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ALMOST BAIRE CLASS ONE MULTIFUNCTIONS

P. MarITZ

In this paper we employ quasi-continuous multifunctions and
introduce almost Baire class 1 multifunctions in order to
generalize a theorem of Kuratowski and also to answer a
question posed by him concerning Baire class 1 multifunctions.
We also show that certain multifunctions can be decomposed

into mutually singular multifunctions.

1. Notation and preliminary results

Throughout this paper X and Y will be fixed non-empty topological
spaces. Let P(Y) , N(Y) , C(¥Y) and K(Y) be the classes of all
subsets, all non-empty subsets, all non-empty closed subsets and all non-
empty closed compact subsets, respectively, of Y. A function T: X » P(Y)
is called a multifunction and the set D(I) ={z ¢ X|Mxz) # @} is the

effective domain of T . For A c X, let T(4) = uT(x) ; the set
xe

r(X) 1is called the range of I' . For B c Y , let I‘+(B)

={xr e X|T(x) ¢ B} and T (B) = {z ¢ X|T(x) n B # @} . The closure,
interior and the boundary of a set 4 € X will be denoted by A, Int(4)
and Fr(4) , respectively, where Fr(4) =4 n A4 = A\Int(4) . Obviously,
Fr(4) = Fr(X\4) .
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let A c X; recall that A is of the first Baire category (meagre)
in X if A is a countable union of nowhere dense subsets of X , 4 is
of the second Baire category (non-meagre) in X if A is not of the first
Baire category in X and that 4 is residual in X if X\A is of the
first Baire category in X . A non-empty class of subsets of X is an
ideal (a o-ideal) if it is hereditary and additive (g-additive) , see
(6], pp.6, 12. Let I denote the ideal of all nowhere dense sets and J
the o-ideal of all first Baire category sets in X . Let A denote the

symmetric difference operator on P(X) .
DEFINITION 1.1. Let A and B be subsets of X .

(1) (L6 , p.11]). A is said to be congruent to B modulo 1 , denoted
by A~Bmod I, if A A B e I, or equivalently, if A\Be I and BM e T.

(2) ([6 , p.87]). 4 1is said to be open (cloged) modulo J if there is
an open (closed) set G < X such that A~ G mod J .

(3 A4 is said to be @G, modulo J , denoted by 4 Y G mod J , if there

§
exists a Gs—set G <X such that A ~G mod J .
(4) A 1is said to be Fy modulo J , denoted by A4 % Fmod J , if there
exists an Fc-set FcX such that 4 ~Fmod J.

(5) ([2, p.388]). If A=G AP, vwhere G is open in X and Pe J,
then 4 1is said to be a Baire set in X .

Let
A = {4 c X|4 is open modulo J}, B = {4 c X|4 is a Baire set in X} ,
C = {4 < X|4 is closed modulo J}, F = {4 c x|4 is F_ modulo J} and
G = {4 c x|4 is G5 modulo J}.

LEMMA 1.2. (1) A e A if and only if A 1is of the form
A= (G\P)u R, where G is open and P, Re J .

(2) If T 4is the topology of X , then B 1is the
og-algebra generated by the class Tu J .

(3) A=B=C=F=6G .

Proof. (1): see [6, p.87]1; (2): see [11, p.19].
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(3): For A=C, see [6, p.69] and for A =B , see [2, p.388]. 1t is

obvious that Ac F and A< G . Let 4e G . Then 4 g G mod J , and
since G e A (A being a o-algebra), it follows that G ~ 0 mod J ,
where O is open in X . By [6é, p.1l1, VvIII (1)], it follows that A ~ 0
mod J , thus 4 € A . We deduce that G c A and consequently A = G.
Similarly, A = F . This completes the proof.

The role played by Baire sets in topology is analogous to that of

measurable sets in analysis.
DEFINITION 1.3. et 4 be a subset of X .

(1) ([9, p.36]). 4 1is said to be semi-open if there exists an open set
U in X such that Uc 4 c U .

(2) ([3, p.991). A is said to be semi-closed if X\A 1is semi-open.

