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Abstract

In this paper, we derive the effective model describing a thin-domain flow with permeable boundary through which
the fluid is injected into the domain. We start with incompressible Stokes system and perform the rigorous asymp-
totic analysis. Choosing the appropriate scaling for the injection leads to a compressible effective model. In this
paper, we derive the effective model describing a thin-domain flow with permeable boundary through which the
fluid is injected into the domain. We start with incompressible Stokes system and perform the rigorous asymptotic
analysis. Choosing the appropriate scaling for the injection leads to a compressible effective model.

1. Introduction

Incompressible fluid flows through thin domains (i.e. domains whose size in some directions is much
larger than the size in others) appear naturally in various applications. Typical examples of such domains
are thin channels, pipes and fractures. Due to its two-scale geometry, numerical studies of partial dif-
ferential equations in such domains are difficult. Typically, thin domains have impermeable, immobile
upper and lower boundaries, in which case their flow is governed by the Hagen-Poiseuille flow [11],
[27]. Hagen-Poiseuille type approximations have been rigorously derived for steady flows through a
single tube (see e.g. [8], [9], [13], [23], [18]) and employed for analysing the flows in more complex
thin structures (see e.g. [2], [3], [14]) and in time-dependent regime as well (see e.g. [24], [25], [26]).
Introducing the boundary roughness leads to the Darcy-Weisbach law [29] and its improvements (see e.g.
[15], [21], [22]). In the lubrication theory, upper and lower boundaries are in relative motion, leading to
the non-homogeneous Dirichlet condition. However, the prescribed non-zero velocity on the boundary
is tangential to the boundary leading to the Reynolds law [28] and its variants (see e.g. [1], [4], [10]).

In the present paper, we study the case when the lower boundary is permeable (for example, porous)
so that the prescribed velocity on the boundary is non-zero and perpendicular to the boundary. Even
though the fluid was originally incompressible, as in [16], the obtained model is compressible and that
represents the main novelty of this paper. Due to the injection of fluid through the lower boundary,
the weak rescaled limit of the boundary velocity appears as the source term in the mass conservation
equation, see Theorem 2. It is important to emphasise that the velocity on the permeable boundary is
given, and not described by the Darcy boundary law, Beavers-Joseph law or pressure boundary law like
in [5], [6], [7], [19] and [20].

To derive the effective model, we start from the stationary Stokes system and perform the rigorous
asymptotic analysis, using the two-scale convergence for thin domains introduced in [12] (see also [17]).
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Impermeable wall

Permeable wall

Figure 1. Domain 2, with permeable boundary T'.

We neglect the inertial term, assuming that the Reynolds number is not large, which is, in most cases,
reasonable for thin domain. The inertial term causes problem with existence and uniqueness of the
solution, due to the pressure boundary condition, unless we assume that the Reynolds number is small.

2. Setting of the problem

For simplicity, we assume that the domain €2, is the rectangle with thickness ¢ < 1 that has impermeable
upper and permeable lower boundary (see Figure 1):

Q. = (0,L) x {0, &), 2.1)
¢ =(0,L) x {¢}, (2.2)
I =(0,L) x {O}. 2.3)

As indicated in the Introduction, the flow of incompressible viscous fluid in the domain €2, is
described by the Stokes system. We impose a no-slip condition on the upper boundary ¥°. The flow
is governed by the pressure drop between the left and the right end of the domain, and the injection
of the fluid through the lower boundary I', which is porous having periodically distributed holes (see
Remark 1). As the system is linear, without losing generality, we can choose the viscosity u = 1. The
injection through the porous boundary I" occurs with some given velocity and, thus, on each hole, we
prescribe the injection velocity g°. In view of that, we study the following system:

—Au*+Vp'=0, dive*=0 in ., 2.4)
u=g on T, (2.5)

=0 on X, (2.6)

u, =0, p'(x,y) = é P, for x=0,L, 2.7)

where Py, P, € R.

3. The effective model

Since the domain is thin, we aim to find a simpler lower dimensional model approximating the solution
(u®, p°) of the system (2.4), via rigorous asymptotic analysis with respect to ¢. Before we proceed, we
announce the main result. At this point, we skip technical assumptions on g°, concerning its asymp-
totic behaviour, regularity and boundary values. Roughly speaking, if the mean value of the boundary
injection velocity asymptotically behaves like

2. = [g0®) + g:(0)] J.
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Wall Hole

Figure 2. The domain 2, with perforated boundary.

then we find an approximation of the form

[yl Lt_tdt L‘tdr LPh—Pl, Lo
1 L _ x\ [f
p:g{IZ U (x—t)gg(t)dt—i-(l—z)/o tge(t)dt] }+ 3.1)
g p,— py)*
+;{ o+ (P — o)z}~

The above effective model is justified in the sequel through two steps.

