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RESTRICTIVE SEMIGROUPS OF CONTINUOUS 
FUNCTIONS ON 0-DIMENSIONAL SPACES 

ROBERT D. HOFER 

1. I n t r o d u c t i o n . Le t X be a topological space and Y a nonempty subspace 
of X. r (X, Y) denotes the semigroup under composition of all closed self maps 
of X which carry Y into 7 , and is referred to as a restrictive semigroup of 
closed functions. Similarly, S(X, Y) is the analogous semigroup of continuous 
selfmaps of X, and is referred to as a restrictive semigroup of continuous 
functions. I t is immediate t h a t each homeomorphism from X onto U which 
carries the subspace Y of X onto the subspace V of U induces an isomorphism 
between T(X, Y) and T(U, V), and also an isomorphism between S(X, Y) 
and S(U, V). Indeed, one need only m a p / onto hofo hrl. An isomorphism 
of this form is called representable. In [5, Theorem (3.1), p . 1223] it was 
shown t h a t in most cases, each isomorphism from T(X, Y) onto T(U, V) is 
representable. T h e analogous problem was discussed for the semigroup 
S(X, Y) and it was pointed out by means of an example t h a t one could not 
hope to obtain the same result for these semigroups wi thout some further 
restrictions. In this example X and U are both O-dimensional (i.e., each has 
a basis of closed and open sets) and Hausdorff, and Y and V are proper dense 
subspaces of X and U, respectively. I t is shown t h a t there exists an isomor­
phism between S(X, Y) and S(U, V). However, it is not representable since 
X and U are not homeomorphic. T h e fact t h a t Y and V are dense subsets 
seems to be crucial for constructing the example, for in this paper we prove 
the following. 

M A I N T H E O R E M . Let X and U be ^-dimensional, Hausdorff spaces and let Y 

and V be nonempty subsets of X and U, respectively. If Y is not dense in X and 
<p is an isomorphism from $(X, Y) onto S(U, V), then there exists a unique 
homeomorphism h from X onto U such that 

(0 <p(f) = hofoh~l for each f £ S(X, Y), and 
(ii) h[Y] = V. 

In § 2 we establish the lemmas used to prove this theorem. In § 3 we prove 
the theorem and give various applications of it. One such application is made 
to near-rings of continuous functions on topological groups, where we obtain 
a generalization of a result of Beidleman [1, Theorem (1.3), p . 982]. 
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2. M i n i m a l r i g h t idea ls . We begin by introducing some notat ion t h a t 
will be used throughout the paper. If / is a map from some set Z into a set W, 
by R(f) is meant the range of/. We will always assume tha t F is nonempty . 
If y G F then the constant map which carries all of X onto the point y is 
denoted by (y ) . A set which is both open and closed is called clopen, and 
finally, we will adopt the convention of writing S(X, p) for S(X, \p}). 

Definition (2.1). Suppose X is O-dimensional and Hausdorff. A pair (A, B) 
of subsets of X will be called a decomposition of X if A and B are nonempty 
disjoint clopen sets whose union is X. 

LEMMA (2.2). Suppose X is O-dimensional and Hausdorff. Let F be a closed 
subset of X and let K Ç X be a compact set such that K C\ F = 0. Then there 
exists a decomposition (A, B) of X such that K C A and F Ç B. 

LEMMA (2.3). Suppose X is a O-dimensional, Hausdorff space consisting of 
more than one point and Y is a subset of X. If F is a closed subset of X and 
x G X — F, there exists a continuous map g G S(X, Y) and a point z G X 
such that g[F] = {z} and g(x) ^ z. 

Proof. Suppose first t ha t Y consists of a single point p. If p G F, then by 
Lemma (2.2) there exists a decomposition (A, B) of X such t ha t {x, p\ CI A 
and F C B. Choose z 9^ p and define g[A] = {p} and g[B] = {z}. Then g is 
continuous and since g(p) = p, g G S(X,p). On the other hand if p G F, 
then by Lemma (2.2) there exists a decomposition (A', B') of X such t h a t 
F ÇZ A' and x G B'. In this case define g[A'] = \p) and g[B'] = {x}. Since g 
is continuous and g(p) = p, g G S(X, p). 

Suppose now t h a t Y consists of more than one point. Then there exists a 
decomposition {A", B") of X such tha t F Ç A" and x G B". Choose yu 

y2 G Y such t ha t yi 9^ y2 and define g such t ha t g[A"] = {3/1} and g[B"] = 
{3/2}. Since g[X] = {^I, 3̂ 2} £ i7 and g is continuous, g Ç S p ^ , F ) . 

