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By the systematic use of Fourier transforms and suitable weight
functions L. R. Volevich and B. P. Paneyakh brought many classes of
spaces of distributions (including the Sobolev spaces) and their topological
duals under the one unifying definition. The main purpose here is to demon-
strate that the representation of multipliers between pairs of these spaces
(that is, continuous linear operators from one space into another which
commute with translations) may be related to the representation of multi-
pliers between L? and L Also, complete representations of the multipliers
from 2 and &, the space of ‘rapidly decreasing’ functions, into %, the
space of temperate distributions, are given. The proofs of these results
depend heavily upon the boundedness theorem 2.3, which also provides a
means of establishing new sufficient conditions for a distribution to be
temperate.

1. The spaces of distributions H}

Some familiarity with the elementary properties and topologies of the
(distribution) spaces first described by Schwartz (see [9], I & II) will be
assumed. For example: 2(Q), the inductive limit of Fréchet spaces Z(K),
K ranging over compact subsets of 2, where 2 is an open subset of R",
2'(2) and 2™(K) ([9], Chapitre I, §§ 2, 3; for convenience, we write
2(K) in place of (Zx), etc.); & and &’ ([9], Chapitre VII, §§ 3, 4). As
usual, & will denote P(R") and, unless stated otherwise, 2'(2) and &’
will be considered to be equipped with their strong topologies.

If 1 < 5,9 < o, denote by L? the set of f € &’ satisfying

(1.1) |If * ylly = const. [lyll, for ype,

where [|-||, denotes the usual norm on the space L? = L?(R"). The space
L?, along with M’ ¢ = FL2, the space of Schwartz-Fourier transforms of
elements in L2, has been extensively studied with an aim to providing it
with a more concrete description (see, for example, [3], [4] and [6]; the
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authors of [3] and [4] consider a locally compact Abelian Hausdorff topo-
logical group in place of R"). The interest in L? will be made clear by [6],
Theorem 1.2, which asserts that, if 7 is a multiplier from L? into L¢ then
there exists a unique X e L such that

(1.2) Ty =X=xy

for y € &; and conversely, each X e L? defines via (1.2) a multiplier from
&, equipped with the L?-norm, into L%

A norm f — MZ(f) is defined on M? as the norm of the map y — f * y,
where f = F-1f, from &, equipped with the L?-norm, into L¢, This norm
is precisely the smallest constant which may be used in (1.1).

In [6], Hérmander shows that L? = M2 = {0} for p >gq and that
M?C M3 = L™

Finally we come to the generalized function spaces H%4. These are
essentially those defined and studied in [11], (Hormander [7] also gives
an independent discussion of the spaces H%), although for a different class
of weight functions since we will not require H% to be a module over 2,
but will require that multiplication by the weight functions and their
inverses define continuous isomorphisms from & onto itself. Denote by B
the class of C*(R")-functions g with the property that each of u, u=t,
Dru, D"u~! (r ranging over all indices) is of polynomial order at infinity.

1.1 DEefFINITION. H: = {ye S 19 = F Y uy) e L?}, where pe,
and ¢ = Fy denotes the Schwartz-Fourier transform of .

1.2 Defining a norm on H% by ||y||5 = ||p||, makes H’ isometrically
isomorphic to L?. Also

(1.3) & CHEC &,

where in both cases the embedded space is dense (provided p # oo in the
first inclusion) in the enveloping space, and the inclusion maps are both
continuous ({11], p. 67).