4. Injection of order &

In this section, we study the case of the weaker injection through the permeable boundary. More pre-
cisely, denoting the standard Cartesian basis by (i, j), we assume that g° = g° j, where g° € Hg(O, L)is
such that

£

dg
dx

<Cs™, “.1)

|g€|L°°(O,L) =<C, =
L2(0,L)

with constant C > 0, independent of ¢. Furthermore, we assume that
g7'g* —~ g weak® in M(0, L). 4.2)

Remark 1. Let us give three examples of such functions g°.
The simplest example is a single function, independent on &, multiplied by ¢, i.e.

g=ecg,

with g € H,(0, L) independent of ¢.

The second example is given by g°(x) = eg(x, x/¢), where t — g(x, t) is a smooth periodic function,
with period 1, such that g(0, 0) = g(1, 1/¢) = 0. For example, the lower boundary could be porous, with
periodically distributed holes, as in the Figure 2 below.

The aim of this paper is to rigorously derive the effective model describing the fluid flow in €2,
described by (2.4)—(2.7). To begin with, we introduce the modified pressure as

£ __ € 1 0 X
¢=p == (P+I(P—P). 3)
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Now (u’, ¢°) satisfy the system:

Py— P, . .
—Au + Vg = 5 i, divu'=0 in Q,, 4.4)
gL
uw=g° on I, 4.5)
=0 on X, (4.6)
u, =0, ¢ =0 for x=0,L. 4.7

4.1 A priori estimates

Before we proceed, we recall that the constants in the Poincare, Sobolev and Necas inequalities in thin
domain depend on its thickness in the following way:

Lemma 1. There exists a constant C > 0 independent of ¢, such that for any ¢ € H'(Q2,) satisfying
¢(1,y) =0 and any ¢ € L3(2.) the following estimate hold:

120, < Ce VP2, (4.8)
|¢|L4(Q€) = C «/E |V¢|L2(98) 5 (4-9)
|90|L2(S'25) <Cg¢™! |v§0|1rl(98) . (4.10)

For the proofs, we refer the reader to [12], Lemmas 8, 9 and 11.
We continue by deriving the a priori estimates:

Theorem 1. Let (u®, g°) be the solution to the Navier-Stokes system (4.4)—(4.7). There exists a constant
C > 0, independent of ¢, such that

. C
VU] 2,y < 7 4.11)
0|2, < C Ve, 4.12)

. C
V@' |20, = — (4.13)

75

£
2 <—
lg |L’(Qg) Eﬁ

Proof. First, we need to lift the non-homogeneous boundary condition g°. For that purpose, we construct

the function
& ()= (1 6) [rom <) #).

where the function z is chosen as

(4.14)

_ 1 T 1 1 .
72(8)= 3 (cos Eé‘ + cos T& + sin 55 —3 smné)
such that
2(H=71)=7Z0)=0, z(0)=1.

Furthermore,

(S} e

|zl ooy <
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We denote by & = g the dilated variable. Now,

G (0,6 =G*(x,1)=0, G°(1,&) x i=0, G°'(x,0)=¢g"(x) j. (4.15)
Obviously,

G =g on T/, (4.16)
G =0onTV, 4.17)
G° x i=0 for x=0,L, (4.18)
divG®* =0 in , (4.19)
|G|z, < C, (4.20)

C
VG20, < T 4.21)

Testing the Equation (4.4) with u® — G® gives

/IVuSI —/ Vu* VG* + /(E G’ i (4.22)
Qe

Using the estimates (4.20), (4.21) and the Poincaré and Sobolev inequalities (4.8), (4.9), we get

Py—P, . C .
G

G‘<—
82L /

/ Vu' VG < — [Vu'|
u VG u ,
Qe \/E 1o

implying
VU |20, < 3,
NG
0|20, < C Ve.
Next we take w € Hy(€2)? and use w*(x, y) = W (x, f) as a test function in (4.4). Using (4.8), we obtain
/ p° divw =/ Vo' Vw — POZ_PL f Wi < — VW g (4.23)
Q Q gL o \/_

leading to (4.13). Finally, the Necas inequality (4.10) implies

|CIS|L2<Q ) = L
)T e /e

4.2 Convergence

We recall the definition of the two-scale convergence for thin domains from [12]:
We say that the sequence {V*}, v* € L*(2,) converges two-scale in L*(£2,) to some V € L*(Q) if for
any ¢ € L)

