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ABSTRACT

Using a p-adic analogue of the convolution method of Rankin—Selberg and Shimura,
we construct the two-variable p-adic L-function of a Hida family of Hilbert modular
eigenforms of parallel weight. It is shown that the conditions of Greenberg—Stevens
[R. Greenberg and G. Stevens, p-adic L-functions and p-adic periods of modular forms,
Invent. Math. 111 (1993), 407-447] are satisfied, from which we deduce special cases of
the Mazur-Tate-Teitelbaum conjecture in the Hilbert modular setting.

1. Introduction

1.1 This work grew out of an attempt to extend the result of Greenberg—Stevens on the
exceptional zero conjecture of Mazur—Tate—Teitelbaum to more general automorphic forms.
In the present paper, we establish special cases of the exceptional zero conjecture for Hilbert
modular forms. To state our result, we briefly recall the setting of Greenberg—Stevens.

Let E be a (modular) elliptic curve over Q, with p > 5 a prime. Assume that F has either
good ordinary or multiplicative reduction at p (in the following we refer to these two cases
as having ordinary reduction). In [MTT86], the p-adic Birch—Swinnerton-Dyer conjecture was
proposed, which relates the order of vanishing of the p-adic L-function of E, Ly(s, E), at s =1,
to the Mordell-Weil rank of E. The p-adic L-function is constructed by p-adically interpolating
the twisted special L-value L(1, x, E)/Q(E), where X is a finite-order character of Z; and Qf a
real period of . One has the formula

1 )L(l, E)

L5 = (1- ) 5

with a, being the unit-root of the local L-factor at p. Now suppose that E is split-multiplicative
at p, so that one has Tate’s analytic parametrization:

E(Qp)ZQ;/Q%a QEGQ;'

Furthermore we have a, =1, so we have L,(1, E) = 0. Based on numerical data, Mazur-Tate-
Teitelbaum conjectured the relation
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s B)| =L
ds =1

Here the L-invariant of E at p, £,(E), is defined to be

_log, qx
~ ordygp

Lp(E)

Here ord, is the valuation of Q, with ordy,p =1, while log, is Iwasawa’s p-adic logarithm,
normalized so that log, p = 0.

This conjecture was proved by Greenberg—Stevens [GS93, GS94]. In this proof, there are
two important ingredients. The first is Hida’s theory of ordinary deformations. The second
is the construction of the two-variable p-adic L-function associated to a Hida family. In the
construction of Greenberg—Stevens, they used the theory of A-adic modular symbols, generalizing
those described in [MTTS86].

There is another construction, due to Hida [Hid93] and Panchishkin [Pan89, Pan91, Pan03],
which is based on the theory of Eisenstein series and the convolution method of Rankin—Shimura.
Here, one of the key ingredients is non-vanishing theorems on L-values. This is supplied by
Rohrlich [Roh89]. (However, we remark that we need a stronger non-vanishing result to show
that the p-adic L-function constructed is not identically zero.)

In this paper, we use the method of Rankin—Shimura to construct the two-variable p-adic
L-function, and prove a special case of the conjecture of Mazur—Tate—Teitelbaum in the Hilbert
modular setting, as follows.

Let F' be a totally real field, with discriminant Dg. Let p > 5 be a prime unramified in
F| i.e. not dividing 6Dp. Let E/F be a elliptic curve over the totally real field F', such that
E has ordinary reduction (i.e. good ordinary or multiplicative) at all places p above p. Let
a(p, E) be, as before, the unit-root of the L-factor attached to E/F at the place p, and let
B(p, F) be the non-unit root. Thus, B(p, E) = a(p, E)"'Np if E has good reduction at p, and
zero otherwise.

Assume that E is modular, in the sense that there is a Hilbert newform fr of weight two
over F', with trivial character, such that the Galois representation attached to fz is isomorphic
to that on the p-adic Tate module of E/F'. Let f be the p-stabilization of fr. Then we can define
the p-adic L-function of E/F, L,(s, E/F), to be the p-adic L-function attached to f. As in the
case where F' = Q, there is a choice for the transcendental part of the L-value L(1, E/F) in
defining L,(s, E/F'). Call this factor Q(E).

Assume that for some place p, of F' above p, E is split-multiplicative at the place p,. Denote
by fp,/p the residue field degree of Fy over Qp, and by gqg, Fyy the Tate period associated to
E/Fy,. Then our first main result is the following.

THEOREM 1.1. We have

d 1ngNF /Qu9E/F
—Ly(s,E/F)| = T
ds p(s / )szl pr/pordeFpg/QzJQE/Fpo
1 6(p,E)>L(17E/F)
1- 1- :
: };{( a<p,E>>g< Ny ) o)

More generally, let e be the number of places above p, over which E is split multiplicative.
One has the following conjecture of Greenberg and Hida [Gre94, Hid] on exceptional zeros of
higher order.

https://doi.org/10.1112/50010437X08003813 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X08003813

THE EXCEPTIONAL ZERO CONJECTURE FOR HILBERT MODULAR FORMS

CONJECTURE 1.2. We have

Ly(s, E/F) = L(E/F) ] <1_ 1 )

a(p, E)
plp
a(p.E)#1
B B)\LWLE/F), .
X H(l Np QE) (s — 1) + higher-order terms,

where £,(E/F) is the L-invariant for E, defined as follows:
LyE/F)= ][ £oE/F)

plp
a(p,E)=1

with

for prime p where E becomes split multiplicative, with Tate period qg/r, € Fy.

We note that Theorem 1.1 is a consequence of this conjecture. Indeed, assume that
Conjecture 1.2 holds. Then for e > 2, both sides of Theorem 1.1 vanish (the right-hand side
vanishes since there is a prime p # p, with a(p, E) =1). For e =1, it follows from the fact that
a(p, E) =1 if and only if p is a prime of split-multiplicative reduction.

In the proof of Theorem 1.1, we follow the method of Greenberg—Stevens. Namely, by using
the functional equation for the two-variable p-adic L-function, we obtain a relation between the
first derivative with respect to the s variable at s =1, and the first derivative with respect to
the weight variable at the weight two. The result of Wiles [Wil88] enables one to evaluate this
latter derivative, and hence obtain the right-hand side of Theorem 1.1.

However, the functional equation for the two-variable p-adic L-function does not seem to
yield enough relations between the higher derivatives with respect to the s variable and the
weight variable, so the method of Greenberg—Stevens is inadequate to establish Conjecture 1.2
in general. A suggestion by Mazur and Hida, is that one should utilize the full Hida family of
nearly ordinary deformations of dimension at least 1+ [F': Q] (cf. [Hid89]) to obtain enough
such relations. The author hopes to return to this question later.

In the second part of the paper, we investigate the case where F/Q is abelian, and E is
defined over Q. Since F/Q is modular, so is E//F by base change. We prove the factorization
formula relating the p-adic L-function of E//F to that of E/Q and its twists: let H = Gal(F/Q),
H its character group, then we have the following theorem.

THEOREM 1.3. We have
Ly(s, E/F)=(Dp)g " [] Lo(s, E/Q® ¢),
pecH
here (-)q is the projection to the subgroup 1+ pZ, of one-units in Z.

From this formula, we deduce as a corollary that E/F satisfies the higher-order exceptional
zero conjecture.

The structure of this paper is as follows. In § 2, we recall the general theory of Hilbert modular
forms, setting the notation used throughout the paper. In § 3, we recall the construction of certain
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Hilbert modular Eisenstein series, which occurs in the theory of Rankin—Shimura. In § 4, we recall
Hida’s theory for Hilbert modular forms, following Hida [Hid93] and Wiles [Wil88]. In §5 we
then give a construction of the so-called Eisenstein measure, following Panchishkin [Pan03] in
the case F' = Q. Based on the Eisenstein measure, we give the construction of p-adic L-functions
in § 6. The one-variable case was constructed by Dabrowski [Dab94]. In § 7 it is shown, using the
method of Rankin—Shimura, that these p-adic L-functions do interpolate the classical L-values.
Furthermore, we show that they satisfy the properties listed by Greenberg—Stevens [GS93]. In
§8, we prove a special case of the Mazur—Tate—Teitelbaum conjecture in the Hilbert modular
setting, following [GS93]. We also investigate the case of higher-order exceptional zero for base-
changed forms in §9. In the final section, we make further comments concerning the relationship
with recent developments.

General notation

As usual, Q, R and C denote the field of rational, real and complex numbers. For z € C, we
denote by R(z) and J(z) the real and imaginary parts of z. For a prime p, Q, is the field of
p-adic numbers, with the subring of p-adic integers Z,. We denote by | - |, the norm on Q,, such
that |p|, = p~!. Fix an algebraic closure Qp of Qp, with | - |, extended uniquely to Qp.

We fix, once and for all, an embedding of Q into C, and an embedding Q into Qp.

For a commutative ring R with one, denote by R* the group of units. If R is an integral
domain, and P C R a prime ideal, we denote by Rp the localization of R at P. In the case where
P is the zero ideal, we denote it by Qg, the field of fractions.

In this paper, F' denotes a totally real field. We generally use German Gothic letters, e.g. c,
to denote fractional ideals of F. For p a prime number, we denote by ¢P) the prime to p-part
of ¢, and by ¢, = (¢))~1¢ the part divisible only by primes above p.

2. Generalities on Hilbert modular forms

2.1 We recall the rudiments of the theory of Hilbert modular forms, following Shimura [Shi78§].
Let F' be a totally real field and let v be its ring of integers, and 0 the different of F' over Q. Let
d = [F: Q] be the degree of F' over Q. For each prime ideal p of F', denote by F}, the completion
of F' at p. We denote by A the ring of adeles of F', with F' diagonally embedded as the principal
adeles. Let A ¢ be the ring of finite adeles, Fiow = F' ® R be the archimedean component of A,
and let F be the identity component of F. An element £ € F is called totally positive, denoted
as £ > 0, if the archimedean component of ¢ lies in .. In general, if z € A}, we denote by zs
the archimedean component, and by z; the finite adélic component. Here A7 is the group of
ideles. For s € A}, we denote by st the fractional ideal associated to s.

The adelic norm is denoted as | - |s,. Furthermore, for zoc = (20,1, - - - ; Z00,d) € Fo, We use
the notation Tr(zeo) = 2%, Zoows N (2e0) = 1% Zooww-

To give the adelic definition, let G be the algebraic group GLy defined over Q. Denote by
G(Ap) the group of adelic points. Under the usual diagonal embedding, we have the subgroup,
G(F) of F-rational points of G. We also define G*(F') as the condition

GH(F)={g € G(F)|det(g)os € Fi}.