REMARK 1.4. (1) Every open and every closed subset of X is
semi-open.
(2) From (1) above we deduce that every open and every
closed subset of X is semi-closed.
(3) A non-empty semi-open subset of X contains a non-

empty open set.
PROPOSITION 1.5. Let A be a subset of X.

(1) A is semi-open if and only if A < Int(4J,

(2) If A 1is open then A\A 1is novhere dense.

(3) A is semi-closed if and only if there exists a closed set C c X
such that 1Int(C) c A cC.

(4) If A 1is open and B 1ig semi-open in X , then A n B 1is semi-open.
(5) A 1is semi-open if and only if A = Int(A).

(6) A is semi-open if and only 1f A = (Int(4)) v B , where B c Fr(A) .
(7) If A is semi-open (or semi-closed), then Fr(A) is nowhere dense.

]

(8) If A <is semi-closed then A =0 u B, where 0 is open , B 4is
nowhere dense and 0 n B = (¢

Proof. (1) and (2): see [9, pp.36, 371; (3) and (4): see [3,
pp.100, 101]; (5) and (6): seel4, p.69].

(7): If A is semi-open, then Fr(4) = A\Int(4) = Int(A)\Int(4) from (5).

It follows from (2) that Fr(4) is nowhere dense. If 4 is semi-closed,
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then since Fr(4) = Fr(X\4) , it follows that Fr(4) is nowhere dense.

(8): If A is semi-closed there exists, by (3), a closed set (C c X
such that Int(C) < A< (C . Then 4= (Int(C)) u (A\Int(C)). Put
0 = Int(C) and B = A\Int{() . Since B c C\Int(() , it is nowhere dense.

DEFINITION 1.6. A multifunction TI: X + N(¥) is said to be upper-
quasi~continuous, briefly u-q-c¢ (lower-quasi-continuous, briefly l-gq-c)

at a point x, € X if for any open set V in Y satisfying

I‘(xo), =% (I‘(xo) n ¥V # @) and for any open neighbourhood U of z, in X,

there exists a non-empty open set G c U such that G c m (e < T (M) .
A multifunction T: X » N(Y) is u-g-c (l-g-¢) on X if it is

u-g-¢c (l-gq-c) at every point of X and T is quasi-continuous at a point

x, € X (on X ) 4if it is both u-g-c¢ and l-g-c at x, € X (on X).

PROPOSITION 1.7. A multifunction T: X ~ N(Y) 18 u-q-c¢ (l-g-c)
on X if and only if for any open set V c Y the set TH(V) (T(V))

i8 semi-open in X .
Proof. We prove the case of u-g-c¢ T , the other case is similar.
Let T be u-g-c and let V be any open set in Y . If I‘+(V) =g,
+ +
then I‘+(V) is semi-open. So, let T (V) # ¢, z, e r () and U be any
open neighbourhood of z, in X . There exists a non-empty open set
+
G ¢ U such that G ¢ I‘+(V) . Then G = Int(G) < Int(T (V)) , hence
+ I + ¥,
UnInt(F(N) #@ . Then x e Int(l () , thus T (N c Int(T (V)

and I‘+(V) is semi-open by 1.5(1). Conversely, let I‘+(V) be semi-open
in X for every open set V in Y . Let x, € X, V openin Y such
that I‘(xo) <V and let U be any open neighbourhood of z,-. The set
Un I‘+(V1 is non-empty and is, from 1.5(4), semi-ocpen. From 1.4(3) we
have a non-empty openset G c U n r¥(n , hence ¢ < rt (N . This proves the
upper-quasi-continuity of T at «_ .

(4]

DEFINITION 1.8. ({7]). A multifunction T: X » N(Y) is said to
be upper-semi-continuous, briefly u-s-c (lower-semi-continuous, briefly
l1-s-c) on X if for any open set Vc Y the set T*(V) (I" (V) is open in
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X, and T is semi-continuous on X if it is both u-s-c and l-s-c on X .

It is clear that every semi-continuous multifunction on X is also

quasi-continuous on X . To see that the converse is not true, consider

the multifunction T': R - B° , defined by T'(z) = {(0,0)} if « > 0 and

() = {(T%T , -1)} if z <0 .