im L [ vy e (x —) dxdy = fV(x,§)¢(x,§)dxdg.
Qe

e—0 &
We also need the two-scale convergence in W'(£2,), the dual space of

W(Q) = {y € H'(Q,) ; ¥(x,0) =¥ (x,e) =0},
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for the pressure gradient. Denoting
W(Q)={y e H'(Q) ; ¥(x,0) =¥ (x, 1) =0}

and by W'(2) its dual, following again [12], we say that the sequence {¢°}, ¢° € W'(€2,) converges
two-scale in W'(£2,) to some ® € W'(R2) if for any ¢ € W(2)

o1 Y
lim ~ <<p8<x,y> ’ v(x2) > = (@0 §) [¥(x.§) o
e—=>0 g £

Qe
Here, the brackets (- |- )q, and (- |- )q denote the duality between W'(£2,) and W(€2,) i.e. W'(2) and
W(S2), respectively.
The main result of this chapter can be formulated as follows:

Theorem 2. Let (0, p°) be the solution to the problem (2.4)—(2.7), then

v’ — U mwo-scale in L*(S2,), 4.24)
g2 p° — P two-scale in L*(R,), as ¢ = 0, 4.25)
where U= U, i, P satisfy the Hagen- Poiseuille law
§ ,
Ui(x, )= 5(%‘ — D P). (4.26)
The mean velocity
v=vi 4.27)
! 1
v(x) = / Ui(x, &) dE = —EP’(x) (4.28)
0
is not divergence free, but
d 1
" ( | v s)ds) — g0, (4.29)
X \Jo

The effective pressure P is not linear, like in the standard Hagen-Poiseuille case, but satisfies the
boundary-value problem

P'=—12g, P(0)=P,, P(L)="P,, (4.30)

which has a unique solution of the form

P=P0+(PL—P0)%+ 12 U (x — Dg(t)dr + (1 — %)f tg(t)dt]. 431)
X 0

Proof. Using the a priori estimates from Theorem 1, we deduce from the two-scale compactness the-
orem (see [12], Theorem 1) that there exists U € (Y?)?, Y2 = {¢> e () ; % e LX(Q) } and Q € L*(Q),
such that (up to a subsequence)

v’ — U two-scale in L*(S,), (4.32)
ou , .

e Vu’ — E.] two-scale in L°(£2,), (4.33)
e?¢° — Q two-scale in L*(R2,), (4.34)
aq° d

i N 990 two-scale in W'(2,) . (4.35)
0x ox

Our goal is to identify the limits (U, Q). For w € H'(), we put w*(x, y) = w (x, *) and then

o’ oW’
w=— u’ — | £w(x,0).
Qe dy Qe dy r
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For the left-hand side, we have

ou® | 1/
W= —
o 0y & Ja,

For the right-hand side, we deduce

ow' L[ OW VN e
A ay“_s/m ” (x,e)u / S(xg)U(xg)dxdg

/ gw(x,0)— 0.
r

i %(x, EYyw(x, &) dxdg.

Thus,
/ S W 6) dd = f T UGk £) dde
implying that
U, 0)=U(x, 1)=0. (4.36)

Next, since u’ is divergence free, we get for ¢ € H(;(Q) and ¢°(x,y) = ¢ (x, i)

0 =/ divu® ¢°.
Qe

T | 8U2
/ divu’ ¢ = - edivu’ ¢° —
Qe & Ja,

implying that 2 ‘22 0. Combined with (4.36), it leads to conclusion that U, = 0. Taking, instead, the test
function ¢ = ¢(x), such that ¢(0) = ¢(L) =0, gives

, d¢
0:/ d1vu8¢>8=—/ uf-——/g”ﬁ
Qe Qe dx r
1 . do 1, L
_/ul._:—/—g¢—>/ go.
e Jo, dx L& 0

R (/ Ul(x,é)d$>¢/(x)dx,

e dx

Now,

leading to

Since

we conclude that

d 1
£ ( / Ul(x,é)df) = 5. 437)
X \Jo

So far, we did not use the momentum equation. Let ¢ € C}(2)* and let ¢ be defined as above. Testing

(4.4) by &* ¢* j gives
2 3 9_1 2 sad) y 8¢
S/mVLtZqu—E/QEsq¥<x,5)—>/§;Q£ (4.38)

82/ Vu; V¢© < Ce — 0.
Qe

At the same time,

Therefore, 22 = 0 so that Q = Q(x).

