modulo d, and we set

H(d: N, k) = #{(v,, ) Ly < ed)dN - 2Vf}.

Then
2 Z H(d; N, k)s(d)’k > 3.02858417.
d

The sum was first computed by Heath-Brown and Puchta [1] and the value of
3.02858417 was given by Platt and Trudgian [7].

Following the same argument as in Heath-Brown and Puchta [1, Section 4], in
particular, just before [, equation (25)],

1 > H(d; Ny, k)e(d) L~
1<vy,...., k<L

2V 4-42% =N} (mod d)

Since k(1) =1,

Z>k(1)Zk(l> Z 1+k(1)Zk(d) Z 1
1 d

1<vy,.., <L 1<vy,. i <L
2" 442" =N, (mod ) 21 +---42% =N (mod d)
—k(Dk(1) > 1
1<vy,..., <L

> (Z‘ kK(DH(I; Ny, k)e())™* + Zd: k(d)H(d; N, k)e(d)™* - 1 )Lk

>2.028L".
The estimate in Lemma 2.1 follows by an easy computation. O

Lemma 2.2. For every pair of sufficiently large positive even integers Ny, N, satisfying
N> > Ny > N,,
Ry(N1, Ny) < NiNa(log Ny log Ny) L,

provided
1= 0.8594000 in general,
7 10.7163436  under the GRH.
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Proor. From the definition of m,
m={(aj,ax2) : a; € my,a € [0,1]} U{(a'l,az) tay € My, an € My}

C{(ay, ) a1 e my,ar € [0, 1]} U{(aq,a/z) cap €[0,1], ar € my).

Thus

Ry(N1,Ny) = ff S%(a1, NS (a2, N2)T (@1 + a2)e(—=Niay — Naaa) day dary
mN &,

< Lk( ff i ff )lSz(al’Nl)SZ(a’LNz)Mm day

(@1,@)em x[0,1]  (@1,@2)€[0,1]xmy
|T (a1 +a3)|=AL |T (a1 +az)|=AL

< N ff IS *(@2, N2) day das + N3¢

(a1,02)€[0,1]
|T(a;+az)|>AL

X ff IS %(a1, Ny)l da; das,

(a1,@2)€[0,1]
|T (@) +az)|>AL

where we used the trivial bound of T'(«) and the bounds

max |S(ap)| < N9 and  max |S (a2)] < N§*°
ajem; €M

with
_/263/308 in general,
“13/4 under the GRH,

which can be found on page 561 in Heath-Brown and Puchta [1]. Moreover,

1
f f 1S 2, o) davy davs = fo 5, NI f ap) da

(a1,@2)€[0,11? Belaz,1+az]
[T (@) +a2)>AL T(B)=2AL

<N, f dB < NN,

Bel0,1]
T(B)>AL

where we set 8 = @) + a» to give the integral transformation and we used the prime
number theorem and the periodicity of 7'(8). Similarly,

f f IS%(@1, Nyl daydas < N{ 5.

(1.a2)€[0,177
T(a)+az)=AL

Since N, > Nj > N,, this yields
Ry(N1, N>) < NiN,(log Ny log No) 2L
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provided that E(1) > 26 — 1: that is,

_/0.8594000 in general,
" 10.7163436  under the GRH,
using the values computed by Platt and Trudgian [7]. O

Lemma 2.3. For every pair of sufficiently large positive even integers Ny, N, satisfying
No > N; > N,,

R3(N1, N) < 305.7164"* N, N> (log N, log N») > L*.

Proor. We begin by estimating the mean square

J= f f 1S2(a1)S % (@) THa; + @o)|deydas.

(@1,2)€[0,117
Observe that

J= @M 2 2 - 22 4 2 - 2 -2,

1<my,my,m3,my<L

where
ri(n) = #HwN; < pi < N; :n=p; — p2}.

We distinguish between two cases, and write

J = Z + Z = Ji+ /s

1<my,my,m3,my<L 1<my,my,m3,my<L
omiyomy Sgmy gy () omi 1omy m3_ping —()

Case 1. In this case, we treat the contribution from those (m,, m,, msz, m4) such that

M 4 oM My M £ (),

hw =] (’%)

pln,p>2

Let

Then

N;
i(n) < CoCr1h(n) ————
ri(n) < CoCih(n) (Tog N2

for n # 0 and N sufficiently large, where Cy is given by (2.4) and

C, =7.8209,
as proved by Wu [9]. Thus
NN,
Ji < G0 ———— R + 27 = 2™ — 2™,
'= 0" log Ny log Ny )2 Z ( )

1<m),my,m3,m4<L
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Denote the sum above by Y. Noting that h%(n) = h*(—n) for n # 0 and h(2"m) = h(m),
=4 > A A

1<my,myp,m3,my<L
mg=min{my,my,m3,ms}

For a fixed integral vector (hy, h, h3) with 1 < h; < L,
{(mi, my,m3,my) : 1 <m; < Lymy —my = hy,my — my = hy,m3 — my = h3}|
< mln(L - /’l],L - /’lz, L—- h3)
Since the positions of %y, h; and h3 are symmetrical, one deduces further that