Definition (2.4). Let X be a topological space and let F be a subset of X. 
Then Y is said to be an admissible subset of X if for each closed subset F of 
X and each x G X — F, there exists a map / G 5 ( X , F) and a point 2 G X 
such t ha t f[F] = {2} and / ( x ) 9e z. 

From lemma (2.3) it follows t ha t every subset of a O-dimensional, Hausdorff 
space is admissible. T h e following lemma is an immediate consequence of 
Lemma (2.3). 

LEMMA (2.5). / / Y is an admissible subset of a topological space X, then 
the collection of all sets of the form f~l(x), where f G S(X, Y) and x ^ I , is a 
basis for the closed sets of X. 

Let X be a topological space and let F be a subset of X. Then for each y G F 
the constant map (y ) G S{X, Y) is a left zero. Conversely, if / G S(X, Y) 
is a left zero then it is constant . For, if / G S(X, F) then / [ F] Ç F and this 
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implies that there exists yi G R(f) P\ F such that f~l (yi) C\ Y ?± 0. Choose 
y2 G f~l(y\) r\ F. Then f(y2) = yi and / o (y2) = (yi). Since / is a left 
zero, f = fo (y2) and hence, / = (3/1). We conclude that / G 5(X, Y) is a 
left zero if and only if it is constant. 

Definition (2.6). If a semigroup S has a minimal ideal K, then i£ is called 
the kernel of 5. The kernel of S(X, F) is written K(X, F). 

It is an easy matter to prove that K(X, Y) = { (y ): y G Y}. 

THEOREM (2.7). Let X and U be topological spaces and let Y and V be nonempty 
admissible subsets of X and U, respectively. If <p is an isomorphism from S(X, Y) 
onto S(U, V), then there exists a unique homeomorphism k from Y onto V such 
that for each f G S(X, Y) and each y G F, <p(f) 0 k(y) = k o f(y). 

Proof. There is a correspondence between points of F and elements of 
K(X, F) . Since <p maps K(X, F) onto K(U, V) it follows that a bijection k 
from F onto V can be defined such that for each y G F, <p( (y )) = (k(y) ). 

L e t / G S(X, Y) and y G F be given. For any u £ U, 

<f(f)ok(y) = Af)o (k(y))(u) = <p(f)ov«y))(u) 
= <P«f(y)))(u) = (kof(y))(u) = kof(y). 

Thus <p(f) o k(y) = ko f(y). Using this we now show that k is a homeo­
morphism. From Lemma (2.5) it follows that the collection of all sets of the 
fo rm/ - 1 (x) H F, where x £ X a n d / G S(3T, F), forms a basis for the closed 
subsets of F. A similar statement holds for sets of the form <p(f)~l {it) C\ V. 
Let / G S(X, Y) and x Ç l be given. Then the following statements are 
equivalent: 

z G Z"1 (*) H F; 
/ (s) = x and s G F; 
f o (z) = (x) and z G F; 
*>(/) o <*(*) ) = (k(x) ) and fe(s) G V; 
cp(f) (k(z)) = *(*) and k(z) G F; 

*W e ^(/)~1(^W)n F. 
Therefore, jfet/-1 (x) Pi F] = ^(Z)"1 (&(*)) H V, and since the latter is a 
closed subset of F, & is a closed map. By use of a similar argument one proves 
that k is continuous. Thus k is a homeomorphism. 

Now let &' be a homeomorphism from F onto F such that <p(f) o k' (y) = 
k' o f(y) for each / G S(X, F) and each y G F. For each such 3/ G F we have, 

k'(y) = k'o (y)(y) = v((y)) o k'(y) = {k(y))okf(y) = k(y). 

Since y G F was arbitrary, k' = k and fe is unique. 

Remark. Observe that a bijection from F onto F can be defined without 
requiring that F and V be admissible subsets. 
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The reader will note that according to Theorem (2.7), each isomorphism 
from S(X, Y) onto S(U, V) is representable when Y = X and V — U. This 
result was obtained by Magill in [3]. Recall that X is an admissible subset 
of itself if and only if it is an 5*-space. 

In the proof of Lemma (2.3) we used functions whose range consisted of 
precisely two points. These maps play a fundamental role in what follows so 
we introduce a special notation for them. 

Definition (2.8). If / is a continuous map from a 0-dimensional, Hausdorff 
space W into a topological space Z we will write 

/ = [A,B;zl9z2] 

if (A, B) is a decomposition of W, f[A] = {zi}, and f[B] = {z2}. 

For the remainder of this paper we will assume that all spaces are 0-dimensional, 
Hausdorff. 