1.3 EXAMPLE: THE SOBOLEV SPACE W7'. Consider the space H%, where
1 <p < o and p(x) = (14 |z|>)™2, m being any non-negative integer.
The Sobolev space W7 is the space of temperate distributions which, along
with their generalized derivatives of orders not exceeding m, belong to L?.
When 1 < p < o0, W) will be equipped with its usual norm, namely
f—sup {||ID"f|l, : |r| = m}. It follows easily from a sufficient condition
of Mihlin, refined by Lizorkin (see [11], Lemma 13.1), that, for |7| =< m and
1 <p < o, a"p' e M? where r = (r,, - - *, 7,,), an n-tuple of non-negative
integers; || = 7,4+ -+ +7,; and 2" = 2} - - - 2}». We will prove that, with
1 < p < o, the fact that &"p~' € M? for |r| < m is equivalent to the state-
ment that H% coincides, in the sense of topological vector spaces, with W7
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Proor. Calderén ([1], Theorem 7), for example, uses x"p~'e M3,
|r| < m, to prove that H? coincides with W7'. Alternatively, assume that
Hf and W' coincide. Let pe L?. Then F(p7'¢) e Ho = W and so
D' (F-1(p~'¢)) € L* for |r| =< m, where D" = Dt--- Dj» and D, denotes
differentiation, in the sense of distributions, with respect to the i-th
natural co-ordinate function on R”. Now

FA @) wp = D((—)F ) wp = (—i)ID(F 1 x )

where 72 = —1. Applying the ‘exchange formula’ ([9], II. p. 124) to the
last term shows that it equals (—2)"' D7(#~1(p=19)) which, from the above
discussion, belongs to L?. To prove that 27p~le M}, or equivalently,
that F1(a"p!) e L, it will suffice to show that the linear operator
w:y—>F z"p!) #p is continuous from L? into L? (see (1.1)). Since
w(y) = F{a'p'P) and F, F 1 and multiplication by C*™-functions of
polynomial order are continuous operators from &’ into &%’ it follows that
the graph of w is closed. Banach’s original version of the ‘closed graph’
theorem yields the required continuity of w.

As is commonly done, the normed dual of W7, 1 < p < oo, will be
denoted by W_™, where 1/p'41/p = 1. When 1 < p < o, it follows
readily that this dual is precisely H%,, where p'(z) = p~l(x) = (1+|x|?)~™/2
(see [11], p. 66).

2. Preliminary results on temperate distributions

2.1 % (and #!) defines a continuous isomorphism from &% and %’
onto & and &’ respectively ([9], Chapitre VII, § 6). Multiplication by u
(and #~') € B is a continuous isomorphism from & onto itself. (This is
evident from the definition of %B.)

The topology of ¥ may be defined by the sequence of seminorms

2.1) S,(p) = sup {(1+x])?[D yp(x)| : Ir| = p, v e R"}

forp=0,1,2 --- Let S, denote the topological dual of &% equipped with
the norm S, (-). The natural norm of S, will be denoted by S,(-). It is not
difficult to show that (J3,S, = &’. For completeness, we include the
following known result.

2.2 LEMMA. A set B in &' is (weakly or strongly) bounded if and only if
1t s bounded in some S,,.

ProoF. Since & is barrelled, every weakly bounded subset of &’ is
equicontinuous ([2], 7.1.1), a fortiori strongly bounded. Let B be a strongly
bounded set in &, that is

sup {[Kf, 9>l :feB,yeU} <
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for any bounded set U in &. Then B is bounded on some open non-void
neighbourhood of 0 in &, V = {y: S, (y) < 6} say ([2], 0.3.18 and (2.1)
above). The converse is evident.

2.3 THEOREM. Let U be a set of continuous linear operators from 2 (Q)
wnto ' which is (weakly or strongly) bounded at each point or D(Q), where Q
s an open subset of R". Then to each non-void compact subset K of Q there
corvesponds an integer m such that U is equicontinuous from D (K), equipped
with the 2™ (K)-norm, into &".