2. Main results

We employ the Vietoris (or exponential topology) as developed by
Michael [70]. The collection UD(Y) of all classes of the form

. _ n e
(i) [0},0 0,1 =1{4e CNIAc 00,400, #8; =1,2,...n},

2"

with 01,02,...,0n all open in Y , is a base for the Vietoris topology

on C(Y) . A subbase for this topology is the collection S(Y) consisting

of all classes having one of the following forms:
(i) 0 ={AeCMIAc0}, 0 ={AcC|Ano#g},

with O open in Y . If B e D(Y), then by (i) and (ii) above,

(iii) B = [0,,0,,...,0 1 = ot n(.B.07), where 0= .0

LU, 0
1=1"17 zgl

1
Consider K(Y) , with the relative Vietoris topology, as a subspace of
C(y)

LEMMA 2.1. Let (Y,d) be a metric space and T: X + K(Y) be l-q-c
on Xx. Then 10¢) £ Gmod J for every set C e C(Y)

Proof. Let C ¢ C(Y) and put p(y,0) = inf d(y,e) where ye¥t.
cel

For the open sets On ={y ¢ Ylp(y,c) < %} , where n =1,2,3,..., it
follows that (¢ = {y ¢ Y|p{y,0) = 0} ¢ On for each #; consequently,

T Q) <€ nzl F_(On) . To establish the converse inclusion, let
© -
re 07T (On) and y e T'{x) n On , where n=1,2,3,... . Then
p(yn,C) < %- where »n = 1,2,3,.. . Since T(x) ¢ K(Y) , there exists a
subsequence (yk 1] of (yn) such that Yp > Y, € Tx) as n > o .
n n

Since nlj.).m°° p(yk C) = p(yo,C) =0 , it follows that TI'{(x) n C# 9 ,
n
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so x£ e T (C) ; consequently, nEl F-(On) < I (C) . Now,

-— -] Ed - . »
r (&) = ngl T (On)' each set T (On) is semi-open and by 1.5(6),

r‘(on) = (mt(t‘(on)))u B, ., with (Int(r'(on)))n B, =@ and

Bn S_FT(F_(On)). By 1.5(7), Bn is nowhere dense for every % . Put

- - 00
An = Int(T (On)) for evexry # . Then T (() = ngl(An ] Bn)’ which can be
written in the form T (C) = (nzl An)u B , where B is of the first Baire
category in X . The result follows by putting G = ngl An .

COROLLARY 2.2. Let (Y,d) be a metric space and T: X » K(Y) be
l-s-con X . Then T (C) 1is a Gé—set for each closed set C ¢ C(Y) .

Proof. This follows from the fact that each set F_(On) in the

proof of 2.1 is open in X .

Kuratowski [7], p.70 shows that if X and Y are metric, with Y
in addition compact, and if TI: X - C(Y) is semi-continuous, then T is
of Baire class 1 (that is, inverse images of open sets are Fc—sets). We

accept the following more lenient definition.

DEFINITION 2.3. (1) lLet T: X » N(¥) be a multifunction. Then T

is said to be of Baire class 1 if T-l(O) is an Fc—set in X for each

open O c K(Y). Purthermore, T is said to be almost of Baire class 1
if F_l(O) 2 Fmod J for each open 0 < K(¥).

(2) 1f AcBc X, then 4 is said to be an
Fo—set (a GG-set) relative to B if A 1is the intersection of B with

an Fo-set (a Ga-set) in X .

(3) et T: X = P(Y) be a multifunction. Then T
is said to be of Baire class 1 relative to a get T < D(I') if Tr-1(0)

is an F -set relative to T for each open 0 E_K(Y) . Furthermore, T

is said to be empty almost everywhere on X if there exists a residual set
A E_X such that T(4) =g .

The usage of the term "almost everywhere" in 2.3(3) above is motivated

by the fact that in numerous problems of topology the notion of a set of
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the first Baire category is analogous to that of a set of measure zero in

analysis.

PROPOSITION 2.4. Let X and Y be such that every closed subset
of each of them is a Gg-set. Suppose further that Y 1is a 7, and

second countable space. If T: X > N(Y) is u-q-c on X , them T is
almost of Baire class 1.