Furthermore, by abuse of notation, if z € A, we again denote by z the element (5 2) e G(F).
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For a fractional ideal a of F', and p a prime ideal of F', let aj, be the localization of a at p as
a submodule of Fy, and put d =a®z Z = Hp ap. Following Shimura, we define the congruence
subgroups Ky, K1 of G(AF,s), other than the standard subgroups, as

K,= {<?; g) €G(Apy),a,0€t, 3 6011,’)’ € aAn} , (2.1)

a f
Klyn:{<,y 5) e K,

(Compare with [Shi78, (2.1b) and (2.1¢)]. Our Ky is what was written as [, W (n), in Shimura’s
paper.)
Let D e A}X;f be a finite adeéle such that Dv =20. Then from (2.1), it can be seen that

(0 )= )

is the standard Iwahori congruence subgroup of G(Ap ) of level n.

0 =1 mod n} . (2.2)

The reason for conjugating the standard definition of the congruence subgroups by the

matrix (% ?) is not essential, but with this choice, the different would not appear explicitly

in the formula for Fourier expansions (compare (2.16) below and the Fourier expansion in Hida
[Hid93, pp. 276-277], who employed the standard Iwahori congruence subgroups in the definition
of adelic modular forms).

Finally, at the archimedean place, we put Ko, = Hle SO(2).

DEFINITION 2.1. Let k € Z>¢ and let n be an integral ideal of r. By a Hilbert modular form of
parallel weight k&, level n, we mean a function f : G(A ) — C, satisfying the following conditions:

(1) f satisfies the following transformation properties
f(sg) =f(g) forall g€ G(AF),s€ FLG(F), (2.3)
£(gr(0)) = £(g)e™ ",
where r(0) = (r1(01), ...,7r4(04)) € G(Fx), with

—sinf, cos6,
f(gk) =f(g) forallge G(Ap), k€ Kin; (2.5)
(2) f restricted to G(Fy) is smooth, with Casimir eigenvalue (k —2)2/2+k —2 for each

archimedean place of F, and is of moderate growth; the complex vector space of such
forms is denoted by Mj(n) (it is a fundamental result that this is finite dimensional).

7“1,(9,,):<C089V stV); (0} =01+ +0,.

It would also be convenient at times to have the classical ideal theoretic formulation. This
is slightly complicated by the non-triviality of the narrow ideal class group of F' in the general
case:

Clp = F* \ A} /Fit™.
Let h be its cardinality, i.e. the strict ideal class number of F. Choose idele representatives
t1,...,tn. By weak approximation, we may choose the representatives such that (¢))eo = 1.

We obtain an h-tuple (fi,..., fn) of automorphic functions on the d-fold product of the
upper half plane $?, as follows.

https://doi.org/10.1112/50010437X08003813 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X08003813

C. P. Mok

For z = (21, ..., 2q4) € H% let goo € G(F) be such that z = goo(i), here i= (i, ..., ). Then
according to [Shi78, (2.15¢)],
k2 s 0
P =Nt (1) 0. (2.
Here j is the usual factor of automorphy: for goo = (goo,1, - - - 5 Goo,d)s With goo, = <?;: gg), and
z € Hl
J(goos 2) = H('YVZV + 0u). (2.7)

Then f\ turns out to be holomorphic on $? and at the cusps, and satisfies the following
automorphic property: if we define

ru-orn (5 2 (s )

= {0' = (‘;‘ g) EGT(F):a,6,€t, 8 (1)1, v € tyon, det o € t* }, (2.8)
. tyt 0 tx 0
ram =6 (1) g (S

_ {g: (‘;‘ g) € Topa(n):6=1mod n}, (2.9)

then for o € I'; \(n) as above,
falko = fi (2.10)
with
(falko) () == N(det(0))*2j (o, 2) * fa(o(2))- (2.11)

It is a standard result that the above two descriptions are equivalent.

2.2 Given a Hilbert modular form f, corresponding to a tuple ( f,\)’)le, f» is invariant under
translation by elements of (£,0)~!, by (2.10). Hence, there is a Fourier expansion: for z € F,,
let ep(z) = exp(2miTr(z)), then

fr=ax(0)+ > ax(wer(uz), (2.12)

HELY
u>0

If the constant terms are all zero in the expansion of each f|pa for each a € GT(F), then f is
said to be a cusp form. In the adelic settings, it can be formulated elegantly as

/ f(ng)dn=0 forall g€ G(AF). (2.13)
F\Ap

The subspace of Mj(n) consisting of cusp forms is denoted as Sg(n).

We define the normalized Fourier coefficients of f as follows: for a non-zero fractional ideal a
of O, we can write in a unique way a = (u)txl, where p € ty is totally positive. Define

Cla,f) = ax(u)N (1) 7%/2 if a is integral, (2.14)
0 otherwise. '
Cola, ) = ax(0)N (ty) ~*/2. (2.15)
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Here Cy(a, f) is the normalized constant term, which is zero for cusp forms. Note that it depends
only on the image of a in Clp. Then we have the adelic Fourier expansion (at infinity): let
XF:Ap/F — C* be the standard additive character for which xr(z«) = er(z), then

f((5 7)) =W X ctmnermeen + it . (210)

0EeF

Of course, (2.16) can also be used as the definition of the normalized Fourier coefficients.

2.3 We recall the definition of the diamond and Hecke operators. Following the convention of
Shimura, these operators will act on the right of modular forms.

For f € My(n), z € A}, define

fllz]k(9) = £(z9). (2.17)
Note that this action factors through the narrow ray class group of conductor n:
Clp(n) = F* \ AS/FL(E N Ky ). (2.18)

If f is an eigenfunction for the diamond operators [-], then there exists a Hecke character of F'
of finite order, whose conductor divides n, such that

f|[z]x(9) = ¥(2)f(9) (2.19)

in which case f is said to have character . The space of Hilbert modular forms of weight &, level
n, character 1), is denoted as My(n, v)).

If q is a prime ideal of t, prime to n, then by choosing a local uniformizer mq at the place g,
we can define

fl[alr = £l[mqs (2.20)

(this does not depend on the choice of 74). We extend the definition to any integral ideal [, by
using multiplicativity if [ is prime to n, and setting it equal to zero otherwise.

The action of the Hecke operators T'([) on forms of level n, can be defined on Fourier
coefficients, given by the formula

C(m, £f|T(1) = > N(a)¥'Cla™>mL, f|[a]s). (2.21)
m+ICa
See also [Shi78, (2.10)] for their adelic formulae (in terms of action of the double cosets of Ky,).
These operators satisfy identities which can be written formally as

D TN ()™ =[] = TEN(p) ™ + [N ()]

p
As usual, if p is a prime ideal, and p|n, then we write U(p) for T'(p):

C(m, f|U(p)) = C(mp, f) (2.22)
with the following adelic formula. Let 7y be a uniformizer of F},. Then
_ k/2—1 Tp U
U =N S e (a(T 1)) (229
VET/Tptp
In addition, we have operators V([), satisfying

C(m, f]V (1) =C( tm, f). (2.24)
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According to Shimura, this can be defined as follows: let s = diag|l, 1], with [ € A% f, such that
[t =1[. Then

k/2 _
fV(0(9) = 12 F(gs")
(cf. [Shi78, Proof of Proposition 2.3]).

Finally recall the adelic Atkin—Lehner operator for Hilbert modular forms: let w be an element
with (w)eo = (3 9), while (w); = (9 §), for a finite idéle m such that mr = nd?.
Then for f € My (n), the form f|J,, € My (n) is defined by

£|Ja(g) = £(det(g) " gw) (2.25)

here det(g) is regarded as an element in the centre of G(Ar) (cf. [Shi78, (2.46)], but note that
in [Shi78] the element w is denoted as 7). This does not depend on the choice of 7. If f has
character v, then

f7a(g) = ¥(det(g)) " f(gw), (2.26)
in which case f|J,, has central character ¢»~1. In any case, we have
f|.J2 = (—1)%f. (2.27)

This follows from a direct calculation: first, for any g € G(AFp),
£]75(9) = £|Tn(det(g) " guw).
Noting that det(det(g)~*gw) = (—1) pm det(g) !, this becomes
£((—1)pm ™" det(g) det(g) ™" gw?)
=f((=1)9)
= f((=1Dg)
= (~1)"f(g)
with the last equality follows from (2.4).

2.4 The L-series of f is defined via the normalized Fourier coefficients. We consider the more
general context of twisted L-series as follows.

Let x be a Hecke character of I of finite order, of conductor ¢,. For a prime ideal p, we define

(2.28)

x(mp), mp € Fyy'if p is prime to ¢y,
X(p) = :
0 otherwise.

By multiplicativity, this can be extended to all integral ideals of t. More generally, if ¢ is an ideal
divisible by the set of prime divisors of ¢,, we define x. by declaring that x(p) =0 if p is not
prime to ¢. We also denote by L(9(s, ) the L-series of x, with the Euler factors at the places
dividing ¢ removed:

L9, ) = [ @=xeNE) )" (2.29)
ptrce=t
The L-function of f, twisted by ¥, is

L(s, £, ) = 3 x(m)C(m, [N (m)~".

This is the usual L-function of the form f ® x (see [Hid91]).
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Suppose that f € Si(n, ¢) is a cuspidal, normalized eigenform, i.e. f is an eigenvector for all
T(1), []x, and satisfies C(r, f) = 1. In this case, the eigenvalue for T'(I) is C([, f), and they are
algebraic integers. Then the L-series can be given by an Euler product:

L(s, £,x) = [ [[1 = x(p)C(p, )N (p) ™ + x(p) (PN (p)* 2] .
p

It can be analytically continued to an entire function on the complex plane. We similarly define
L (s, x, f) by removing the Euler factors at the places that divide .

We also recall that a normalized eigenform f € Si(n, v) is said to be a newform if there exists
no other eigenform g € Si(n;), with n; strictly divides n, such that C(m, f) = C(m, g), for m
relatively prime to n. In this case n is called the conductor of f, cond(f).

2.5 Finally we need Shimura’s result on the rationality structure on the space of Hilbert
modular forms, which is a consequence of his theory of canonical models.

Shimura defined an action of Aut(C/Q) on the space of Hilbert modular forms. Given

f € My(n, ), there is a (unique) £7 € My (n, ¢)7); the action can be described on the Fourier
coeflicients:

C(m, £7) = C(m, £)°,

Co(m, £7) = Cy(m, £)“.