&
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At this point, we use (4.35) and take the test function ¢ € W(£2). Then,

A S R IR a
o £ ox . € Ja, ox o Ox

0x
00)=0(1)=0 (4.39)
in the weak sense. Testing (4.4) by ¢ ¢° i gives

& & & a¢£ PO - PL &
£ Vu; Vo' = eq + — ¢F —
@ o ax eL @

0p  Py— P, /
% —_—
/Q Q ox + L o ¢
On the other hand,

. . 1 du; d¢ X du; 0¢
£ Vu; Vo = - € (x,y)—(x,—)—i—e —_—
Q. e Jo, Oy 0& £ Q 0x Ox
/BUl hlo}
- | — —.

o 08 0§

Combining the above and defining

implying that

Py — Py
P(x)=Q(x) — <P0 t—7 X>

leads to
92U,
0&?
That is a boundary-value problem for & — U, (x, &), with x being just a parameter. Since the equation is
linear, it has a unique solution

dpP
= _(-x)9 U]()C, 0) = Ul(-x’ 1) =0.
dx

§ :
Uix,§)= 5(5 =1 Px). (4.40)
Thus, the mean velocity
1
1
v(x) =/ Ui(x,§)dé = —EP’(X) (4.41)
0
and (4.37), combined with (4.39), gives
It has a unique solution of the form
x £ x\ [t
P=Py+ (P, — Py~ +12 [ / (x — Dg(t)dr + (1 - —) / tg(t)dt] (4.43)
L N L/ J
concluding the proof. O

5. Injection of order 1

If we assume that the boundary injection g° is stronger, the weak and the two-scale convergence appear to
be insufficient. We still get the effective model, but using the asymptotic expansions and the appropriate
error estimates.

Now, we do not make any assumption on the weaker magnitude of g° as we did in the previous section,
where the convergence (4.2) was assumed. We start with the standard technique of changing the variable
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to have the domain independent on ¢ and deriving the asymptotic expansion for the solution (see e.g.
[10], [13] or [18] for an introduction to such approach). To start with, we assume that g° is continuous

and that it verifies the compatibility condition

g0)=¢g(L)=0

5.1 Formal asymptotic expansion

By introducing the dilated variable § = > and denoting

U, §)=ux,y), P(x,6)=p°xy),

that are now defined on
Q=(0,L) x (0, 1),

we transform our problem to

32Uf 1 8°U¢ P10
o e 0g

1

8

BUE
0x

a
0

=0 in

U'=g" on T,

U'=0 on £=(0,L) x {1},

1
U; =0, Pg(x,E)z—sz for x=0,L,
&

Since now, integrating (5.4) and using (5.5), we get

d ! € 1 &
o ), U1=gg'(x),

we look for asymptotic expansions of the solution in the form

Us(-x’ é) = %U_]()C, ‘5) i + Uo(xs g) + 8U1(-x7 E) +---

1 1 1
P(x, &)= ;P_l(X) + ;PO(X) + EP](X’ E)+---.

(5.1

(5.2)

(5.3)

5.4

(5.5)

(5.6)

5.7

(5.8)

(5.9)

Plugging the expansion (5.8), (5.9) in (5.3), (5.4) and collecting equal powers of &, we obtain the

recursive equations

1 Uy o

— = U 0)=
e 0er | ox 0 0)=
12U aP

€2 982 ax
U0(x,0)=U%x, 1) =0

12U 9P
; : a_éz = ¥ UO(X O)_ (.X), Ug(x, 1)20

) R L
E2  dx ax?

1 .
€
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1 93U} 9P
o agzz =% Us(x,0)=Uj(x,1)=0 (5.14)
1 Ut Juo
~ _a; +3—;=o (5.15)
92U AP U
l: y;:g — 8x21 , UA(x,0)=U(x, 1) =0 (5.16)
U2 PP LY
1: 8522 =%~ 8x22 , Ud(x,0)=Ui(x,1)=0 (5.17)
au°  QU! d [!
1: —L4+22=0 —/UO, de =0 5.18
8x+8§ =>de L (x, &) dé (5.18)
AUl U2 d [!
1 :0 — [J1 s d :O 519
£ — T :>dx/0 1(x, &) d& (5.19)
In general, for k=0,1,2,---
82U{(+2 8Pk+2 82l]ll( k+2 k+2
gk P T U2 (x,0) = U (x, D=0 (5.20)
82 Uk+2 aPk+3 32 Uk
gk = —— 22 UM%, 0)=U"(x, 1) =0 (5.21)
9E? A& axr 2 2
aU* UM d [!
ke 2L E) — | UMx,&)de =0, k>0. 5.22
o T = dxfo 1(x, &) d§ > (5.22)
From (5.10) and (5.11), we deduce that
£ dpP!