Definition (2.9). If I is a right ideal in a semigroup 5 and b is a left zero in S, 
then I is said to be a 6-minimal right ideal if 

(i) {b} £ J, and 
(ii) if J is a right ideal such that {b} £ J C I, then J — I. 

A (y )-minimal right ideal in S(X, Y) will henceforth be called ^-minimal. 

Definition (2.10). Let F be a nonempty subset of X, let y £ Y and let 
x Ç X — {y}. The subset 

{[A,B;y,x]: Y C A} U {<3>>} 

of S(X, Y) is denoted by I(y, x). If Y consists of more than one point, if yu 

y2 6 Y and yi 9e y2, then the two element subset { (yx), (y2)\ of S(X, Y) 
is denoted by J(yu y2). 

THEOREM (2.11). Suppose X consists of more than one point, Y = {p}, and 
I is a right ideal of S(X, p). Then I is a p-minimal right ideal if and only if 
I = I(p, x) for some x f l such that x ?^ p. 

Proof. Let x ^ p be arbitrary. We will prove that I(p, x) is a ^-minimal 
right ideal. If [A,B; p,x] G I(p,x) and / € S(X,p), then [A,B; p,x]of 
is equal to (p) when R(f) C A and is equal to [f~l(A), f~l(B)\ p, x] when 
R(f) r\ B ?£ 0. Thus we see that I(p, x) is a right ideal. We now show it is 
^-minimal. Since x ^ p there exists a decomposition (A, B) of X such that 
p 6 A and x £ B. Then the map [A, B; p, x] is an element of I(p, x) — { (p )} 
and therefore 

7 * 
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Next, suppose that / is a right ideal of S(X, p) such that 

{<*>>} CJQI(p,x), 

/ = [C,D-p,x] € I(p,x) - {(p)\ 

/ x = [E,F;p,x] € J - {<£>} 

be given.Then >̂ G Eand (E, T7) is a decomposition of X so we may choose w G F. 
Since (C, D) is a decomposition of X and p G C, the map g = [C, Z>; £, w] 
is in 5(X, £) . Moreover,/ = fiO g. For if s G C, then g (z) = p and / i o g(z) = 
/ i (£) = P- And if 2 Ç D , then g(3) = w G F and /1 0^(2) = fi(w) = x. 
Since /1 G / and / is a right ideal, f = fiO g G / , and hence / = I(p, x). 
Thus for each x G X — {£}, / (£ , #) is ^-minimal in 5(X, £) . 

Now suppose that / is a ^-minimal right ideal in S(X, p). Then 

\(P))CI 

and since (p) is the only constant map in S(X,p) there exists a function 
/ G / having at least two points in its range. Therefore R(f) contains p and 
a point x ^ p. Let w G f~x(x) and let (^4,13) be a decomposition of X such 
that £ G A and w £ B. Then the map / 2 = [A, B; p,w] is in 5(X, £), and 

/ o / 2 = [A,B;p,x] G ini(p,x) - {(p)]. 

Now I C\ I(p, x) is a right ideal in S(X, p) such that 

{<P>} cmnp,x)Qi. 

Since 7 is ^-minimal, I = I C\ I(p, x). Similarly, since I(p, x) is ^-minimal, 
I(p, x) = I Pi J(£, x). Thus 7 = I(p, x). 

THEOREM (2.12). Suppose Y is a nondense subset of X that consists of more 
than one point and y G F. Then a right ideal I in S(X, Y) is y-minimal if and 
only if either 

(i) I = I(y, x) for some x G X — {y}, or 
(ii) I = J(y, yr) for some y' G Y—{y}. 

Proof. In a direct manner one shows that J(y, y') is a ^-minimal right ideal 
and that I(y, x) is a right ideal. We now show that I(y, x) is ^-minimal. Since 
F is not dense in X there exists x' G X — cl F and a decomposition (̂ 4, B) of X 
such that cl F Ç 4̂ and x' G 7>. The function 

[A,B;y,x] G J(y, *) - {<3>>}, 
so we conclude that 

{(y)} CI(y,x). 

and let 

and 
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Now let J be any right ideal of S(X, F) such that 

{(y)} CJQI(y,x). 

We prove that J = I(y,x). Let 

/ = [C,D;y,x] G I(y,x) - {(y)} 
and 

/ 1 = [E,F;y,x] dJ- \{y)} 

be given. Since E and F are nonempty there exist points y' G F C £ and 
%' G F. The map g = [C, D;y', x'] is continuous and since y' £ Y and 
F Ç C r g É <S(^, F ) . B u t / = fi o g, which implies/ G / , and thus J = I(y, x). 