The following result follows easily from the existence of this action.

(2.30)

PROPOSITION 2.2 [Shi78]. Let f be a Hilbert modular form of weight k > 1, and let Q(f) be the
field generated by the Fourier coefficients C(m, f), then Cy(m, ) € Q(f).

Proof. For any o€ Aut(C/Q(f)), C(m,f7 —f)=C(m,f)? — C(m,f) =0. Thus, the non-
constant Fourier coefficients of the form f7 —f are all zero. Since it is of weight k> 1, it is
in fact zero, i.e. Co(m, f)? = Cy(m, f), for any o € Aut(C/Q(f)). O

To state Shimura’s result on the rationality structure of Hilbert modular forms, define, for a
subring A of C, the A-module

My (n, ¢, A) ={f € Mx(n,¢), C(m, ), Co(m, f) € A}. (2.31)

This is the A-submodule of Hilbert modular forms, with (normalized) Fourier coefficients rational
over A.

Then the rationality theorem of Shimura states
Mi,(n, 1) = Mi(n, ¢, A) ®4 C. (2.32)

Hence, we can define, for any ring A in general,
Mi(n, ¢, A) = Mi(n, ¢, Z) @z A. (2.33)

What we have in mind would be the particular case where A is a subring of C,,.

3. Hilbert modular Eisenstein series

3.1 Definition

In this section, we define certain Hilbert modular forms, constructed from FKEisenstein
series. These play an important role in what follows. We follow the normalizations of
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Shimura [Shi78, §3] (see also Hida [Hid93, ch. 9] for adelic Hilbert modular Eisenstein series,
but we note that Hida’s normalizations are different from ours).

Let P C B C G be the subgroups, defined as follows: for any Q-algebra R,

s={(; )
-3 )

Here B is the standard Borel subgroup, while P is called the mirabolic subgroup. We have the
Iwasawa decomposition:

a,éeRX,ﬂeR}

aGRX,ﬂGR}.

G(Afryf) = B(Afpy)K.,
G(Fao) = B(Fao)Koo.

We define certain functions on G(Ar). First, given g € G(AF), write g = bk, with b € B(AFp),
k € KoK, define

n(g) = A(b), (3.1)

A((5 5)) = lalar.

the modular character of B(Ar). Note that

1(9) = 1(9o0)11(97) = IN (3900 (D)) In(9)- (3:2)
From the definition, it is clear that 7 is left-invariant by AXP(F).

where

Next, let ¢ =[], ¢, be a Hecke character of F' of finite order, written as a product of local
characters ¢,, with v running over all places of F'. Let ¢, be its conductor. For an integral ideal ¢
divisible only by the primes dividing ¢, define the following functions on G(AFr):

(o B

o (o B [ 0) it ( ) € P(Ap)KG*(Fy),

c\\y 6)) 7 )k 7o (3.3)
otherwise.

We omit the subscript ¢ if we take ¢ to be ¢,. By its definition, cpfE is left-invariant under P(Af).

DEerINITION 3.1. With notation as above, suppose that k is a positive integer such that
¢lr.. () = sgn(N(-)¥). Let s € C. Define the Eisenstein series K (s, ¢, ¢):

Ki(s.0.9(9) =ldet(2 S () (19)n(19)%5 (1900, 1) 7. (3.4)
~EP(F) X \G(F)
(The condition |z () =sgn(N(-)*) is needed to ensure that (¢z1)#(9)j(geo,i)™* is left-

invariant under t*.)

More generally, let (j, (2 be finite-order Hecke characters of F', such that (;(2|p, (-) =
sgn(N(-)¥) for a positive integer k. Choose finite ideles c¢,, cc,, D such that cgt=c¢, ot
= ¢¢,, Dr=20,. Set m = c¢, ¢, D?, and let Wee, e, tO be the matrix such that (we, c,)oo = 9,

01

while (weg e, ) f = (9 §) (exactly the same matrix used to define the Atkin-Lehner operator).
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DEFINITION 3.2. With the same notation, for s € C, define the Eisenstein series Ej (s, (1, (2) as
* k _ _
Eii(s. 1, G2)(9) = [det(g) [ ¢ (det 9)1 (D7) ¢  (ec,)
X > Y197 e, DG (900 )N(19)°5 (1900, 1) 7. (3.5)
YEP(F)v\G(F)

It can be shown that this does not depend on the choices we have made.

The Eisenstein series in Definitions 3.1 and 3.2 are obtained from linear combinations of the
‘partial Eisenstein series’ of [Shi78] (see (3.5) there). Hence, from [Shi78, § 3], the Eisenstein series
K} (s, ¢,¢), Ei(s, (1, (2) converge in the region R(2s+ k) > 2, and in this range, define ‘non-
holomorphic’ Hilbert modular forms of weight k, in the sense that they satisfy only condition (1)
of Definition 2.1. Furthermore, these series can be analytically continued, as a function of the
variable s, to entire functions. Here K (s, ¢, ¢) is of level ¢, while Ej(s, (1, (2) is of level c¢, c¢,.

From (3.5), which defines Ej(s, (1, (2), and the condition (1¢o|r, (-) =sgn(N(-)F), we see
that, for z € A, the value

(M (2)6 () ER (s, G G2) (29) (3.6)

depends only on the class of z in the usual ideal class group:
Clp = F* \ A} /Fsot™.
It follows that
Y GHEIGEEs Gl ) (z9) (3.7)

ZE@F
is a form with character (1(o.

DEFINITION 3.3. Define Ki(s, ¢, ¢), Ex(s, (1, (2), by
Ky (s, ,¢) = LO(k + 25, 07" ) K}i(s, ¢, ©).
Ek‘(5> C:lv CQ)(g) = L(CCl %2)(1{‘1 + 287 C;1C2) Z C;l(z)ggl(z)E;(ng S, Cla CQ) (39)

ZE@F
Recall that we have defined the Atkin—Lehner operator in (2.24). We put
Gr(s, v, ¢) = Ki(s, o, ¢)|Je. (3.10)

For Fy(s, (1, 2), it enjoys the following symmetry.
PropoSITION 3.4. With notation as in Definition 3.2:
Ep(s, Gy @) ey = (= 1)o0)N (o5 ) PN (i) ) Eils, G 1 71 (3.11)
Proof. The key is another expression for E (s, (1, (2):
B} (s, 1, G2)(g) = [det(g) [} 71 (det 9)61 (D)6, (ec,)

x ST Y (rgwe e, DI (v9cc,)
YEP(F)eX\G(F)

X [N (S(v900 (1)) °|det (vgee) £l 1d (Y900, 1) ¥ (3.12)

Indeed, inside the summation sign of (3.5), for C2# (vgce,) to be non-zero, we must have
vg¢, € P(Ap)Ke, G (Fx). In this case, we have, from (3.1)(3.2),

n(v9) = n(vg9¢c¢,) = IN(S(v900 (1)) l|det(vgee, ) rlay
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(note that A(p)=|det(p)|a, for pe P(Aprys)). Thus (3.12) follows. One also obtains a
corresponding expression for Ej(s, (5 L < 1). Using this, and the definition of Atkin—Lehner
operator (2.26), the proposition follows from elementary calculation. O

3.2 In this section, we are interested in the Eisenstein series obtained by putting s =0. We
denote the resulting series as K (@, ¢), Gx(p, ¢), Ex((1, (2).

DEFINITION 3.5. Let ¢ be a Hecke character of F' of finite order, with conductor ¢,. Define the
Gauss sum of ¢, 7(¢), to be

o)=Y sen(p(we))p(zesd)er (). (3.13)
€ o /ot

We state one of the main result concerning these Eisenstein series.

PRroPOSITION 3.6. We normalize the Eisenstein series as follows:
N (c)F2DE 12T ()

Gk<907 C) = (—27ri)kd Gk((p’ C)
. k—1/2 dT
Ex(C1, ¢2) = Gl 13\70(13?_2;;)(,2) (C2)Ek<<ly )

(here T' is Euler’s Gamma function).

In the case F' = Q, k =2, assume c, respectively (o, is not trivial. With this understood, we
have, for k > 2,

Gk(@, C) € Mk(ca 2 Q)

E; (¢, C2) € Mi(c¢ ¢, G162, Q)

(in particular, these forms are holomorphic. In the exceptional cases mentioned, these fail to be
holomorphic). Furthermore, we have the following formula for the Fourier coefficients:

Cleys, Grlpo )= 3 Nleyo) lp(dr) (€3 0,y€ A})
eeygie'jdet

d mod ¥ (3'14)
2791090, ) ifk=1,

0 otherwise.

CO(m7 Gk((pv C)) = {

C(m, Ex(C1,G2)) = >, Gi(a)Ca(b)N (0)F
ab=m

a,bCt
(3.15)

274 ) (1 — k, G)  if ¢ Is trivial,

0 otherwise.

Co(m, Ex(¢1,(2)) = {

(Note that, by (3.14), we have Gy(p, ¢) = Gi(p, '), if ¢ and ¢’ are divisible by the same set of
primes. )
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Proof. This is [Shi78, Proposition 3.4]. In the proof of that result, Shimura explicitly constructed
the modular forms whose Fourier expansions are of the form (3.14), (3.15). Our formulae for
Gr(s, ¢, ¢), Ek(s,(1,C2) (see (3.4), (3.5) and (3.10)) are simply obtained a posteriori from
Shimura’s formulae (written in adelic form). O

Remark 3.7. By inspection of (3.14) and (3.15), the Fourier coefficients for the non-constant
terms are algebraic numbers. By Proposition 2.2, so are the Fourier coefficients of the constant
terms, which are given by special values of Hecke L-functions. This algebraicity was first proven
by Klingen—Siegel, and later reproved by Shimura in the above manner.

From (3.14), we see that the L-series associated to Ex((1, (2) is
L(s, Ex(Gr, &) = L) (s, ) L% (s + 1 — &, (o), (3.16)

in particular, it has an Euler product. Thus, E;((i, (2) is a normalized eigenform. In terms
E(C1, ¢2), equation (3.11) can be stated as

CZ((_l)OO)N

o N eace) PN (e) T (G T T@ERG L G (317)
C2

Ek((la C2)‘Jc<l <y T

3.3 There remains to be added the fact that the space of Eisenstein series provides a complement
to the space of cusp forms.