Ul §)= 5E=D (). (5.23)

dx
Integrating (5.15), with respect to & from O to 1, gives

d I -1 &
o[ ueode=g o,
X Jo

Combining with (5.23) gives

1 4&*pP! . i -
7 a2 () =—gW), P (0)=P (L)=0, (5.24)
leading to
L x
P'x)=12 |: % / (L—0g"(t)dt — / x—10g" () dt:| (5.25)
0 0
1 L x
U'(x, §) =68 (5 — 1) [ i3 / (L—ng"(t)dt — f g dt] : (5.26)
0 0
Going back to (5.15) gives, by simple integration with respect to &,
£ &\
U;=6 <g -5 ) £ +AW.
Using the boundary conditions, U(x,0) =0, Ud(x, 1) = g° leads to A(x) = g°(x) and thus
Us(x,§)= (26’ =386 +1) g ). (5.27)
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Now that we have computed U; " and U?, we are in position to solve the Equation (5.11) for U?. We have

22U 9P

g2 ax

. £ dP

Uix,§) =3 = DH——(0). (5.29)
X

Similarly, integrating (5.18), with respect to & from O to 1, gives

(5.28)

d 1
— [ Ulx,§)dé =0.
& | v
Combining with (5.29) gives
2 p0

dx?
P’(0)=P,, P"(L)=P,. (5.30)

x) =0

The problem (5.30) has a unique solution

Px) = P, + % (P, — Py) (5.31)

5
2
It remains to satisfy (5.12) by picking an appropriate pressure P'. Since
92Uy
&2

P, —P
Uox, &) = <s—1>T".

=06(28 — Dg" ()
the Equation (5.12) gives

P'(x,6)=6("—&) g () + bx),. (5.32)

At this point, b, is an arbitrary function satisfying b,(0) = b;(L) = 0 as we do not want is to spoil the
boundary value of the pressure. If we want to determine it, we need to proceed with next recurrence
equation for U and P' (5.13). Itis easy to see that

Ul 9P U

. E— T 5.33
e o ae W (>.33)
and
d 1
a/ Uj(x, &) dé =0. (5.34)
0
Thus b, =0 and U} =0.
Furthermore, to satisfy (5.14), it is sufficient to take
Uy=0, PP=P(x). (5.35)
Next, (5.19) implies that
U2 =0
and then, from (5.17),
P 3*Uy d’ g
i =28 —382+1 .
0& ox? 2 §£+D dx?
Thus,
l d2 e
P = (554 4 s) d)‘i + by(x). (5.36)
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On the other hand, (5.16) implies

9°U? _ dpP?
g2 dx
Due to (5.19), we have
P’=0 and U;=0. (5.37)

Computation of higher-order terms is straightforward but tedious. It is easy to see by induction that
(U*, P*) have the form

dk & dk—l &
U §) = WHE) —(0, P ) = S5i6) —5-(0,

but the expressions for S, and W* are complex. So we decide to stop here and take b; = 0.

Also, we should remember that g° still depends on ¢ in some way that has not been precised yet. We
will come back to that question later. At this point, we try to leave as much freedom in choice of g° as
possible.

5.2 Convergence
Recalling that
Ul =U2=O, PZZO,

our approximation now reads

Af(x, )= éU’l(x,S)HU“(x,E) (5.38)

a‘(x, &)= inl(x) + lPO()C) + lF’l(x £)+eP(x,€) (5.39)
RS &? e o )

The choice of U/, j = —1,0and P*, k= —1,0, 1, 3 leads to

9%A° 1 9%A° da’ 1 9a’
- — i+ — j=R’ in Q, 5.40
“<3x2+82 8§2>+8x1+88$'] n (5.40)
0A¢ 1 0A:
Ly - —2=0in Q, (5.41)
ox & 0§
A"=g on T, (5.42)
A*=0 on X, (5.43)
1
A =0, a’(x, &)= —2Px for x=0, L, (5.44)
£
The reminder R has the form
R=c P oo (Lo g ye) 42 (5.45)
=g —=¢ | =& — . .
ox 2 dx?

At this point, we need to impose some conditions on the dependence of g° on £. We assume that g° is of
the class C? and that

. _ dgs _ 2g£ . _ dgs _ de _
gO)= It 0)= e 0)=g()= i L= 2 0)=0. (5.46)

Remark 2. Such situation appears if, for example:

1. If g° is a single function, independent of ¢, i.e. g°(x) = g(x) belonging to C3(0, L)
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2. If g° is produced by function g = g(x, t), periodic in the second variable by

&) =glx,x/e%), a<l,
with

2(0,0)=g(L,L/e")=Vg(0,0)=Vg(L,L/e")=0.

Case o = 1 is different. In that case, the reminder in (5.40) satisfies |R*|;2(q, = O(¢ %) and our approx-
imation is not good enough to get some convergence. That is not a surprise as for « = 1, we have the
classical homogenisation case that requires different asymptotic expansion depending on the dilated

variable & = y/¢ and the fast variable r = x/e. We will get back to that case later.