Now let 7 be any ^-minimal right ideal. The constant map (y ) is in 7, so if 7 
contains a left zero {yf ) different from (y), then 7 = J(y,yf). So suppose 
the only left zero in 7 is (y). Then for each / G I, f(z) = y for every z G F. 
For if 2 6 F, (s) G i£ (^ , F) a n d / o (z) is a left zero in 7. Since (3/) is the 
only left zero in 7, / o (2) = (3/ ) and /(z) = 3/. Now since 

fWic/, 

there exists a map/2 G 7 and a point x G Rift) such that x ^ j . Let w G /2_ 1 (x) 
and let g = [A,B;y, w] where (A,B) is a decomposition of X such that 
cl F Ç A and 5 ^ 0. Since 7 Ç i and 3/ Ç F, g G 5(X, F). Moreover, 

f2og = [A,B;y,x] G irM(y,x) - {(y)}. 

Therefore 

{<3>>} c / n / & , x ) ç / . 

Now 7 P\ 7(3;, x) is a right ideal and since 7 is ^-minimal, I = I C\ I(y, x). 
Similarly, since I(y, x) is ^-minimal, I(y, x) = 7 Pi 7(3/, x). Thus 7 = 7(3/, x) 
and the proof is complete. 

LEMMA (2.13). Suppose that X consists of more than one point and Y is a 
nonempty subset of X. Then Y is not dense in X if and only if S(X, Y) contains 
a right ideal of the form I(y, x). 

Proof. If F is not dense in X there exists a point x G X — cl F and a 
decomposition (A, B) of X such that cl F Ç A and x G B. Then for any 
y G F, the right ideal I(y, x) exists. 

Conversely, suppose S(X, Y) contains a right ideal of the form I(y, x). Then 
there exists a decomposition (A,B) of X such that [A,B; y,x] G I(y,x). 
Since F Ç A and 7? is nonempty it follows that F is not dense in X. 

From Theorems (2.11) and (2.12) it follows that to each y G F there can 
be associated a family of ^-minimal right ideals. If F consists of more than one 
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point and Y is not dense in X, there are two algebraically distinct types. One 
type, which is of the form I(y, x), contains only one left zero whereas the 
other type, which is of the form J(y,y'), contains precisely two left zeros. 
Therefore any isomorphism between restrictive semigroups must carry a right 
ideal of the form I(y, x) onto a right ideal of the same form. 

LEMMA (2.14). Let Y and V be nonempty subsets of X and U, respectively, 
and let <p be an isomorphism from S(X, Y) onto S(U, V). Iffi,f2 G S(X, Y), 
then 

(i) R(fi) Q cl R(f2) if and only if R(<p(fi)) Q cl R(<p(f2)), and 
(ii) cl 22(/x) C cl R(f2) if and only if cl R(<p(fi)) C cl R(<p(f2)). 

Proof. Suppose 

W / l ) ) £C1 *(*>(/!)). 

Then there exists a point u G R(<p(fi)) — cl R(<p(f2)). From Theorem (2.3) 
it follows that there exists a map g G S(X, Y) and a point u' G U such that 
<p(g) [cl R(<p(J2))] = {u'\ and <p(g) (u) ^ uf. Since R(<p(f2)) n V ^ 0 and 
<p(g) G S(U, V), it follows that u' = v G V. Then <p(g) o <p(f2) = (v), 
<p(g) o <p(fi) 7^ (v ), and if <p((y )) = (v ), then g o / 2 = (y ) and g 0/1 ^ (y ). 
Therefore there exists x G R(fi) such that g(x) F^ y. Since i^/2) £ g_1(;y) 
which is closed in X, it follows that x G R(fi) — cl R(f2), and hence 

-R(/i) g e l * ( / , ) . 

One shows the converse by using the same techniques with <p~x. This completes 
the proof of (i). 

For (ii), c l i?( / i ) Qcl R(f2) implies R(fi) Q clR(f2). Then from (i), 
R(<p(fi)) Q cl R(<p(f2)) and hence clR(<p(fi)) Q cl R(<p(f2)). The converse 
is proved similarly. 

LEMMA (2.15). Let Y be a nondense subset of X that contains more than one 
point, let fi = [A,B; yi, x{\ and let f2 = [A',Bf; y2j x2] where yi, y2 G Y, 
F Ç i H A', and xi, x2 G X — {yi, y2}. Then X\ = x2 if and only if for each 

f G S(X, Y) suchthatfiyx) = f{y2)Jofx G K(X, Y) impliesfof2 G K(X,Y). 