PROPOSITION 3.8. Let Eisg(n) be the C-subspace of My(n) spanned by the forms
Ek(clv CQ)’V(m)v € c<2m|n, (3'18)

then Eisy(n) is stable under the action of Hecke operators, and we have the decomposition of
Hecke modules:

Mk(l‘l) = Eisk(n) D Sk(n) (3.19)

More generally, for any ring R that contains the coefficients of the series Ey((1, (2), denote by

Eisg(n, R) C My(n, R) the R-span of the forms of (3.17). Then if R = K is a field, we also have

My (n, K) :Eisk(n, K) @ Sk(n, K). (3.20)

We denote by prg;, , prg, the corresponding projection operators on corresponding My(n).

For a proof, see Shimura [Shi85, §8].

4. Hida theory of Hilbert modular forms

4.1 In this section, we recall the basics of Hida theory of Hilbert modular forms. In fact, we
specialize his results to the parallel weight case. More details can be found in Hida’s original
papers and his books [Hid88, Hid89, Hid93, Hid06]. Some results hold without restriction on the
prime p (as is the case in [Hid88, Hid89]). However, for our applications, we need two results
(Theorems 4.2 and 4.4 below), which Hida proved under the assumption that p > 5, and is
unramified in F', i.e. p does not divide 6D (see [Hid06, Corollaries 4.21 and 4.22]). We therefore
make this assumption on p in the rest of the paper.

In Hida’s theory, one fixes a tame level n, with n prime to p (thus, p is always assumed to be
prime to 6Dpn), and consider Hecke algebras of forms of level np®, a > 1. Thus, from now on,
our notation from previous sections will be modified accordingly.
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First, we recall the structure of the relevant ray class groups.
As in §2, we let
Clp(np®) = F* \ AX/FLE N Ky o)

be the narrow ray class group of conductor np” (and infinity). Define

ZF(TI) = lgl ClF(npo‘). (4.1)
We choose a decomposition
Zp(n) = Wp(n) x Zp(n)©rs (4.2)

with Wg(n) free over Z,, and Zp(n)"™™ finite. Although the choice of Wg(n) may not be
canonical, it is ‘independent of’ n, in the sense that Zp(n)/Zp(n)'" is naturally isomorphic
to Zp(tr)/Zp(r)'", under the natural projection Zp(n) — Zp(x). For each integer o > 1, let

ZF,a(n) =ker(Zp(n) — Clp(np®)),

Wra(m) =Wr(n) N Zpa(n). (4.3)

We can similarly define Zp(n), Zpq(n) by considering the inverse limit of the ray class groups
Clp(np®), where
Clp(np®) = F* \ A% /Foo (t" N K1 o)
(under our assumption that p > 5, we have in fact Zpo(n) = Wra(n) = Zpa(n) = Wea(n)).
Let O be a finite extension of Z,. We consider the completed group algebras:

Ap = 1im O[Zp(n)/Zpa(0)]

. (4.4)
Ap =1lim O[Wr(n)/Wra(n)].

Here Ap is isomorphic to a power series ring in several variables over Z, (if Leopoldt’s conjecture
holds for F' and p, then Ap = Z,[[X]], but we do not need this in the following). Note that
Ap = Ap[Zp(n)'°®] under the decomposition Zp(n) = Zp(n)*™ x Wg(n). If [ is an ideal prime
to np, we denote by [[] the corresponding group ring element of Ap, and by ([l]) the element
of Ar under the above decomposition.

Note that Zq(1) =Z), Zq(1)**®=F), and in this case we can naturally choose Wq(1)
=1+ pZ,. We use the notation

wq : Zq(1) — Zq(1)*™®
(NQ:Zq(l) = Wq(l)=1+pZ,

for the two projection maps. Here wq is the Teichmiiller character, while (-)q is the projection
to the one-units.

(4.5)

We have the norm map N :Zp(v) — Zq(1) =Z,;. Denote by wr, (-)r, the composition
of N' with wq, (-)q, respectively. By abuse of notation, the composition of the projection
Zp(n) — Zp(r) with these characters will be denoted by the same symbol.

We now introduce Hecke algebras. Thus, for each weight k > 2, and o > 1, consider the Hecke
algebra hi(np®, O), which is the subalgebra of Endp(Sk(np®, O)), generated by the Hecke and
diamond operators T'(q), [q]x. There is a perfect O-duality:

(, ):hg(np®, O) x Sk(np®, O) — O,

(£, h) = C(x, f|h). (4.6)
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In particular, hg(np®, Q) is a finite O-module. Under this duality, the algebra homomorphisms
Homo-a1g(hi(np®, O), O) correspond to the normalized eigenform in Sy (np®, O).

For 3> a, we have, corresponding to the inclusion Sy (np®, O) C Si(np?, O), a surjection

hi(np?, ©) = hy(np®, O). (4.7)
Define
hi(np™, O) = lim hy,(np®, O). (4.8)

a

We define on hg(np™>, O) an A-algebra structure as follows. For a > 1, the group homomorphisms

[k Zr(n)/ZFa(n) = Clp(np®) — hi(np®, O)

class of [ — [l (4.9)
are compatible, hence extend to the inverse limit:
[k,00 t ZF () = hi(np™, O). (4.10)

Since [-];,00 is a continuous character, it can be extended to the completed group algebra Ag. In
particular, by restriction to Ap, we obtained the structure of a Ap-algebra on hy(np™, O). For
the reasons described below (see Theorem 4.1), we introduce a twist, and define the canonical
Ap-algebra structure on hy(np®>, O) by twisting this algebra structure with the character
Py : Ap — O, defined by the condition Py({[l])) = (()%2 for [ prime to np.
We have the following result.

THEOREM 4.1 [Hid88, Theorem 3.2]. For weights k, k' > 2, we have a canonical isomorphism of
Ap-algebras:

hk(npoo, O) = h’k’ (np‘x’, O) (411)
sending T'(I) to T'(1).

Hence, we denote by h(n, O) the universal p-adic Hecke algebra of tame level n.
Dual to this is the description in terms of p-adic modular forms. Let Si(np™,O)=
Uq Sk(np®, ©). For |- |, the norm on Q, such that |p|, = p~', define the norm
|flp = sup(|C(a, £)[,) (4.12)

on Sg(np>, 0), and let Si(np™>, O) be the completion with respect to | -|,. This is the space
of ‘p-adic modular (cusp) forms’. Here Sy (np>, O) becomes a module over Ag, and the pairing
(, ) at finite level extends to give a perfect (O-linear) duality:

(, ):hn, O) x Sp(np>,0) — O. (4.13)
In particular, Si(np>, O) does not depend on k, and we denote this as S(n, O).

To go further, we need to recall Hida’s projection operator e to the p-ordinary part. Note
that as hg(np®, O) is a finite O-algebra, it is semi-local. Let h"d(np®, O) be the maximal direct
summand over which U (pr) is invertible (equivalently, this is the same as requiring U(p) to be
invertible for each p above p). Let e be the corresponding projection. A formula for e can be given

e= lim U(p)™. (4.14)
n—oo
Dually, we put | Serd(npe, 0) = Sy, (npi O)|e, the space of p-ordinary cusp forms. It is true that,
if f € Sk(np®, Q), then fle € Sk(np*, Q).
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At this point, it is useful to make some remark about p-stabilization. Suppose that fis
of weight k, and is a newform of conductor cond(f) divisible by n, with character . Assume
that |C(p, f)|, =1 for p|p. Then f, regarded as an element of Sy(np®, ©), is not necessarily an
eigenvector for all of the U(p). However, it can be modified as follows: let a(p, f), 3(p, f) be the

unit, respectively non-unit, roots of the equation
X? - C(p, E)X + wcond(f) (p)N(p)k_l =0.

Define the p-stabilization of f as

fO=f

[T -8k, HVE). (4.15)
plp

It is clearly a p-ordinary eigenform in Sord(np®, 0), with U (p)-eigenvalue a(p, f). we call it the
p-ordinary newform attached to f.

Now going back to the formula (4.14) for e, it is clear that these projections are compatible
under the surjection hy(np?, ©) — hy(np®, ©), hence e extends to h(n, ©). We put

h*"(n, 0) = eh(n, O) = lim hY" (np®, O) (4.16)

the universal ordinary p-adic Hecke algebra of tame level n.
The fundamental result is as follows.

THEOREM 4.2 [Hid06, Part (1) of Corollary 4.21]. The algebra h*d(n, O) is a finite free algebra
over Ap.

To state Theorem 4.3 below (usually called the control theorem), we need to prepare some
notation. Let € be a finite-order character of Wr(n), factoring through Wg 4 (n). Assume that O
contains the values of € (this can be achieved by extension of scalars from O to O[e]). Let

Si(np®, €, 0) =A{f € Si(np®, O), f|[v]i = e(v)f for all v € Wg(n)}.

(In the case where F'= Q, these correspond to forms on the congruence subgroup I'1(Np) N
Io(p®) with character e.) These are called forms with wild character e. Furthermore, if ¢ is a
character of Zp(n)™™ and f € Sg(np®, €, O) satisfies f|[z]; = ¢(2)f for all z € Zp(n)™™, then we
call ¢ the tame character of f. In particular, f has character e¢ in the sense of (2.19). We denote
this space as Sk(np®, €, ¢, O).

Put S,‘;rd(npo‘, €, 0) = Si(np®, €, O)le, and let hi(np®, e, O) be the corresponding Hecke
algebra, and put h%rd(npo‘, €, 0) = hr(np®, €, O).

For integer k>2, and epsilon as above, denote by P;.€ Homo ag(Ar, Qp) =
Spec/O(AF)(Qp) the algebra homomorphism, defined by the condition Py ({[l])) = ()% 2e(1),
for [ prime to np. If € is trivial, then this becomes the P introduced before. The Py . are the
‘classical’ or ‘algebraic’ points. When it is not likely to cause confusion, we abuse notation and
still denote the prime ideal defined by ker P . by Py .

THEOREM 4.3 [Hid06, Part (2) of Corollary 4.21]. For k>2, € as above, we have an
isomorphism of Ap-algebras

h"(n, O)/ Py 0 (n, O) = A (np®, €, O)

we regard O as a Ap-algebra via Py, ). In particular, h¢"d(np®, €, O) is independent of the index
b k
a of W, through which e factors.
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4.2 The basic results on ordinary deformations of eigenforms follow readily from Theorems 4.2
and 4.3. Fix an algebraic closure QAF of Qa,, the fraction field of Ap. Consider a Ap-algebra
homomorphism:

A:h(n, 0) = Q,,.
By Theorem 4.2, the fraction field of the image of A, is a finite extension of 4, . Take 7 to be
the integral closure of Ar in this extension, and Q7 to be the fraction field of Z. By Theorem 4.2
again, A actually takes values in 7.