ProoF. Since Z(f2) is the internal inductive limit of spaces Z(w),
o a relatively compact subset of £, the restrictions of each # in % to 2(K)
are continuous. Now Z(K) is a Fréchet space whose topology is defined
by an increasing sequence of norms

N,(p) = sup {|D"y(x})| : 7| = m, x € K},

p=0,1,2--- Since & = Jx,S,, it follows that & = (JO,_.¢B,,
where B, = {f€ S, :S,(f) = 1}. Now each B, is strongly (even weakly)
closed in &’. (Let {f,} be a directed family in B, converging weakly in &’
to f; that is, <f, p> = lim, <{f;, ) for each yp € . Then, for each index 1,
[{fo w>] = Sp(p) for all ye &, and so [<f, pd| < S, (y) for all ye F;
that is f € B,.) Thus {gB,}3°,_; forms a countable, closed, convex, balanced
covering of &',
For each ¢B, we define

Vig.p) =N {u(gB,) :ue ¥}

Clearly the V (g, p) are closed, convex and balanced. Moreover, since % is
bounded at each point, they form a countable covering of Z(K). (Let
pyeP(K). Then %(y) = {uy : u € %} is bounded in &’ and so the previous
lemma shows that this set must belong to some ¢B,. Then y belongs to the
corresponding V (g, p).)

Now Z(K) is metrizable and complete so that, by the Baire category
theorem, & (K) is non-meagre in itself. This assures the existence of positive
integers %, k" such that V (&, k) has non-void interior. So % maps a non-void
open subset V(CV (%, k)) of 2(K) into a bounded subset of &.
(V)= {uy:ue¥ yeV} is bounded since it is a subset of %'B.)
We may suppose V is of the form y,+U where U = {y : N, (y) < 4}. The
set % (y,) is bounded in &, by hypothesis, and therefore so is % (U). This
implies that % is equicontinuous from Z(K), equipped with the 2™(K)-
topology, into &, since the fixed bounded set #(U) is, by definition,
absorbed by any neighbourhood of 0 in &’. This completes the proof.

The following is an application of the above theorem which improves
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results of Schwartz (see [9]; VII, Théoréeme VI, 2° et 3°) by giving weaker
sufficient conditions for a distribution to be temperate.

2.4. COROLLARY. Let X be a distribution and £2 some non-void open
subset of R™. Then for X to be temperate it is necessary and sufficient that

etther
(1) XxypyeS foreach weD(2), or
2) Xped for each e Z(82).

ProoF. The necessity is obvious in both cases. Let X #ype &’
(X9 e &) for each p e Z(2). Clearly this hypothesis will be satisfied for
peD(h+12), where ke R", so that without loss of generality we may,
and will, assume that £ is a neighbourhood of zero. After introducing
operators #; 1y - X, sy (v,:yp—Y,$) where X, =X x4, (Y, = X4,
belongs to &’ and {4,}2, is a regularizing sequence (see 3.1) in 2 (), the
proof follows along exactly the same lines as that of Theorem 3.1, finally
showing that {X,} ({Y,}) is bounded in &".

3. Multipliers with range in %’

3.1. THEOREM. Let T be a multiplier from & into F’'. Then there exists
a unique X € &' such that

(3.1) Ty=X=xvy
for we PD. Conversely, each X € &' defines a multiplier from D into S’
via (3.1).

Proor. The converse follows readily from well-known properties of the
convolution operator, for example see Schwartz [9], Chapitre VII, Théoréme
X1, and Chapitre VI, Theoreme IX.

Let T be a multiplier from & into %', and put 79, = X, € &’, where
{6,} is a regularizing sequence in Z; that is [p.d;(x)dz = 1 and supp 8, — {0}
as ¢ —> 00. Since T is also a multiplier from Z into &2’ we learn from Edwards
[2], 5.11.3 that T also commutes with convolutions. Thus

(3.2) Ty =lmT(5, #y) = Lim X, =y
i i

for each y € 2. Let T, = X, # y. Evidently the T, are continuous linear
operators from & into %', and satisfy the hypotheses of Theorem 2.3.

Let K be any compact neighbourhood of 0 in R*. Then there exists an
integer m such that {T,} is equicontinuous from 2™(K) into %’ (where T,
also denotes the unique continuous extension of T, to all of 9™(K)). By a
suitable choice of a parametrix y, e ™(K) (see [9], (VI, 6; 22) or [2],
5.11.2) we have
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Ay = d—g,
where 4% is the iterated Laplacian, 6 is the Dirac measure, and ¢ € 2(K).
Thus
(3.3) X, =X,20= X, A%py+ X, % ¢ = A*T 1y, +T ;9.