Proof. Let O be open in K(Y) and let D(Y) be a countable base

for K(Y) , see [10, p.162]. Put O = 0 Bn , where Bn e D(Y) for each

n=1
-1 - | _ am)+ Pn . (n), -
n . Then T “(0) = Yy r (Bn) . By (iii), Bn = (0 ) n(igl(oi ) )
where »n =1,2,3,..., with O(n) ﬁﬁ_ én) , and Oén) is open in Y ,
where 1 = 1,2,3,..,pn ; n=1,2,3,... . Then
vy o) = Brrtce™)h o Rt 1.
n=1

Since F_l((O(n))+) = F+(0(n)) ’ O(n) is open in Y and T is u-g-c on
X , it follows that F_l((O(n))+) is semi-open in X . Hence, by 1.5(6)
and (7),
w e < tmeart ™)) 0 399

where B(n) S.FP(F+(O(n))), B(n) is nowhere dense and [Int(F+(O(n)))]

n B(n) = (3 . By assumption, each O( ) is an Fc—set in Y ; put
Ofn)- kj Ck , where each én) is closed in Y . Then

1

ON

wi) ™) = 1) = r (0‘"’

1

(n) y

Since T~ (Ck is semi-closed, it follows from 1.5(8) that

(vii) T (Ci"l) =™

k,1 k,7
where Ué?% is open in X, é ) is nowhere dense and énl n D;n; =0 .
It follows from (iv), (v), (vi) and (vii) that
-1 _ @ n) (n) (n) (n)
0 = v, I:[{IntI'(O )} uB ]n[PKl Uk uDk )]]
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Since each open subset of X is an Fo-set and J is an o-ideal, one

easily sees that F-l(O) can be written in the form F_l(O) =FuM ,
where F is an F -set and M e J . Clearly, F-l(O) £ Fmod J. This

is the desired result.

The term "mutually singular" in the next definition is motivated by
the usage of this term in measure theory; for mutually singular integrals,
see [13, p.242].

DEFINITION 2.5. (1) The multifunctions ry: X » P(Y) and

Ty: X = P(¥Y) are said to be mutually singular, denoted by ry 4T,

whenever there exist two disjoint subsets A4 and B of X such that

X=AuB and Pl(A) = FZ(X\A) =0 .

(2) The multifunction TI': X -+ P(Y) is said to be

decomposable if it can be written in the form T =T_ u I, , where

1

r): X > Py, r,: X > P(Y) and r,Lr,.

PROPOSITION 2.6. Let X and Y satisfy the hypotheses of
proposition 2.4.
(1) If r1: X > N(Y) is u-s-eon X, then T 1ig of Baire class 1.

(2) If r:X-+K() 4is u-g-con X, then T can be decomposed into

two mutually singular multifunctions T;: X > P(Y) and Ty X > P(Y)

such that Iy 18 of Baire class 1 relative to a residual subset of X

and T, is empty almost everywhere on X .

Proof. (1): We refer to the proof of proposition 2.4. Since

((O(n))+) is open, each set B(n)

1

-1 (n)

r in (v) is empty. Since F_(Ck i)
>

is closed, each set I ((Oén))_) in (vi) is an Fo-set. It follows from

(iv) that F—l(O) is an Fo—set, which proves the result.

(2): Let A ={x e X|T is not u-s-c at x} . Then 4 is
of the first Baire category, see [4], p.72, theorem 15. Consequently,
B = X\A is residual. Define T« X~ P(Y) and Ty: X > P(Y) respectively
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by
@ if z € A T'(x) if x e A
r, (@ = and T, (x) =
I'(x) if x € B @ if & e B.
Then I =T; ul, and T, LT, . Since the restriction T, = I‘llB is

u.s.c. on B, it follows from (1) that T, is of Baire class 1 on B .

Consequently, if 0O is non-empty in K(Y) , then F;l(O) = F:l(O)
= =@ B _ (X) B) . . X)
= U Fn B n (ngl ) , where Fn is closed in B and Fn

closed in X . If O is empty in K(Y) , then obviously I‘ (O) is an

Fo—set relative to B . In either case, I‘1 is of Baire class 1 relative

to B . It is clear that I‘2 is empty almost everywhere on X .

PROPOSITION 2.7. Let X be such that every closed subset is a

Gg-set and let Y be a separable metric space. If T: X -~ K(Y) 1is

l-q-c on X , then T <is almost of Baire class 1.