Define X(Z) = Homp-a1¢(Z, Q,), X(Z)aig = {P € X(Z), P|a, = Pi.}. For each P € X(I), we
can form the composition \p =Po €& Hom@_alg(hord(n, 0), Qp), thus defining, by duality, a
whole family of ‘p-adic cuspidal eigenforms’.

Suppose that P|p, = Py. Write kp as k, and ap as the minimum level « through
which e factors. Again assume that e takes values in . By the control theorem, Ap factors
through hzrd(npa, €, 0), thus defining a classical cuspidal eigenform. We have the following
converse theorem.

THEOREM 4.4. Let f € S}grd(npo‘, ¢, O) be a p-ordinary cuspidal eigenform. Then there exists
a A:hd(n, 0) — 7T, and P e X(T)ay, with P|p, = Py, such that Ap corresponds to f.
Furthermore, if, the conductor of f is divisible by n (i.e. f is a p-ordinary newform), then the
localization Ip is étale over App, .

Proof. This follows easily from [Hid06, Corollary 4.21], so we just make some brief comments. The
eigenform f correspond to a minimal prime of hird(npo‘, ¢, 0), which by the control Theorem 4.3,
corresponds to a height-one prime P’ of h°"d(n, O) lying over the prime Py . of Ap. By the flatness
of h®™(n, O) over Ar (Theorem 4.2) and the going down theorem, we can find a minimal prime
Q of h°'d(n, O) contained in P’, with @ N Ap = (0). The quotient h®(n, 0)/Q is finite over
Ap. Let T be the integral closure of Ap in the fraction field of h°™d(n, ©)/Q. Then Z is finite
over Ar. Pick any prime P of T lying over the prime P’ of h°™d(n, ©)/Q (in particular, P lies
over the prime Py . of Ar). The natural map

A:h(n, 0) = hm, 0)/Q - T

satisfies the requirement that A\p = P o A corresponds to the eigenform f.

Finally, from [Hid06, part (3) of Corollary 4.21], the localization h°*d(n, O)p,  is étale
over Ap p, . In particular, with the above notation, the localization ho'd(n, O)p is étale over
AF,p, ., hence is a regular local ring. It follows that we have the identification hod(n, O)pr =
(h°"d(n, 0)/Q)pr = Ip. Hence, Ip is also étale over Arp,.- O

Remark. Corollary 4.21 of [Hid06] was proved by Hida under the assumption that p does not
divide 6 Dp (in particular p > 5). It is for this reason that our results depend on this condition.

Hida theory can also be stated more formally in terms of A-adic forms. As in [Hid93], we do
this in the more general context. For ()7 a finite extension of QA ., Z the integral closure of Ap
in Q7 as before, we make the following definition.

DEFINITION 4.5. An Z-adic modular form F, of tame level n, is a set of elements of Z given by
the data

C(a,F) foracCr
Co(a, .7:)
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with Cy(a, F) (the ‘constant term’) depends only on the image of a in Clp, such that for a subset
of P € X(I)a, Zariski dense in X(Z), there is an element fp € M, (np®, €, O[e]) satisfying

C(a, fp) = P(C(a, 7)),

Co(a, fp) = P(Co(a, F)).
These form an Z-module denoted by M(n,Z). We let S(n,Z) C M(n,Z) to be the submodule

consisting of those F such that P(F) is a cusp form for a subset of P € X(Z)ay Zariski
dense in X(Z).

Let 1 be a character of Zp(n)®*™. We say that an Z-adic form F has character 1, if
for Py € X(Z)alg, the specialization at Py, has character given by abwifk, whenever the
specialization is defined. We denote by M(n,,7), S(n,v,Z) the module of Z-adic forms
(respectively, cusp forms) with character .

Again one can define Hecke operators and the ordinary projection operator e on the
Z-module M(n,T) stable on S(n,Z), and compatible with specialization. Put M°d(n,T) =
M(n, T)|e, S™(n, Z) = S(n, I)|e. Again, U(pr) is invertible on the ordinary part. We also have
the following duality:

S (n, 7) = Homp ,-mod (h*™(n, 0), 7) (4.17)

and the ordinary Z-adic normalized eigenforms correspond to Ag-algebra homomorphism.

Remark 4.6. By the control theorem, if € $*4(n, T), then in fact P(Z) is a classical cusp form
for all P € X(Z)alg-

4.3 Thus, we fix a A:hd(n,0) T — Q.. Assume that Q,N I=0 (a condition which
can be achieved by extending ©). Denote by ¢ : Zp(n)*™ — Q,, the composition Zp(n)"*"™ —

hod(n, O) A)QAF' We call 1 the tame character of A. This is consistent with Definition 4.5:

for P € X(Z)alg, the eigenform corresponding to Ap has tame character given by ww%_kp (the
character is given ewwifkp ).

Analogous with the theory of newforms, we say that A is primitive if there does not exist a
N :hord(n', 0) = Q, ., with v strictly divides n, such that A(T(q)) = X'(T(q)) for all primes q
not dividing np. If X arises from a newform f of conductor divisible by n, as in Theorem 4.4, then
clearly A must be primitive. Conversely, the primitivity of A implies that [Hid88| the eigenforms
corresponding to Ap, for classical P, has conductor divisible by n.

We recall the definition of congruence and differential modules.

To motivate, let f € S,Srd(npoo, ¢, O) be a p-ordinary newform of tame level n. As a consequence
of Atkin—Lehner’s theory of newforms, it gives a decomposition:

herd(np™, €, Qole]) = Qolel ® B, (4.18)

where projection to Qolep] corresponds to the eigenform f. We have an analogue for Hida families.

THEOREM 4.7 [Hid88, Corollary 3.7]. Assume that X is primitive. Then we have a decomposition
h(n, 0) @a, Q= Q1 & B (4.19)

as an algebra direct sum, such that the projection onto the first factor coincides with .
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Let pry be the projector to B in the above decomposition and denote by A:hd(n, O) ®
T — T the composition of the map A® 1:h°4(n,0) ® T —Z ® T and the multiplication map
7T ®TI —TI. Define

§:hn, 0)®7T — T & prg(h®(n, 0) ® T)

to be the diagonal map (which is injective by Theorem 4.7). We are interested in how far §
fails to be surjective.

DEFINITION 4.8 [Hid88]. The congruence module is defined by
Co(A\) = Coker(9).
The differential module is defined by

Ci(A) = Q7 On T;

here we abbreviate h°™(n, ©) as h, and we regard 7 as an h-module via A; Q! the module of
Kahler differentials.

As the name suggests, Co(A\) measures congruences between the components of h°*d(n, O)
given by A and the others. In fact, P € X(Z) is the support of the module if and only if there
exists two different A1, Ao, with A; p = A2 p. On the other hand, the differential module measures
how much the component of h°*d(n, ©) containing X : h°"d(n, ©) — T fails to be étale over Ap.
Thus, these two modules are closely related.

PRrROPOSITION 4.9 [Hid88, Corollary 3.8]. The congruence module Cy(\) and differential module
Ci1(X) are torsion Z-modules, and we have the equality of their support:

Suppz(Co(A)) = Suppz(C1(A)).

For P € X(Z)ag, we have (Q}ll/z ®nZ)p =0 by the second part of Theorem 4.4. Thus, we
draw the following corollary.

COROLLARY 4.10. Let P € X(Z)alg. Then under the decomposition h°(n, 0) ® Q7 = Q7 @ B,
the idempotent Idz @ 0 lies in h**d(n, O) ® Zp.

5. Ap-adic Eisenstein measure

5.1 The Eisenstein series Ex((1, (2) introduced in § 3 can be interpolated to give A p-adic forms.

Recall from §3, that Eg((1, (2) is a normalized eigenform. For p|p, it has U(p)-eigenvalue
given by C(p, E(C1, G2)) = Ci(p) + G(p)N (p)* .
Analogous to the procedure of p-stabilization (cf. (4.15)), we put

k(G5 0)° = [T Br(G @11 = QN () 'V (p)), (5.1)
P\p
Ei(¢1, @)% = [ Be(¢r, @°1(1 = Gp)V (p)). (5.2)
plp
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From (3.15) we have
Cm Er((, )%= > Gla)G(e)N(b)*!

ab=m
a,bCr,b+pr=t

(5.3)

—d (CQ ) _ : . P

Co(m, E(¢1, (2)°) = {2 L¥eP 1=k, &) ifG IS‘ trivial
0 otherwise.

C(m, Ey(C1, (2)") = Z C1(a)Ca(B)N (b)F!

Wmepﬁt (5.4)

Co(m, Ej(¢1, ¢2)%) =0.
Both Ex(¢1, ¢2)? and Eg(¢1, ¢2)° are eigenforms. For E(¢1, ¢2)°, it has U(p)-eigenvalue given by
Ci(p), which is either a p-adic unit or zero, depending on whether p is prime to ¢¢,. It follows
that
Ex(¢1, )°  if ¢¢is prime to p

. (5.5)
0 otherwise.

E(C1, ¢2) e = {

Remark. From (5.4), we see that the U(p) eigenvalues of Ej((1, (2)° are all zero. In particular,
Ex(¢1, ¢2)% is not ordinary.

Define Eis%rd(npa, O) = Eisg(np®, O)l|e, with Eisy as in Proposition 3.8; we assume that O
is a large enough to contain all of the Fourier coefficients of the Eisenstein series that appears.
Then Eis{™d(np®) is spanned by the forms

E(C1, ¢2)°|V (m), (5.6)

with (7, (3 characters F' of conductor dividing np®, m integral ideal, subject to the condition

(») (p)
2

c¢ ¢, m[n (here ¢ denotes the prime to p part of the ideal cc, ).

PROPOSITION 5.1. Let (1,(s be characters of Zp(n)*™™, such that cg)cg)\n, and that

(1(a|p,, =1d. Then there exists an element E((1,(2)? € M(n, Ap) ® Qa,., such that for any
Pkﬁ € %(Ap)alg, we have

Pre(E(C1, (2)°) = Eg(Gr, eowa™)°.