Proof. Suppose x\ = x2 and / G S(X, Y) has the property that fiyi) = 
f(j2) = yo. H fof1 G K(X, F), then fof, = <y0) and f(Xl) = f(yi) = y0. 
Since Xi = x2, /(x2) = 3>o, and since f(y2) = yo it follows that fof2 = 

Now suppose xi 9e- x2 and choose y%, y± G F such that 3/3 ^ y4. Let (C, Z>) 
be a decomposition of X such that {3/1, y2, Xi| Ç C and x2 G D. Then g = 
[C,D;yt,ydismS(X, Y)smceR(g) Q Y. Moreover g 0/1 = < 3̂ ) G K(X, Y) 
but g o / 2 = [ 4 ' , 5 ' ; y3f 3/4] is not in i£(X, F). 
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In the above lemma, functions / 6 5 ( 1 , F) such that f(yi) = f(y2) are 
considered. Algebraically these functions are just those satisfying/o (yi) = 
/ o <?2>. 

LEMMA (2.16). Let Y and V be nonempty nondense subsets of X and U, 
respectively, and let cp be an isomorphism from S(X, Y) onto S(U, V). Let 

/ i = \A,B\yuXT] 
and 

f2 = [A,B\y2,x2] 

be maps in S(X, Y) where Xi, x2 G X, Y C A, Xi 9e y\ and x2 ^ y2. If 
<p((yi)) = (vi) and (p((y2)) = (v2), then 

(i) *>(/i) = [A', B'; vl9 ta] 
and 

<p(f2) = [A",B";v2,u2] 
where U\, u2 G U, V CZ A' C\ A", v± ^ U\ and v2 7^ u2, and 

(ii)A' = A" andB' = B". 

Proof. Since Y C A and 3>i F^ #I , f\ G / (^i , Xi). Since <p is an isomorphism 
and <p({yi)) = (vi), there exists a point Wi G £/, necessarily different from 
Vi, such that cp maps the ^i-minimal right ideal I(yi, Xi) onto the ^-minimal 
right ideal I(vi, Ui), and V Q A'. Similarly, it follows for f2 that v2 p̂  u2, 
u2 G U, and V C A". 

Thus we need only show that (ii) holds. Let g G S(X, Y) be arbitrary. Then 
fiOg = <3>i) if and only if/2 o g = <y2 ). Therefore *>(/i)op(g) = (»i ) if 
and only if ^(^2) o <£>(g) = (v2). Let 

j / = 1 ^ 5 ( 1 , F ) : / i O * = <yi>}. 

Then it is clear that 

s/ = {geS(X, Y):f2og= (y2)}. 

We now prove that A' = \J {R(<p(g)): g G ^ } . 
First suppose that u G Af. Let v G V and let <p{g\) = [A', B'\v, u\. Since 

v G F Ç i ' , 

<p(fi)o<p(gi) = [ ^ /
l B

/ ; » i , « i ] o [ ^ , , 5 , ; i ; > « ] = <^), 

and therefore/1 o gi = (3/1). Hence gi G J / and i ' Ç U W ^ f e ) ) : g G ^ } . 
Now suppose u G U fi£(<£>(g)): g G ^ } . Then there exists g2 £ <$/ such 
that w G R(<p(gï)), and /1 o g2 = (3/1). Therefore <p(/i) ° «pfe) = (vi) from 
which it follows that R(<p(g2)) Q A'. Thus u £ A' and 4 ' = U {R(<p(g)): 
g £s/}. Similarly, it can be shown using f2 that A" = \J \R(<p(g)): g Ç j / ) . 
Thus we conclude that A' = A" and B' = U - A' = U - A" = B". 

LEMMA (2.17). Let Y and V be nondense subsets of X and U, respectively, 
and let I(yi, Xi) and I(y2} x2) be yi and y2-minimal right ideals, respectively, 
in S{X, F). Then yx = x2 if and only if (yx ) G I(y2, oc2) and R{(y\ )) C R(f) 
for eachf G 7(y2, x2) - K(X, F). 
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Proof. Suppose first that yi = x2. Then since y2 9^ x2, it follows that 
<yi> i I(y* *2) and R((yi)) C R(f) for each / G I(y2, x2) - K(X, Y). Con­

versely, if (yi) G I(y2,x2) then yi 9^ y2. Therefore if R((yi)) C R(f) for 
each / Ç ^(^2, x2) — i£(X, F), we must necessarily have yi = x2. 

LEMMA (2.18). Let Y and V be nondense subsets ofX and U, respectively, and 
let (Ç be an isomorphism from S(X, Y) onto S(U, V). Let 3/1, y2 G Y and let 
x G X be such that yi 9e x 9e y2. Then 

(i) <p[I(yi, x)] = I(vi, u\) and <p[I(y2, x)] = I(v2, u2) for some vi, v2 G V 
and u\, u2 G U, and 

(ii) U\ = u2. 