The main result of this chapter can be formulated as follows:

Theorem 3. Let (U, P?) be the solution to the problem (5.3)-(5.7).
If

2 o€

lim &2 -
dx

:O’

L2(0,L)

then
U —A* = 0 in LX(R),
0 N
— (U° =A%) = 0 in L (),
0
(PP —a*)—0in L*(Q), as ¢ = 0,
where A® , a° are given by (5.38) and (5.39). If, in addition

) d2 gs
lim ¢

=0,

L2(0,L)

then
U'—A*—0in H(Q).
Furthermore, if, for some s € (1, +00),

g — g weakly in L’(0, L),

(5.47)

(5.48)

(5.49)

(5.50)

then, denoting (¢) = é f; ¢(x,y) dy, the mean value of function ¢ over the cross-section of the domain

Q., we have the following pointwise convergences on [0, L]

<U1" (x, §)>—> —E /OL (L—t)g(t)dt—/: g dt]

L x
Pl(x) — 12[%/ (L—t)g(t)dt—/ (x—t)g(t)dt}
0 0

P, —P
P’ — Py+x LL °

Furthermore, we have the following weak convergences in L*(0, L)

(1 (. 2))~ -5 2
AN 12 L

(D) 2o
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Proof. We start by subtracting the Equation (5.40) from (5.3) and testing it by U° — A°. Now,

2 2

d d
‘—(US—AS) + = |77 U —AY) =
dx @ 9§ 2@
3 1|0 : &g |
:—e/P3—(U5—AS)§—‘—(U‘—AS) +Cé? gz .
@ 0x 2 |ox 2@ dx* |2
Thus,
a d2 &
‘— U -Ay| =ce|ZE
9x 2@ ax* {2,
8 dz &
'—(US—AS) <ce |58
& 12(Q) dx 12(Q)
dZ &
U = Al < Cs |55
dx 2(9Q)

The rest of the proof is straightforward.

789

(5.56)

(5.57)

(5.58)

Remark 3 (On the Navier-Stokes case). If an inertial term is added to the Stokes system of the form

Re (v’ - V)u’

then inertial terms appear in the approximation. More precisely, U;' and P~' remain the same, but

T
Po(x)z PO+Z(PL_PO) +

ire{ [0 1 /OL(L—t)gE(t)dt—/Osge(t) it | as -
- / ¢ (s) H/j(ngE(t)dt/ng(t) dt] ds}
0t = e~ 0 2 re {1 [ oot -

T 6 5 9.4 5 507¢% 131
/Og(t)dt:|<f *65 +§f +2€ — 70 +35£)+

reen [ow 1 [e-nroa- [roa]as).

DO |y

The rigorous justification of such asymptotic expansion is, however, another matter, and it seems that
some assumptions on the magnitude of the Reynolds number Re are needed, just as they are for the

existence and uniqueness of the solution for such Navier-Stokes system.

6. Homogenization case

In the last part, we treat the case of the injection function g° of the form
. X
gw=¢(x>)
e
where g(x, 1) is a smooth C*( [0, L] x [0, 1]) function, such that
80,0 =g(L,1)=0
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t+— g(x, 1) is 1-periodic (6.3)

e=L/m, meN. (6.4)

To apply the classical homogenisation approach using the two-scale expansions, we need an injection
with zero mean value, and, in our case

1
gx) = f glx, 0 dr
0
is not assumed to be zero. We can decompose g° as

—_ X _
g0 =30+ g (v.2) —zw).
The first part is independent on ¢, and the results from the previous chapter apply. The second part has
zero mean value.

Thus,
USZVE_"_WE, P€=HE +M€’
where
*Ve 1 9%Ve oH*® 1 0H*
_ — R i=0 in , 6.5
<8x2+82 352) o TeaEd=0 ©5)
ave 1 Ve
—1 4+ - —2=0in Q, (6.6)
ox & 0&
Vi=gj on T, 6.7)
Vi=0 on £ =(0,L) x {1}, (6.8)
1
V;=0, PP(x,§)= = P, forx=0,L, (6.9)
e
and
9*We n 1 9°W¢ n 8M£,+ 1oM°, 0 in O 6.10)
| — _— —1+ — = m 5 .
w2 g ox & 9E
owr 1 oW;
—L 4+ - —2=01in Q, (6.11)
dax e 0&
Wi=("—%)j on T, (6.12)
W'=0 on X, (6.13)
W; =0, M*(x,§)=0 for x=0,L, (6.14)
The results from the previous chapter apply to (6.5)-(6.9) and we can conclude that
Ve —Af — 0 in H(Q) (6.15)
e (H° —a*)— 0 in L*(RQ), as ¢ — 0, (6.16)

where (A®, a®) are given by ( 5.38) and (5.39) and (5.25), (5.26), (5.31), (5.32) and (5.36), with g°
replaced by g. It remains to study (6.10)-(6.14).
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6.1 Two-scale expansion