Proof. A special case of this was stated in [Wil88, Proposition 1.3.1]. The general case is similar.
We define, for an integral ideal m,

Cm, £, )%= Y Ga)(b)N(b)([6]) € Ar. (5.7)

ab=m
a,bCr,b+pr=t

(Recall that the elements ([b]) € Ar were defined in the paragraph following (4.4).)
One checks immediately that
Py(C(m, E(C1, 2)) = Cm, Ey(Gr, eCawp ®)°).

One the other hand, by the main theorem of Deligne-Ribet [DR80] on p-adic L-functions of
Hecke characters over totally real fields, there exists an element F¢, € Q4 , such that

Py (Fe,) = L) (1~ k, eGwi ™), ¢ = conductor of eCowi .
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Thus, it suffices to define
274F,, if ¢4 is trivial,

] (5.8)
0 otherwise.

Co(m, E(¢1, (2)") = {
O

In general the constant term of ({1, (2)?, i.e. the p-adic L-function of Deligne-Ribet, may
not lie in Ap. Thus, £((1, (2)" is only an element of M(n, Ap) ® QAp-

Put £(¢1, ¢2)® = [Ty, £(¢1, 62)°)(1 = 1(p)V (p)). Then we have
C(m, £(¢1, 2)™) = > G(@)C2(b)N (b)([b])

Cl,bC%?a?—?;t:t (5.9)
Co(m, £(¢1,¢2)™) =0.
Thus, £(¢1, ¢2)% € M(n, Ap). Again £((1, ¢(2)% is not ordinary.

We have the following Ap-adic analogue of Proposition 3.8.

PROPOSITION 5.2. Fix a character ¢ of Zp(n)'°™. Then M9 (n, ¢, Ap) is a finitely generated
Ap-modules. Define Eis®™d(n, 1), Ar) to be the Ap-submodule of M°4(n, v, Ap)® Qa,
generated by the forms

E(CLQ)YV(m), =G, e min.
Then Eis*4(n, 1)) is stable under the Hecke operators.

Assume that O is a large enough finite extension of Z,, for example, containing the roots of
unity of order equal to the cardinality of Zp(n)'*. Then we have the following decomposition
of Hecke modules

Mord(na %Z)’ AF) ® Q/\F = gisord(n, Q,Z), AF) 2 QAF S Sord(n7 @Z}, AF) ® QAF- (510)

Furthermore, if P € X(AF)alg, then such decomposition is valid with Qu, replaced by Agp,
the localization of Ap at P. We denote by prg,,, prg the corresponding projection operators on

Mord(n7 w)

Proof. The decomposition (5.10) follows from the decomposition (3.20). See for example the
discussion in [Wil88, § 1.4, pp. 545-546]. O

Similar to Definition 4.8, we make the following definition.

DEFINITION 5.3. The congruence module C(€is) as follows

C(Ezs) _ prSis(Mord(n7 %ﬁfﬂ)(zl@wpiflgj)\/lord(n7 ¢7 AF)) (511)

which by Proposition 5.2 is a finitely generated torsion Ap-module.

From Proposition 5.2, we draw the following corollary.

COROLLARY 5.4. For P € X(Ap), denote by App the localization of Ap at P, then the
decomposition

M, 1h, Ap) @ App = Eis™(n, b, Ap) @ App & ST (n, ¢, Ap) @ App

holds if and only if P does not lie in the support of C(Eis). This holds, in particular, if
Pe %(AF)alg-
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5.2 In this section we define the Eisenstein measure on Zp(t).

We introduce a norm || - || on Ap-adic forms as follows: A is complete under the norm [Hid89]
|lw|=sup |P(w)|, forweAp. (5.12)
PeX(Ar alg

We extend this norm to the finite Ap-module M°™(n, ¢, Ap):
|7l = sup([[CA (0, F)|, |C(a, F)I]), (5.13)

then M9 (n, ¢, Ar) is complete under || - ||. Furthermore, the operators U(p), e are bounded
operators.

Fix a character ¢ of Zp(n)'*™. We now state the main results of this section.
PROPOSITION 5.5. Let 6, ¢ be Hecke characters of F of finite order, unramified at infinity,

and assume that O contains the values of 6,¢. Let r >0 be an integer. Then for any
character x of 71:( ) of finite order, there exists Ap-adic forms H(x, ¢, 0,7)°, H(x, ¢,0,7)%°

MO (lem(n, c( ) Y, Ar) ®o O[x], such that for any Py . with k >r + 2, we have

P(H(x, ¢, 0,7)°) = Ej_p1(x¢wi", €00t )G 41 (1(xd0) Wit negepp)|e
P(H(x, ¢,0,7)) = Ej_,_1 (xdwp", ewp ¥) 0 Grpr (Y (xg0) ™ ”1 , neyeop)|e.

PROPOSITION 5.6. Notations as in Proposition 5.5. There exist distributions i, on Z(t), with

(5.14)

values in the Ap-module Mord(lcm(n c ) ¥, Ar), such that, for x a finite order character
of ZF( ),

/ X dpigo.r = H(x, ¢, 0,7)". (5.15)
ZF(v)

This distribution is bounded with respect to the norm (5.13), i.e., a measure.

Furthermore, we have the integration identity:

/ X()F g0 = (~1)" / X dpig 6.1 (5.16)
Z (%) Zp(v)

When r =0, we write [ 9,0 SImply as ieg-

The proof of these two propositions is based on computation with Fourier expansion of
Eisenstein series. We defer it to Appendix Appendix A.

As an immediate consequence, we obtain the following corollary, already proved in [Dab94],

COROLLARY 5.7. Let P = Py € X(AF)ag, with k>1r +2. Then the linear form mpgg , =

P oy, defines a measure on Z(t), taking values in the O-module M (lem(n, c;p)cép))pw,
epwi ", Ole)).
For x a finite-order character of Z p(t):
/ ()dePQS,@,r—Ek ro1(xow”, w0 G (Y(x¢0) Wi negeap)fe (5.17)
Zp
and we have the identity
/ X(Vp dmpggo = (—1)" / X dmpgg . (5.18)
Zp(v) Zp(v)

When r =0, we write mpy 90 as mpgg.
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Remark 5.8. The expression (5.14) may seem unnatural. However, it occurs in the p-adic
analogue of the Rankin—Selberg—Shimura method.

6. p-adic-L-functions

6.1 In this section, we use the Eisenstein measure constructed in §5 to define the p-adic
L-functions attached to Hilbert newforms.

In the definition of the Eisenstein measures, there is a choice for the auxiliary characters 6, ¢.
To simplify subsequent calculations, we make the following assumption from now on.

ASSUMPTION 6.1. We assume that n divides the conductor of 0, and ¢4 is prime to cyp.

Let f € Sg;d(npa, eoww?{ko, Oleo]) be a p-ordinary cuspidal newform. In using the convolution
method of Rankin—Selberg—Shimura to construct p-adic L-functions, it is important to choose 8
to be adapted to f in the following sense.

DEFINITION 6.2. We say that 0 is adapted to f, if the following conditions are satisfied.
(1) The conductor of eoﬂw},fko is divisible by mg = Hp|p p.
(2) We have L(ko — 1, (egfwp ™)~ £) # 0.

Condition (2) of Definition 6.2 is about non-vanishing of twisted L-values, which in general
is a difficult problem. For our purpose, we need two results in this direction. The first is a
non-vanishing result due to Shimura.

THEOREM 6.3 [Shi78]. For R(s) > (ko + 1)/2, we have L(s,n, f) # 0 for any Hecke character n
of finite order.

In particular, for kg > 3, L(kg — 1, (EOQw}JkO)*l, f) # 0 for any 6 of finite order, and we can
easily choose 6 to be adapted to f.

For kg =2, we are at the centre of the functional equation, and we cannot expect to have
such a strong non-vanishing result. In this case, we appeal to a theorem of Rohrlich.

THEOREM 6.4 [Roh89]. Let S be a finite set of places of F'. For any s € C, there exist infinitely
many Hecke characters n of finite order, unramified at the places in S, such that L(sg, n, f) # 0.

In our setting, apply Rohrlich’s theorem to the form f ® (eo6’ w},ﬂ_ko)_l, for some finite-order
character @', unramified at oo, that satisfies n|cy, m0|c609/w17;§0. Take so =1, S to be the set
F

of places above n,p and oco. The theorem gives a 7, unramified at n,p and oo, such that
L(l,n,f® (eoﬁlw};ko)*l) =L(1, (eoﬁ’nflw}m—ko)*l, f) #0. The character ! is then adapted
to f.

6.2 By Theorem 4.4, we can lift f to a Hida family, i.e. a primitive algebra homomorphism
A:ho'd(n, ©) — T, such that the specialization Ap, for some Py lying above Py, ., gives back f.
Write F = F) for the corresponding Z-adic form. To define the p-adic L-functions, we need to
introduce certain projectors associated to f, F.

We first define Hida’s ordinary cuspidal projectors, I¢, [F, associated to f, F, respectively.

As in (4.18), the p-ordinary newform f gives a decomposition

hie (np™, €0, Qoleo]) = Qoleo] ® B, (6.1)
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where projection to Qolep] corresponds to the eigenform f. Let t¢ be the element of h,‘;gd(npoo,
€0, Qoleo]) that corresponds to the element (Idp,0) in the decomposition. Then the form s is
defined via the perfect pairing (-, -) between h,‘;gd(npoo, €0, Oleo]) and S,‘ggd(npoo, €0, Oleo)):

le(g) = (tg, g8) € Qoleo] for ge Sfc’gd(npoo, €0, Qoleo]), (6.2)

see [Hid91, (9.3 b)]. Furthermore, Shimura’s theory [Shi78] implies that
l(g) €Q if ge Spri(mp™, Q).
In a similar way, by (4.19), we have the decomposition
hd(n, O) @4, Q7 = Q7 & B. (6.3)

Let tr be the element of h°d(n, O)® Q7 that corresponds to the element (1z,0) in the
decomposition. Then the form [ is again defined via the perfect pairing (, ) between h°™d(n, O)
and S'4(n, I) (cf. (4.17)):

I7(G)=(tr,G) € Qs for G €S n,T)® Q. (6.4)

By Corollary 4.10, we have [x(G) € Zp, if G € S(n,Z) ® Ip,, and we have the consistency:
le(Po(9)) = Po(l7(9)).

6.3 We may extend the definition of Hida’s projectors to forms not necessarily cuspidal, and not
necessarily of tame level n. This can be done by applying the cuspidal projectors of Proposition 3.8
and 5.2, followed by the trace operator.