Proof. The first part of the proof of Proposition 2.4 can be

carried over to the present situation:

-1 _ @ (n) + -
(viii) T “(0) = ngl[ (( ) n (ZW - Oi Yl ,
with 0 open in K(I) and 0" openin ¥ . wow, I t((0")*
= I’+(O(n) = X\F_(Y\O(n)) . Since Y\O(n) is closed in Y and T is
l-g-c on X , it follows from 2.1 that T (Y\o(n) 2 G(n) mod J . This

yields X\T (Y\O(n) g (X\G(n)) mod J , consequently

(n) +H g (n)

) o ) = (N\G") moa J

Also, I‘_l((oén))_) = I'_(Oén)) , Wwhich is semi-open in X . Hence by
1.5(6) and (7),

G ™) = e 1 v B,

(n)

where B. (n)
7

e Prr7(o;*"), [int(r (o(")

)1 n Bé") =g and Bé") is
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(n)

nowhere dense in X . Since Int(F-(Oi )) is an F ~set in X and the

class of all nowhere dense subsets of X is an ideal, it follows that

éza ((of"’) ) can be written in the form iﬁ_ ( (n)) ) = F( )U B(n),
n) (n) .
where F is an Fc—set and B is nowhere dense. Consequently,
. Pn -1 _(n),-, g ,(n)
(xi) 207 r ((Oi ) ) F mod J .

It follows from (viii) - (xi) above and from [6], p.l2, §2, VIII formulae
(2) and (4) that

F_l (0) 2 F.mod J ,

where F = ngl[(X\G(n)) n F(n)] . This completes the proof.

COROLLARY 2.8. Let X and Y satisfy the hypotheses of proposition
2.7.

(1) If T: X > K(Y) is l-s-c on X, then T <s of Baire class 1.

(2) If T:X~>K(Y) ig l-g-c on X, then I' can be decomposed into
two mutually singular multifunctions T,: X~ P(¥) and T,: X + P(Y)
such that r, i8 of Baire class 1 relative to a residual subsget of X
and r, i8 empty almost everywhere on X .

Proof. (1): We refer to the proof of proposition 2.7. It follows

from 2.2 that each set P_l((O(n))+) in (ix) is an Fc—set in X . Also,

(n)

since each set T~ ((O. )) in (x) is open, it is F0 by hypothesis.

Hence by (viii), F_l(O) is an Fo-subset of X , which proves the result.

(2} : The proof is similar to that of 2.6.(2), with the
exception that we use [4, p.72, Theorem 16] to find a first Baire category
set A.

If we combine the corresponding results in Propositions 2.4 and 2.7,
and in proposition 2.6 and corollary 2.8, then we have the following

theorem.

THEOREM 2.9. Let X be such that every closed subset is a Gé—set

and let Y be a separable metric space.
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(1) If T:X~>K(Y) is quasi-continuous on X , then T <& almost of
Baire clase 1 and T can be decomposed as described in Proposition 2.6(2)
and in Corollary 2.8(2).

(2) If T: X~ K(Y) is semi-continuous on X , then T <is of Baire

class 1.

REMARK 2.10. (1) If we employ Kenderov's ([5, p.150]) less
stringent definition of semi-continuity, in which TI'(x) 1is allowed to be
empty for some & ¢ X , then Prop. 2.6(2) and Coroll. 2.8(2), and conse-
quently Theorem 2.9(1), can be generalized correspondingly to the effect that

both multifunctions Fl and F2 in the decomposition of T are u.s.c. on X .

(2) It was stated just below Corollary 2.2 that
Kuratowski [7, p.70] shows that if X and Y are metric and Y also
compact, and if T: X » C(Y) is semi-continuous on X , then T is of

Baire class 1. In [&, p.47] Kuratowski posed the following question:

Can metrizability and compactness of the spaces X and Y respectively
be replaced by weaker assumptions? Surely, Theorem 2.9 shows that this
can be done. For an example of a non-metrizable space X satisfying

the requirements of Theorem 2.9, let X be the set of all natural numbers

and equip X with the finite complement topology, see [1Z, p.49].
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