In this section, we study the asymptotic analysis of the problem (6.10)-(6.14) using the two-scale
asymptotic expansion of the form

W~ WO (x,§,§>+£W1 (x,g, ;—C)+ 6.17)

Ms:éMO (x,§,£>+M1 <X,§,§>+"' (6.18)

Denoting t = x/¢, substituting in (6.10)-(6.14) and collecting equal powers of ¢, leads to a sequence of
auxiliary boundary-value problems posed on a unit square Y = (0, 1)*:

°W° W 9M° . OM°

= 7 9 + o 1+¥j:OinY (6.19)
, BZ? 3;? —0iny (6.20)

(W°, M°) is 1-periodic in ¢ (6.21)

W' =[g(x,) —g)] j for £=0 (6.22)

W’ =0 for £ =1 (6.23)

That is a Stokes system and, due to the fact that

1
/ [g(x,t) —§(x)] dt=0,0<x<L,
0
we have:

Proposition 1. The problem (6.19)—(6.23) has a unique solution
(W, M®) eV x L*(Y)\R,

with
V={ZeHY)? ;Z is I-periodicin t, Z=0 for E=1}.
Furthermore,
/1 W)(x, 1,£)dt=0 = /W?(x, t,E)dtds =0, x€[0,L] . (6.24)
and O Y
/l Wi(x,t,€)dt=0 = /Wg(x, t,€)dédt=0, xe[0,L] . (6.25)
Finally, assuming tha: '
/M" dtdé =0 (6.26)
implies Y
/Mo(x,t,é)dt=0, xel0,L], £<[0,1]. (6.27)
y

Finally, for x =0, L, the solution of (6.19)—(6.23) is trivial, i.e.
Wo(0,1,6) =W(L,1,§) =0, M°0,1,£)=M"(L,1,§)=0. (6.28)
Proof. It is a linear Stokes system, and its existence is straightforward consequence of the Lax and

Milgram theorem. The solution is, in fact, smooth, i.e. classical, due to the standard regularity theory
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for the Stokes system. The variables in the system are # and &, while x is just a parameter and the regularity

with respect to x is the same as the smoothness imposed on g.
Integrating the first component of (6.19) with respect to ¢ leads to
dZ

1 1
—2/ Wi(x,t,€)dt=0 = / Wl(x,t,€)dt =AE + B,
ds* Jo 0

with A and B independent on &. For § =0 and & = 1 we have W? =0 so that A = B = 0. Thus we have

(6.24).
Integrating (6.20) with respect to ¢ implies

1 1
if W)(x,1,£)dt=0 = / W(x,1,&)dr = C.
dé 0 0

Again, C is independent on &. For £ =0, 1, the value of the above integral is zero, so that we have (6.25).

If we integrate the second component of (6.19) with respect to ¢ we get
d2
dg?

Since the pressure M° is determined up to a constant, the assumption (6.26) implies (6.27).

1 1 1
/ Wg(x,t,g)dtzi/ M°(x, 1, &) dt = / M°(x,t,£)dt = C.
0 d‘i‘_ 0 0

For x =0, L, the boundary values g(x, r) and g(x) equal zero, and the solution (W°, M°) is trivial.

We go one step forward and compute

| _OW L PW oM oM oW o
- - — 1 —_— )= — 1
c T or e g ) axdr  ox
oW oWl awn |
+ = — inY
or | og ox

(W', M") is 1-periodic in ¢

W!'=0 for £=0, 1.

Proposition 2. Due to (6.24), the problem is well posed and has a unique solution
(W', M"Y eV x LA(Y)\R.
Furthermore,
1
/ W (x,1,§)dt=0, xe[0,L] , £ €[0,1].
0

Finally, for x=0, L
W'0,1,&)=W'(L,1,§)=0, M'(0,1,§)=M"(L,1,§)=0.

(6.29)

(6.30)

6.31)

(6.32)

(6.33)

(6.34)

Proof. We skip the existence and uniqueness proof due to its simplicity. To prove (6.33), we integrate

the first component of (6.29) with respect to ¢. It gives (using (6.27))

d2 1 a 1 o
— Wi, t,8)dt=—— | M°dt=0.
dszfo 1) 8x/0

Thus,

/ W!(x,1,€) dt = A& + B.
0

Like for W?, the choice &£ =0, 1 implies A = B =0 and thus (6.33).