Proof. Let V\,v2 G V be such that <p((yi)) = (z>i ) and (f((y2)) = (v2). 
Then by Theorems (2.11) and (2.12), cp maps the 3/1-minimal right ideal 
I(yij x) onto the ^i-minimal right ideal I(v\, U\) for some u\ G U. Similarly, 
<p[I(y2,x)] = I(v2, u2) for some u2 G U. Now let 

/1 = [AiyB^yux] G I(yi, x) 
and let 

f2 = [A2j B2;y2,x] G I(y2jx). 

We observe that there exist sets d, Di, C2i and D2 such that 

<p(fi) = [Ci, £>i; »i, « J 
and 

tfK/2) = [C2, £>2; V2, «2] . 

Now let <?(/) G 5(Z7, V) have the property that <p(f)(vi) = <p(f)(v2). Note 
that <p(f)(vi) = <p(f) (v2) if and only if <£>(/) o (v± ) = <p(/) o (v2 ), or what 
is the same, <?(/) o <?( (3/1 )) = <p(f) o <p((y2)). Therefore f(yx) = f(y2). If 
<p(f)o<p(fi) £ K(U,V), then f oft e K(X,Y) and by Lemma (2.15), 
/ 0 / 2 G i£(-X\ F), which implies that <£>(/) o ^C/2) G K(JJ, V). From Lemma 
(2.17) it follows tha t^ i , u2 £ U — {^1,̂ 2}. Consequently, it follows from Lemma 
(2.15) that wi = w2. 

3. Representable isomorphisms. 

THEOREM (3.1). Let X and U be O-dimensional, Hausdorff spaces and let Y 
be a nonempty nondense subset of X. If cp is an isomorphism from S(X, Y) onto 
S(U, V), then there exists a unique homeomorphism h from X onto U such that 

(i) <p(f) == hofo hr1 for each f G S (Y, X), and 
(ii) h [Y] = V. 

Proof. Since Y is not dense in X it follows from Lemma (2.13) that V is not 
dense in U. We first consider the case where Y consists of more than one point. 
Then it follows from Theorem (2.7) that V consists of more than one point. 
The map h is defined as follows. Let x G X be given and choose y G Y different 
from x. Then by Theorem (2.12) <p maps I(y, x) onto I(v, u) for some v G V 
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and u G U. Because of Lemma (2.18) the point u is independent of the choice 
of y and we define the function h from X into U by h(x) = u. One shows in a 
straight forward manner that h is in fact a bijection. 

By our definition of the function h we now have that for each y G F there 
exists a (necessarily unique) point v £ V such that <p[I(y,x)] = I(v,h(x)). 
We show next that h(y) = v. Note that <p((y)) = (v) since <p takes left 
zeros into left zeros. Let y' G F with y' ^ y and let v' G F be such that 
* [ / (y , 30] = I(V, h(y)). Now 2*( <y )) C R(f) for all / G / ( / , y) - # ( * , F) 
but (y) g / (y , ;y) . Then since R(<p((y)) and R(<p(f)) are closed, it follows 
from Lemma (2.14) that 

R((v)) =R(<p((y)))QR(<p(f)) 

for all cp(f) G /(»', h(y)) - K(U, V). Also, (v) £ I(v\ h(y)) so it follows from 
Lemma (2.17) that v = h(y). Thus we have defined h in such a manner that 
for each y G F, <£>((;y)) = (h(y)) and ^[/(y, x)] = I(h(y),h(x)) for each 
^-minimal right ideal I(y, x). It now follows in a straightforward manner that 
A carries Y bijectively onto V. 

We now show that <p(f) = hofoh-1 for each / É 5 ( 1 , F). Let x G I 
be given. Then since Y consists of more than one point, there exists y G Y 
different from x. Let (A, B) be a decomposition of X such that Y (Z A and 
let (C, D) be a decomposition of U such that 

^ ( U , £ ; 3 / , x ] ) = [C,D;h(y),h(x)]. 

Then for a fixed u £ D, 

<p(f) o *(*) = <p(f) o [C, Z>; h(y), h(x)] (u) 

= <p(f)o<p([A,B;y,x])(u) 

= <p([A,B;f(y),f(pc)]) (u). 

H f(pc) = f(y), then 

<p([A,B;f(y),f(x)]) (u) = *>(</(*)» («) = ( i o / ( x ) ) ( « ) = hof(x). 