In general, for any integral ideals n, a, we have the trace operator
Try®: Sk(na, ¢) — Sk(n, ¢)
defined by
fTep(g) = Y. flgw). (6.5)

wWEK1 w/K1 na

In our setting, assume that a is prime to p, and consider the trace operator Trn,.,%a, which we
abbreviate as Tri®. As in Hida [Hid91, § 7], this operator preserves O-integrality, and extends to
the space of p-adic forms S(n, O). The operator Tr preserves p-ordinarity, because Tr commutes
with all of the operators U(p). The proof of this commutativity follows from the following facts:
first, we see from (6.5) that, in the definition of Tr, we can take the w to have non-trivial
components only at places dividing a; on the other hand, from (2.23), we see that the adeélic
definition of U(p) involves elements with non-trivial component only at the place p. Since a is
prime to p by assumption, the commutativity of the operators follows from the commutativity
of these two types of elements.

PROPOSITION 6.5. The trace operator Trnngga can be lifted to
Trp®: S(na, Ap) — S(n, Ap)

compatible with specializations. It sends S°™(na, Ar) to S%(n, Ar).
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Proof. Combining the two dualities (4.13) and (4.17), we obtain

S(n, Ap) =2 Homy . (Homp(S(n, O), O), Ap)

and similarly for S(na, Ar). Thus, to lift Trrngga, it suffices to show that its action on S(na, O)
commute with the action of A, i.e. the diamond operators. However, this is clear. O

DEFINITION 6.6. Take O to be a sufficiently large finite extension of Z,. The general projectors

l%e::a, l%_-e?w, defined on p-ordinary forms of tame level na, are given by

If na(8) = le(glprs, Try?)

6.6
50 (G) = Ux(Glprs Tr). (00

6.4 We now apply these projectors to the Eisenstein measure to construct the p-adic
L-functions. In the next section, we use the method of Rankin—Shimura to relate the special values
of these p-adic L-functions in terms of the special values of classical L-functions (see formula (6.9)
below). The Rankin—Shimura computations show that, in order to have a formula of the shape
of (6.9), we need to modify the Eisenstein measure slightly as follows. The computations in
§7 will explain a posteriori why we made such a modification (compare, in particular, (6.7)
and (7.36) below).

Take O to be a sufficiently large finite extension of Z,. Let s4¢ be the distribution on Zp(x)
defined by

/Z “ 0 dsge = no(n~ e )0wil(cp)([cs]) € AFGOON) (6.7)

for n a character of Zg(t). This is easily seen to be a measure. Define [ig.0,» to be the convolution
of S4.,0 with .5 1.€.

/ 1 dpig,6,r = </ n d5¢70> (/ N dﬁ%ﬁﬂ”)'
Zr(v) Zp(v) Zr(v)

We similarly define mp g, to be the convolution of spgg:=P(sg9) with mp g ,. Again, we
write g9, Mpg ¢ when we take r = 0.

DEFINITION 6.7. Given a choice of the character 6, ¢, define the p-adic L-function attached to
f € Sk, (np®, €o, @bw?;ko) as follows: for s € Z,, x a finite-order character of Zp(t),

LP(57 f, X ¢) = Lp(s7 f, X5 ¢7 9)

=17 o (/ (F X dﬁlw,e) (P = Proco)-
oo ZF(t)

Similarly, we define the p-adic L-function attached to F by
Lp(sv F, X ¢) = LP(S7 F, X ¢, 9)

=[5 </ D5ty di >
Frepy 7F(c)<>F oo

(We omit ¢ from the notation when we take ¢ to be the trivial character.)

By Corollaries 4.10 and 5.4, the only possible poles belong to the support of the congruence
modules Cyo(A) and C(&is). In particular, we have Ly(s, F,x, ¢,0) € ﬂPE%(I);ﬂg Ip C Q1.
Furthermore, for P € X(T)a14, we have the consistency Ly(s, fp, x, ¢, 0) = P(Ly(s, F, x, ¢, 0)).
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The fundamental result about these p-adic L-functions is as follows: in the following, we
denote by «a(p, f), a(p, F) the U(p) eigenvalues of f, F for p|p. We have a(p, f) = Py(a(p, F)).
For an ideal m divisible only by primes above p, we extend the definition of a to such m by
multiplicativity.

THEOREM 6.8. For an integer r > 0, x a finite-order character of Z (), we have a factorization

_ x¢wi" ()N (p)"
H(l a(p, F)

Lp(r+17f7X7¢70):< ))L;(T+17f7X7¢70)7

plp

where Ly(r+1,F, x) € ﬂpex@)alg Zp. Furthermore, if an algebraic point P has the property

that 6 is adapted to fp, then there is a complex number Q(fp, ), independent of x, ¢ and r,
such that, if r <kp — 2, then P(L;(r + 1, F, x, ¢, 0)) € Q, given by the value

1
Oé(txwgr,fp)
L L1 fe (xwp) T

(=2mi)irr((xowp")~H)Ep, 0)

here I' is Euler’s Gamma function and 7(-) is the Gauss sum (see (3.13)).

P(Ly(r+1,F,x, ¢,0) = FL(r+ DN (e —reg) "

Specializing Theorem 6.8 at Py, we obtain the following.

COROLLARY 6.9 [Dab94]. Suppose that 0 is adapted to f. Then with the same (£, 0) as above,
for r < ko —2 and x, we have L,(r + 1,f, x, ¢, 0) € Q, given by the value

)

1 T d r41
X WDFF(T + ].) N(Cxw;rc(ﬁ)
F

" L(r+1,f, (ngﬁw;’")_l)
(=2mi)drr((xpwp")~HQUE, 6)

The proof of Theorem 6.8 is the subject of the next section. For the moment, we give the
following remarks: the projector Iy can be calculated analytically by means of Peterson inner
products. The method of Rankin—Selberg—Shimura expresses this in terms of the L-value of the
convolution of f with a suitable Eisenstein series, which factorizes into a product of two twisted
L-values of f. By our choice of 6, one of the twisted L-value of f is non-zero, and it is involved
in the expression for Q(f, 9).

(6.9)

6.5 Here we make some general comments about the p-adic L-function Ly(s, f, x, ¢, 0) of f.
If 6 is chosen to be adapted to f, then by (6.8), Q(f, ) gives a transcendental part of the special
values L(r + 1, f, (x¢pwr") 1), in the sense that

Lir+1,f, (x¢wz")"H)  —
Coiage) CQ

The use of Rankin’s method to prove algebraicity results on special values of L-functions was
initiated by Shimura [Shi78]. Note that as far as the algebraicity result is concerned, the factor

Q(f, 0) can be modified by multiples of QX. In the classical case where F' = Q, and f is of weight
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two, such modification can be made so that the transcendental factor is given by the periods
of f. In the general case, such a result is not yet known, and one must be content with arbitrary
choices. Thus, if u € QX, then the p-adic L-function uL,(s, f, x, ¢, 0) satisfies same interpolation
property (6.9), with Q(f, 6) replaced by u=*Q(f, 6). In the following, we refer to uL,(s, f, x, ¢, 0)
as the p-adic L-function defined by the transcendental factor (or ‘period’) u~'Q(f, 6).

The choice for the character ¢ is included only to allow more flexibility in some arguments (see,
for example, the proof of Theorem 8.2 in Appendix Appendix B). In the context of Iwasawa theory
of f, one takes ¢ to be trivial, and considers the p-adic L-function L,(s, f, x, Id, §). Suppose that
ko > 3. Then for § adapted to f, L,(s, f, x, Id, ) is not identically zero, by Corollary 6.9, and the
non-vanishing result of Shimura (Theorem 6.3). For kg = 2, however, we do not have a definite
answer. There is a general conjecture.

CONJECTURE 6.10. For a cuspidal Hilbert eigenform f of parallel weight two, then for all but
finitely many ray class characters y, ramified only at primes above p, we have L(1,f, y) # 0.

We have the following result of Rohrlich.

THEOREM 6.11 [Roh84, Roh88|. Conjecture 6.10 holds in the case F' = Q.

In general, Conjecture 6.10 implies that the p-adic L-function L,(s,f, x,Id,§) is not
identically zero. In any case, by Theorem 6.4, there exists a twist by ¢, so that L,(s, f, x, ¢, 6)
is not identically zero.

In the sections to follow, we abbreviate Ly (s, f, x, ¢, 0) and Ly(s, F, x, ¢, 0) as Ly(s, £, x, ¢),
L,(s, F, x, ¢), respectively, if a choice of § is fixed. Furthermore, we abbreviate

Lp(sv f> X) = Lp(sa f7 Xv Id)7

6.10
Ly(s,f) = Ly(s, f,1d, Id). (6.10)

Similarly,
Lp(87f> X):Lp(safa X5 Id)a (6 11)
Ly(s, F) = Ly(s, F,1d, 1d). ‘

7. Proof of Theorem 6.8

7.1 In this section we prove Theorem 6.8, based on the method of Rankin—Shimura. The method
was already employed by various authors, for example Dabrowski [Dab94], Hida [Hid91] and
Panchishkin [Pan89, Pan91, Pan03]. The proof is computational, and the reader is advised to
skip it on a first reading.

DEFINITION 7.1. Let dg be the Haar measure on G(Ap), normalized so that its push-forward
to G(F)\ G(AFp)/F1 Ky = $H? coincides with the standard measure H,‘f:l(dxl, dy,)/y2. Given
forms F1, Fo, of weight k, level n, with at least one of them being a cusp form, denote by
(F1, Fa); the Petersson inner product of level n

(F1, Fa)r = / Fi(9)Fs(g) dg
G(F)\G(Ap)/FX KooKy @

(here Z is the complex conjugate of z € C).
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Using the definition of the Atkin-Lehner operator (see (2.25)), the following identity can be
easily checked:

(F1|J5 Faol )= (F1, Fa)z (7.1)
or, equivalently, by (2.27),
(F1|J5 Fo)a= (—1)"(F1, Fo| Fp)w. (7.2)

Similarly, using the definition of the trace operator (6.5), we have the following: if F; is of
level 1, Fy of level nm, then

(F1, Fo)n = (F1, Fo| I (7.3)
DEFINITION 7.2. The twisted Petersson pairing (, >/ﬁ for forms of level n, is defined by
(F1, Fo)i = (F{|J5, Fa)5

here p € Aut(C/Q) is complex cojugation, and F/ is the action of p on F; as defined in (2.30).
Note that this pairing is C-bilinear.

From (7.3), we clearly have
(F1, Fo)e = (Fy, Fo TIE™L (7.4)
The reason for introducing the twist is as follows.