Now {7y}, is bounded in &’ for each y € 2™(K). (Let U be a convex
neighbourhood of 0 in &% and let y e 2™(K). Since 2(K) is dense in 2™(K)
and the T, are equicontinuous, then there exists yp, € Z(K) such that
T,y—T,p,elUfori=1,2--- But {T,y,}2, is bounded in &', whence
there exists A >0 such that {T,y,} CAU, and so T,y e U+AU for
i=1,2,---. Since U is convex, U+4+AU = (14+24)U, so that {T,y} is ab-
sorbed by U, and thus is bounded.) Thus (3.3) shows that the sequence
{X,} is bounded in &, is therefore strongly relatively compact ([2], 8.4.7
and 8.4.12), and so possesses a limit point, X say. This completes the proof
since the limit of X, # y in (3.2) can only be X = y.

3.2. REMARKS. The multipliers T from & into &%’ are also represented
exactly by (3.1) with X e &’. This is evident from the initial references
in the previous proof and the facts that 7|2 is a multiplier from 2 into %,
and 2 is dense in . This result will act as a sort of ‘blanket’ theorem for
the following representations of multipliers between spaces of the form H4.

4. Representation of multipliers of H/

The proof of the theorem in this section uses the idea of (#')-convolu-
tion introduced by Hirata and Ogata [5]; the (&”)-convolution of f, g € &
exists if and only if «, f € & implies (f *a) - (g % B) € L. Of course the
existence of the (&’)-convolution implies the existence of the Schwartz
convolution. (See Shiraishi [10] for analogous definitions of the (&)-
convolution and Schwartz convolution.) The motivation behind the
(&')-convolution is that if the (&’)-convolution is defined between
f, g € &', then the exchange formula is satisfied, that is

(41) (f+g)" =71-¢

4.1. The (&#’)-convolution between fe L? and ¢ € L? is defined, where
1 < p, 9 < oo, and belongs to L If p # oo, then ¢ — f = ¢ is continuous
from L? into L%

PrROOF. Let a, B € &. ThenfsaeL? n L, by (1.1), since fe LY = Lfl‘f
({6], Theorem 1.3); and ¢*pfeL? by Young’s inequality, so that
(fra) - (§=p)eLl? - LrC L1, as required. When 1 < p < oo, the operator
é —f*¢ is continuous from L? into 2’ (Yoshinaga and Ogata [12],
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Theorem 3(2)). But from (1.1) we know that ¢ — f % ¢ for ¢ € & may be
uniquely extended to a continuous operator from L? (1 < p < o) into
L? (1 <9 < o). This extension must be ¢ —f+¢ for ¢ € L?, so that
frdels

When p = oo, we need only consider ¢ = oo, since LI = {0} when
p >gq [10]. First construct a sequence {¢,} C & which is bounded in L®
and converges to ¢ weakly in 2'. (Eg. ¢, = f, % 6, where f, = ffor |2 < #
and 0 otherwise.) Since {¢,} is bounded in L%, {f*4¢,} is bounded in L,
and thus is relatively weakly compact, so that it possesses a o(L*, L!)-limit
point in L*. This limit point in L* can be none other than f * ¢.

4.2. THEOREM. Let T be a multiplier from HY into H), where u, ve B and
1 <p,q =< . Then there exists a unigue Y € & satisfying ¥ e ujvrM?
such that

(4.2) Ty=Y=xyp

for ye Hy when p +# 0, or y € & when p = co. Conversely, Y € F1(ufvM?)
defines a multiplier from HY when p # o0, or & equipped with the Hb-norm
when p = o, into H, via (4.2).