Z <4 Z min(L — hy, L — hy, L — h3)h*(2M + 2/ — 2/ — 1)
0<hy,hy,hz<L—-1

=12 Z (L—hy) Z Z RAQM 4 2h —ohs _ ),

0<h<L-1 0<hy<hy 0<hs;<h;
Following the treatment of Case 2, we will show that, for H > 1,
>R -n<CH
1<j<H
uniformly for all positive odd numbers ¢ with [¢f| < N. Thus we obtain
D12 Y (L-h)hGCahy.
0<h<L-1

Since

L L4
>t -m) < f (L ~x')dx= 35,
0<hy<L-1 0

we get

Z < C2L4

NiN,L*
(log Ny log N»)?"

and, consequently,

J1 <CiCEC,

Case 2. It remains to estimate the contribution from those (m,, m,, msz, m4) with
2 4 22 QM QM = (),
Clearly, J; is the number of solutions of
P1=D2, DP3=D4 (2.5
multiplied by the number of solutions of

2 4 2 = s 4 O, (2.6)
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of (2.5)1s (1 + &)N; N,/ log Ny log N,. For (2.6), if m|, ms are fixed arbitrarily, there
is at most one choice for my, ma. It follows that (2.6) has at most L? solutions and,
consequently,

where wN; < p; < N;and 1 <m; < L. Itis easy to see that the total number of solutions

NN, L?
h<(+e—22
log Ny log N,

Thus we reach the following result.

N{N,L*

J <{CGCICy + (1 + ) log? 2} —————.
{CoCICr + (1 + &) log }(logNllogNz)z

Now we will give the estimation of C,. Observe that

S rei-n=3 ] (%)2=Z [T (+22)

1<j<H 1<j<H p|2/—t,p>2 1<j<H p|2i—t,p>2
Let
0 p=2ore>2,
€y = 2p -3 .
ap’) zp— otherwise.
p*—4p+4
Thus

Z R0 - 1) = Z Za(d):Za(a’) Z 1.

1<j<H 1<j<H dj2i-1 d<2N 1< j<HdI2i~t

It follows, from d|2/ — ¢, that t = 2/ (mod d). Let jj be the least positive integer such
that t = 20 (mod d). Then 2/ = 2/° (mod d) or 27/ =1 (mod d) and, consequently,
&(d)|j — jo. Hence

200j _ = \ Ad)
12 B2 t)—Za(d) _Z’_lsts(d)_.czH.
<j<H d<2N 1< j<H.&(d)lj-jo d=1

Now we want to compute C,. We set

m:]_[(zf—l) and  s(x) = Z a(d),

e<x e(d)<x
and hence

s <Y ady=im= ] (p—_l)2

)
dim pmps2 P

_ 132
~[15=a) [1GE) = (Gs)

plm
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Liu, Liu and Wang [5] showed that m/@(m) < e” log x for x > 9, and hence

© dx M dx 0 dx
C =f s(x)—2 = f s(x)—2 + f s()c)—2
0 X 1 X M X

M 0o
dx 2 2y , dx
<> L(d)a(d)F+C0 e | logxi

(d)sM

1 1 2+ 2log M + (log M)>?
< O aa g - 47) G ()
(d)<M &(d)

for any integer M > 9. We now set

> a(d) = Ae)
e(d)=e
so that
ZA(e) = Z a(d).
eld e(e)ld

However, £(e)|d if and only if ¢[2¢ — 1. Thus
DA = ) ale)=rQ! - ).
eld el2d-1
We therefore deduce that
_ €\12/nd
Ale) = dzle:u(d)h 24 -1).
This enables us to compute
1 1 1 1
ofels -4} 55
. (;M ed M mZz;/[ m M

by using information on the prime factorisation of 2¢ — 1 for d < M. In particular,
taking M = 10, we find that

1o 2 +21og 10 + (log 10)?
< ZA(m)(E—E%CaZe”( Too8 10+(°g )):11.4569....

m<10
So we reach the bound
4
J < 305.8869%
(log Ny log N,)?

and the estimate

R3(Ny,Ny) < 4L f f I1S%(@1)S* (@) T (@) + )| day da,
(a1,22)€[0,17?
< 305.88694* N, N, (log N log No)~>L*. a)
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Finally, by comparing the estimate for the major arc integral, R;(N;, N;), with those
for R,(N1, N>) and R3(N;, N»), we conclude that

R(Ny, N>) > 0,
provided that N; and N, are large enough, w is small enough and
305.88694°°* < 3.535(1 — 4w). 2.7)

Using
1= 0.8594000 in general,
" 10.7163436  under the GRH,

we see that (2.7) is satisfied for k > 33.4382 and k > 17.371 in the respective cases.
This completes the proof of Theorem 1.1.
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