On the other hand if f(x) ^ /(y) then from (b) of lemma (2.16) it follows that 

<p([A,B;f(y),f(x)]) (u) = [C,D;hof(y),hof(x)] (u) = hof(x) 

since u G D. Thus <p(f) = hofo hr1. 
Next we show that A is a homeomorphism. According to Lemma (2.5), the 

collection of all sets of the form/_ 1(x), where x £ X a n d / G S(X, F), forms 
a basis for the closed sets of X. Since hr1 o <p(f) = / o A-1 for each/ G «SĈ f, F), 

ALTH*)] = ( /o^- 1 ) - 1 (*) = (A"1 o^(/))- i (x) = ^ / ^ ( i W ) . 

Since y(f)~l(h(x)) is a closed subset of U, it follows that A[/_1(x)] ls closed in 
U, and we conclude that h is a closed map. Similarly, using the equality 
<p(f) oh = hof it can be proved that A is continuous, and hence that h is a 
homeomorphism. 
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We next show the function h is unique. Let k be any homeomorphism from 
X onto U which carries Y onto V such that <p(f) = kofok~l for each 
/ G S(X, F). Let x G X be given and let y G Y be such that y ^ x. Let ( .4 ,5) 
be a decomposition of X such that Y Q A and let (C, D) be a decomposition 
of U such that p([>4, 5 ; y, x]) = [C, D; h(y), h(x)]. Then 

[C,D;h(y),h(x)] = <p([A, B; y,x]) 

= k o[A, B; y, x]o k~l 

= [k(A),k(B);k(y),k(x)]. 

Since k carries Y onto V and F Ç i we have F Ç k(A), and since F C C it 
follows that C = k(A) and 12 = fe(22). Then we evaluate [C, D; h(y), h(x)] 
and [fe(-4), fe(-S); &(3>), &(#)] a t any point in D and obtain Â(x) = k(x). 
This proves that A is unique. 

We now consider the case when Y consists of one point p. Then from 
Theorem (2.7) it follows that V = {q} for some q G U. The map h is defined 
as follows. Let x £ X be given. If x = p define h(p) = q. On the other hand 
if x ?£ p, then from Theorem (2.11) it follows that <p maps I(p, x) onto 
I(q, u) for some u ^ q, and we define h(x) = w. One shows in a direct fashion 
that h is in fact a bijection from X onto U. We next show that <p(f) = h o / o &-1 

for each / G 5(X, £) . If x = £, then 

<p(f)oh(p) = <p(f) (q) =q = HP) = hof(p). 

So suppose x 9e p. Let (A, B) be a decomposition of X such that £ G 4̂ and 
x G B, and let (C, £>) be a decomposition of Z7 such that 

<p(lA,B;p,x]) = [C,D;h(p),h(x)]. 

For any fixed u G D we have, 

p(/ )oA(*) 

Now if / (x) = />, then 

<p([A,B;p,f(pc)]) (u) = «>( <£»(*) = g = /*o / (x ) . 

But if / (x) F^ £, then from Lemma (2.16) it follows that 

<p([A,B;p,f(x)])(u) = [C,£ ;A(p) , ft o / (*) ] (*) = ho f(x) 

since w G D. Thus #>(/) = hofo hrl for each / G S(X, p). The rest of the 
proof is analogous to that of the case when Y consists of more than one point, 
and therefore is not given. 

As an immediate consequence of the theorem, we have the following. 

COROLLARY (3.2). Let X be a Q-dimensional, Hausdorff space and let Y be a 
nonempty subset of X. Then every automorphism of S(X, Y) is inner. 

= <p(f)o[C,D;h(p),h(x)] (u) 
= <p(f)o<p([A,B;p,x]) (u) 
= <p([A,B;p,f(x)]) (u). 
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Definition (3.3). ^f{X, F) is the group, under composition, of all homeo-
morphisms which map X onto X and carry F onto Y.sé (X, Y) denotes the 
group, under composition, of all automorphisms of S(X, Y). 

THEOREM (3.4). Let X be a 0-dimensional, Hausdorff space and let Y be a 
nonempty nondense subset ofX. Then sé(X, Y) is isomorphic to ̂ {X, Y). 