Proor. Throughout the proof we will assume 1 < p < c0; the proof
for p = oo follows with minor modification. We begin with the converse.
Let ye H%, that is there exists ¢ € L? such that ¢ = p-1d; and let
Y € F1(u/rM?), that is there exists feL? such that ¥ = pfvf. Let
«, f € &. Following the lines of the proof of 4.1 we have

pra=FYp-&) =¢=F u1&) eL?

since F1(u14)ed by 2.1; and Y 8 = f+ F1(u/vf) e L*, since
feLy=1L%. Thus (Y %) (p *+a) € L! and the (&’)-convolution of Y
and y is defined. Furthermore, application of (4.1) to Y, v, then to /, ¢,
combined with 4.1, yields

(4.3) FAWY +y)") = FUf-§) =[=dely,

that is Y %y e H}. That the operator ¢y — Y #y is continuous from H%
into HY, follows from (4.3) and the continuity of ¢ — f = ¢ from L? into L¢;
while that it is linear and commutes with translations follows from the
references in 3.1.

Let T be a multiplier from H% into H),. From 1.2, we know that T
is a continuous linear operator from & into'%”. Thus it satisfies the hypoth-
eses of 3.2 and so there exists Y e &’ such that (4.2) is valid for y e &.
It remains to show that Y e u/yM?2.

Now T is continuous, and therefore bounded. We note from Remark 2
of Shiraishi [10] that the conditions of Hirata and Ogata [5] for the exchange
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formula to be valid are satisfied in the following manipulation, with the
supremum taken over non-zero ¢ € %;

T = sup {||Y = w|lo/llwli5}
= sup {||F1p[Y = ¢]")|[/llF 1 (uh)l|,} by definition,
(4.4) = sup {[|F1(»[Y = F1(u'9)] )l /llvll,} by 2.1,
= sup {|[F L (u/rY - §ll,/Ivll,}
= sup {||F1v/uT) = yll/llvllH}-

Since »/u¥ € & by 2.1, we have M2(»/u¥) = ||T|| by (4.4) and the
definition of the norm of M2. Thus »/uY € M? and so we have the required
YeuMl. If p < o, & is dense in H% (by (1.3)); and (4.2) for yp € HA
is obtained as the continuous extension of y — Y # y for y € &.

ReEMARKS. (i) In particular cases it may be possible to obtain some
information about u/v from the following theorem, Theorem 13.1 of [11],
‘For H% to be embedded in H, it is necessary and sufficient that »/u € M7’

(ii) In the previous proof we noted that «, f € & implied p * a e L?
and Y % 8 e L n L?, where y € H# and Y e #~1(u/vM?2). But this shows
that y e P, and Y € D7, 0 D7, (see Schwartz [9], Chapitre VI, Théoréme
XXV, 2°) which provides an alternative verification that Y =y exists
(op. cit. Théoréme XXVI, 2°).

The following specialization (cf. [6], Theorem 1.2 and [4], Theorem 2.1)
of 4.1 to the Sobolev spaces mentioned in 1.3 is obvious since here
F Y ufyMi) =L%. For 1<p=<2 1=¢g=<2 and m=0,1,---, this
result was first proved by J. C. Merlo [8] using a completely different
method which relied on a decomposition of elements in L?.

4.3. CorOLLARY. Let T be a multiplier from W, into W', where
1 < p, g < oo and m is any integer. Then there exists a unique Y € LY such
that (4.2) is valid for y € W' ; and conversely.

REMARK. When p = 1 or o0, 1 < ¢ < o0, and m is a positive integer,
a sufficient condition for an operator from %, equipped with the W'-norm,
into W to be a multiplier is that it is of the form (4.2) with Y e L§. This
follows readily by noting the continuity from % with the L?-norm into L¢
of D'f =Y « D"f = D"(Y * f) for each 7 : || < m. An unpublished result
of I. W. Wright shows that the condition is necessary when p =1,
1 <¢g < o and # =1, but no necessary conditions of this nature are
known for higher dimensions when p is 1 or co.

The author wishes to thank his supervisor, Dr R. E. Edwards, for
discussions and helpful comments during the preparation of this paper,
and for suggesting the final version of Theorem 2.3.
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