For x =0, L, the right-hand side of (6.29) equal zero, and the solution (W', M") is trivial.
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To finish, we look at the problem for (W?, M?) that reads
W2 9*W? n oM? . OM?
— — i
o 9E? | a1 JE
IWO  OW' oM .
=— —2—————iinY
ox? 0xot 0x
aW: AW aw!
+—2t=-
FYERET: ax
(W?, M?) is 1-periodic in ¢

1

&

W?=0 for £=0, 1.
We can now prove the error estimate. Let
E =W +eW + W
& 1 0 1 2
eE=-M+M +eM".
e
Now,
0’Es  O°E°  9ef, e

"o e Tt

j=R

inY

&
ar | 9 x

OE | OE oW}

(E°, ) is 1-periodic in ¢
E‘=g—gfor£=0

E*=0for £ =1,
with

. ow! oW?  oM? , 0°W?
R* = —¢ -2 - i)—e¢ .
0x? axot 0x ax?
Thus,
IR®|;2q) < Ce.
Standard a priori estimate for the Stokes system leads to
W —Ef|1qy<Ce

M — €| 2 < Ce.

If we put this all together, we end up with:

793

(6.35)

(6.36)

(6.37)
(6.38)
(6.39)

(6.40)

6.41)

(6.42)

(6.43)

(6.44)

(6.45)

(6.46)

(6.47)

Theorem 4. Let (U°, P°) be the solution to the problem (5.3)—(5.7) with g° satisfying (6.1)—(6.4). Let

s= [ oy
and let 0
V‘1=6§(§—1)[% /;(L—t)?(t)dt—/oxg(t)dt}i
V=te-nT i e 38 1) )
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H'=12 [% f (L — 0g(t) dr — f " - 30) dt] (6.50)
0 0
H' =P, + % (P, — Py). (6.51)

For (W°, M®), the solution to the auxiliary problem (6.19)=(6.23) and (W', M"), the solution to the
auxiliary problem (6.29)—(6.36), denoting

W, £) = WA, €, ), k=0, 1,
£

the following convergence holds

1
lim [U* — (—V‘ +VO W +awg> =0 (6.52)
e—0 & HU(Q)
. 2 1 —1 1 0
lim & |PP—|—=H 4+ —H =0. (6.53)
£—0 g3 g2 2@

Furthermore,

1
U — <_V—' +V°> — 0 weakly in L*(Q).
)

7. Conclusion

We have studied the asymptotic behaviour of the viscous fluid flow through a thin domain, with thickness
&, governed by the pressure drop between the ends of the domain and the injection of the fluid through
the permeable bottom of the domain. The effective mean velocity and pressure of the fluid do not obey
the standard Hagen-Poiseuille law. There is an additional term coming from the boundary injection and
the mean flow is not incompressible, due to the boundary source.

As in the case of the classical Hagen-Poiseuille flow, we have assumed that the pressures on the sides
of the domain are of the order ¢ 2 and are given by two constants P, and P;.

In the first chapter of the paper, we have assumed that the injection velocity through the permeable
boundary has the magnitude of order ¢. Denoting by g the mean boundary injection velocity, we have
obtained an effective velocity of the form

1P, —P, 1 [ L .
=|l-———+ - tg(t)dt — Hdt|i,
v [ 5L +L/o 8 /xg() i

while the effective pressure is of the form

1 X L X L
p=— P+ P, —P)>+12| | (x—ng)di+ (1 - —) tedr | V.
€ L X L/ J,
In the second part of the paper, the boundary injection velocity is of order 1 and the effective velocity
has the form
! 1/Lt (1) dt /L ] Il S
v=4{-|- — - it -gj
clr) '8 8 2 L 2 8J

If the inertial effects are taken into account, we get in addition

_297R 1 [t . p oL
Vinenn = 755 e g(x) [Z /0 (L —1ng(r)dt — /0 g t} }l-

The effective pressure is

1 L xy "
p:g{lz U (x—t)g(t)dt—i—(l—z)/o‘ tg(t)dt] }+

+ 1l p e — Pyt
82 0 L OL .
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Again, if the inertial term is taken into account (significant Reynolds number), then the pressure
correction appears of the form

27 pe 1= / " (L= Dl / Co(tydi +
inert — Lo I\€ - -
p o | g ¢

A (o) (] )

Thus, in the second case, the boundary injection dominates the flow. The Hagen-Poiseuille part
remains there, but it has smaller magnitude. Apart from the standard flow along the pipe, a transversal
flow appears and equals half of the mean boundary injection velocity.

Finally, if the boundary injection is oscillating with the period having the same order as the domain
thickness, g°(x) = g (x, x/¢), we are in the homogenisation case. Basically, the result is the same as in
the previous case, with correctors for those small oscillations of the flow. However, the mean values of
those correctors are zero and they disappear in the weak limit.
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