Proof. Define a map 6 from s/{X, Y) intoJ>f(X, Y) as follows. If <p £s/(X, F), 
then according to Theorem (3.1) there is a unique homeomorphism 
h G Jt(X, Y) such that <p(f) =h ofoh~\ so define 0(<p) = h. It is clear that 
6 is well-defined. If h G JJf(X, Y) is arbitrary then the map <p defined by 
<p(f) = hofoh'1 for each / G S(X, Y) is an automorphism of S(X, F), 
and hence 6(<p) = h. Moreover, if 6(<p) = id, where id G Jtf(X, F) is the 
identity map, then <p(f) = id o / o id = / and ç> is the identity of S$ (X, F). 
Once we have shown that 8 is a homomorphism, it will follow from what was 
just proved that 8 is in fact an isomorphism. To show that 6 is a homomor­
phism, suppose (pu <p2 G S$ (X, Y) and that 0(<pi) = hi and 6(<p2) = h2- Then 

(piO<p2(f) = (pi(h2 o f o h2~
1) = (hioh2)ofo(hioh2)-

1 

for each / G S(X, F). This means that 

6(<pi o ^2) = hi o h2 = 0(<pi) o 0(^2). 

Thus 0 is an isomorphism and the proof is complete. 

In the following theorem, S(X) denotes the semigroup, under composition, 
of all continuous selfmaps of X. 

THEOREM (3.5). Let X and U be 0-dimensional, Hausdorff spaces and let Y be 
a nonempty subset of X. If Y is not dense in X and ç> is an isomorphism from 
S(X, F) onto S(U, V), then <p can be extended to an isomorphism cpE which maps 
S(X) onto S(U). 

Proof. According to Theorem (3.1) there is a homeomorphism h from X 
onto U such that <p(f) =hofoh~l for each / G S(X, Y). If / G S(X), define 
<PE(f) = h of o h~1. It is easy to see that <pF is an isomorphism and that it is 
an extension of <p. 

From this theorem it follows in a straightforward way that s/(X, Y) is 
isomorphic to a subgroup ois/(X), the automorphism group of S(X). It is 
proved by showing that the map 6 from s/(X, Y) into <$/(X) defined by 
0(<p) = (pE is an isomorphism. 

We now turn our attention to the application of Theorem (3.1) to near-
rings of functions on a topological group. Let G be an additive topological 
group and let H be a subgroup of G. ^V(Gt H) denotes the set of all continuous 
selfmaps/ of G such t h a t / [H] C H. One proves in a direct way thstjV(G, H) 
forms a near-ring under pointwise addition and the usual composition of 
functions. We will use the term "topological isomorphism" to denote a map 
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between two topological groups which is both an isomorphism and a homeo-
morphism. The following theorem is analogous to a result which Magill 
proved ior^V(G) = J^(G, G) in [4]. 

THEOREM (3.6). Let G and H be ^-dimensional, Hausdorff topological groups 
and let G' and H' be subgroups of G and H, respectively. If G' is not dense in G 
and ip is an isomorphism from ^V(G, Gr) onto JV (H, Hf), then there exists a 
unique topological isomorphism h from G onto H such that 

(i) ç(f) = hofoh~l for each f £,Y(G,Gf), and 
(ii) h[G'] = Hf. 

Proof. It follows from Theorem (3.1) that there exists a unique homeomor-
phism h from G onto H which satisfies (i) and (ii). We show that h is an 
isomorphism. We first assert that if x, y G G then there exist functions 
fig £ ^(G, Gr) and a point z G G such that f(z) = x and g(z) = y. There 
are three cases to consider. First consider the case when x, y G G''. Then the 
maps / = (x ) and g = (y ) have the desired property for any z G G. Next 
suppose y G G' and x G G'. Let (A, B) be a decomposition of G such that 
G' C A, and choose z G B. Then let / = [A, B; y, x] and g = (y). We then 
have f(z) = x and g(z) = y. A similar argument holds if x G G' and y G G'. 
Finally consider the case when x, y G G'. Let (A, B) be any decomposition of G 
such that G' C 4̂ and let z be any point in B. Then for any w G G', we let 
/ = [A, B; w, x] and g = [̂ 4, B ; w, 3>] and observe that f(z) = x and g (z) = y. 

Now let x, 3> G G be given. We have just proved that there exist functions 
/ , g G ^V{G, Gf) and a point z G G such that /(z) = x and g(2) = y. Then 
we have 

h(x + y) = ho ( / + g) (2) 

= * ( /+£)o f t (s ) 
= W/) + ^(g))oi(z) 
= ç>(/) oA(z) + cp(g)oh(z) 
= ho f(z) + hog(z) 

= h(x) + A (3 )̂. 

Thus h is an isomorphism and the proof is complete. 

In the following corollary, J^'o(G) denotes the near-ring «yK(G, {0}). This 
corollary generalizes the result of Beidleman [1]. 

COROLLARY (3.7). Let G and H be ^-dimensional, Hausdorff topological 
groups. If <p is any isomorphism from <yV0(G) onto JVQ{H), then there exists a 
unique topological isomorphism h from G onto H such that <p(f) = h o f o h~l 

for each f G ̂ /
0 ( G ) . 
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