PROPOSITION 7.3 [Hid91, p. 381]. The pairing (, )% is self-adjoint with respect to the action of
all of the Hecke operators.

From the self-adjointness with respect to the Hecke operators, it follows that cusp forms are
orthogonal to the Eisenstein series, with respect to the twisted Petersson pairing. Similarly one
also obtains the following: given

Fy e S5 (mp®, Q)
Fy € My (np®, Q)
(a>1), we have
(F1, Fo)f = (F1, Fale);, (7.5)
Using Proposition 7.3, one can deduce the following result.

PROPOSITION 7.4 [Hid91, Lemma 9.3]. Let f € Sord(np®, Q) be a p-ordinary newform. Then for
F € 5o (np®, Q), we have the formula

£,F) .
9 npe

(note that by the remark after (6.2), l¢(F) € Q).

COROLLARY 7.5. With f as in Proposition 7.4, we have, for F € M,Srd(napa, Q) (here a is an
integral ideal prime to p),

(£, F)l 0o
5 (F) =~ — . (7.7)
na (£, £) o
Proof. This follows by combining (7.4) and (7.6), together with the fact that, under the Petersson
pairing, cusp forms are orthogonal to Eisenstein series. O
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Now we establish several preliminary results. Anticipating later calculations, consider the
following situation:

fe S, epw ™) (a>1),
g € Mi(emp®, ).
Here we assume that f is a p-ordinary newform of tame level n, with U(p)-eigenvalue a(p, f),
while k£ > [; the ideals ¢ and m are assumed to satisfy the condition that ¢ is prime to p, while m

is divisible only by primes above p. We also assume that n divides c. Finally, ¢ can be any Hecke
character of finite order, of conductor dividing cmp®.

With this setup, we have, as in Proposition 3.6, the Eisenstein series
Gri(ep¢ wi , emp®) € My (emp®, ep¢~rwi ).
Note that, by Proposition 3.6, we have Gk_l(eq/)g“_lw%fk, cmp®) = Gk_l(eq/}g“_lw%fk, cmp). We
abbreviate it as Gj_;.
Consider the product
gG_; € My (cmp®, epws F).

If we apply the ordinary projector e to gG,_;, then we obtain a p-ordinary form of level cmp®.
Recall that m is divisible only by primes above p. Now the character of this form is the same
as f, in particular, its conductor divides np®, and hence divides ¢p® (because we assumed that n
divides ¢). By the control Theorem 4.3, the p-part of the level of a p-ordinary form can be taken
to be the p-part of the level of its character (as long as pr divides the level). Thus, in our case,
we have

(8Gk-1)le € M (ep®, eypw ).

In fact, we have a more precise statement.

PROPOSITION 7.6 [Pan89, (4.11)]. Let F € My(¢cmp®), where o > 1, and m is divisible only by
primes above p. Then

F|U(m) = (—1)*N (m)" > F| (Jampe ) (TrG¥ ) (Jope)- (7.8)

In particular, F|U(m) € My(cp®).

(We note that in [Pan89, (4.11)] the sign (—1)% is missing.)
By Corollary 7.5, we obtain

(£, (8Gr—1)€) e

57 (8Gr-1)le) = (7.9)

(£, £)ipe
We now unravel the term (f, (gGg—q)|e) e
1
<f7 (gkal)’eycpa = a(m, f) <f’U(m)7 (gkal)’epro‘
— 1 /
= a(m, f) <f, (gGk_l)]eU(m»cpa
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- Oz(ni f) (f, (8Gr—1)|U(m)e)ya (since e and U(m) commute)
1
= s EGDU MY (by (7))
1
= atm, ) P @G M) g (7.10)
Now applying Proposition 7.6, we have
(8Gk-)|U(m) = (=1 "N (m)** (&G 1) Jampe Trgp¥ Jeper (7.11)

On the other hand, the following identity is easily verified:
2| Jpe = N (n"Lo)*287 |V (n"Le) T (7.12)
Combining (7.10)—(7.12), with the identities (7.1), (7.4), we obtain

_1\dk .
(. (8Gele = L N2 N T 2V (07, (G ) o T e

-1 dk
= D () 2N (0 ) PV (0 ), (G 1) g here- (7:13)
a(m, f)
Now
(gGk—Z)|Jcmpa = g|JcmpO‘Gk:—l’Jcmoaa
and by (3.10) and the definition of Gj_; as in Proposition 3.6, we have

Dé_l_lﬂj\/'(cmpo‘)(k_l)/zf(k; — ¢

Gt Jampe = (2mi) (k=Dd

Ki—i(ep¢ ™ wi ™, emp®). (7.14)

Thus, we obtain (abbreviate Kj_;(e¢~'wh ¥, emp®) as Ki_;) the following result.

LEMMA 7.7. We have

Dy T PN (m)R2 N (0 RN (emp®) DDk — )¢
gen _ (_1\dkF
lf,c ((gGk—Z)|e) - ( 1) Oé(m, f)(271’1,)(k7l)d

" <fp|V(n_1c),g|']cmvaKk—l>cmpa.
(£, )

(7.15)

The term (£°|V (n~1c), g|Jenpe Kk—1) empe 1s related to a special value of an L-function, by the
formula of Rankin—Selberg. We recall the formalism.

DEFINITION 7.8. Given forms F; € Mg(n, 1), Fo € Mj(n, 1)), define the Rankin-Selberg
L-function of F; and Fs:

(s, F1, Fy) ZC m, F1)C(m, Fo). N (m)~%. (7.16)

The completed Rankin—Selberg L-function is obtained by multiplying suitable factors
([Pan89, (0.2)]):

(s, F1, Fy) = (21) 24T (s)T (s + 1 — DL (25 + 2 — k — I, p102) L(s, F1, Fy).  (7.17)
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From the definition, it is immediate that
U (s, F1|V(a), Fo|V (b)) = N(ab)*¥® (s, F1|U(b), F2|U(a)) (7.18)

for any integral ideal a, b which are relatively prime.

We need the formula of Rankin—Selberg, which expresses this L-function in terms of a
Petersson inner product.

THEOREM 7.9 [Pan89, (4.7)]. Assume that F1 € Sk(n,v1), F2 € Mi(n,¢2), with k>1. Then
\If(“)(s, F1, Fy) extends to a entire function on the complex plane, and we have

U@ (s, Fy, Fy) = DY 2n BT(s + 1 — )UF, FoKpy(s + 1 — k) (7.19)
here Kj,_;(s) = Ki—i(s, ¥112, ) is the Eisenstein series as in (3.8).

Applying Theorem 7.9 to the situation, we have

F; = f|]V(n ')
Fy = g|Jenpe
n = cmp®

s =k—1.

We then obtain from Lemma 7.7 the following result.

LEMMA 7.10. We have
DFL (k=1 AS () k2= LA (1) k/2 A ay(k—1)/2
lgen<(gGk l)‘e) — (_1)dk; F ﬂ- (m) (n C) (Cmp )
£ B a(m, £)(2mi)(k=Dd
L YDk - 1LV (), gl Jampe)
(£, £) o

Now we specialize Lemma 7.10. Suppose that g€ M;(cm, () is an eigenform, with U(p)-
eigenvalue a(p, g). Put mp = Hp‘p p. Define, similar to (5.2),

. (7.20)

g’ =g

[0 - atr, g)V(p)

plp

— /(X utw)ato, V()

hlmg
€ M;(cmmyg, ¢); (7.21)

here p is the Mobius function: it is the multiplicative function on the set of integral ideals, such
that for q a prime ideal,
1 ifn=1,
n(g") = {

0 ifn>1.

We would like to compare
BT ((8"Gk-1)le)
and

I ((8Gr—1)le)-
By formula (7.10), it suffices to relate g%|Jemmype t0 &|Jerpe -
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The following identity can be easily checked:

g1V (5) Jemmope: = N (m0)/2N () 7' g| Jepe V (moh ™). (7.22)
This gives
g% Jemmpe =N(mo>l/2g|Jma|(Z 1u(h)eu(b, g)N <h>lV<mob1>>. (7.23)
hlmg

Hence, we obtain
TPk — 1, £]V (" e), g% Jcommope)
=N (my)"/? (Z p(h)a(h, g)N(5) TP (k — 1, f[V (n " ), chnwV(mof)l))>

blmo
=N (mo)'" (Z u(0)a(h, g)N () "N (mph 1)~
bl
x WP (=1, £V (n " )U(moh™ 1), guma)) (7.24)

Now the operators V(n~'c) and U(mgh™') commute, since the ideals n~'c and mgh™' are
relatively prime. Thus, (7.24) becomes

N{mo)? (Z u(b)a(h, g (6) A (moh 1)~ =D

bl

X \IJ("p)(kz — 1, f|U(meh ™)V (n~te), g\Jwa)>

= N (mg)"/2=(+=1) <Z pu(h)e(b, g)a(moh ™", f)N([))k—l—1>
blmo
X U (k —1,£]V(n"e), g| Jeape )

— N (m)'/2= 5 Da(mo, £) [ <1 N (p>’;(lp 1fo;(p, g)>

plp
x U (k— 1, F|V(n o), gl Jampe)- (7.25)

Applying Lemma 7.10 to g?° and g, using the results (7.24)—(7.25), we obtain the following.
LEMMA 7.11. We have

k*l*la
(el = T1(1- M o P i G, (7.26)
plp ’

At last we are ready to give the proof of Theorem 6.8.

Proof of Theorem 6.8. In this proof, the notation are as in §6. Let F € S(n, v, Z) be an Z-adic
form, with specializations fp € S, (np®?, em/;w%_kp) for P € X,4,(7).
Let 7 > 0 be an integer. Assume that P satisfies

kp —r—12>1, and condition (1) of Definition 6.2 holds. (7.27)
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We now take
g =Epp 1 (xowp", epbuwp 7)
=Ep,—r—1(xowy", EPGw};k’D)O (as P satisfies (7.27)) (7.28)

which we abbreviate as Ej,_,_1. Recall that a(p, Ex,—,—1) = x¢wz"(p). We have

ke
Erpr1 € My 1(cpcoe, 0™, epxdphuwp "P77).

In the notation of this section,

l=kp—r—1
¢ = epxdfuwy P
) F (7.29)
C = cpCy
m = ¢,
and we have
Gip—i = Gri1 (0(x00) Wit cseop). (7.30)

From Definition 6.7 of p-adic L-functions, we calculate

LP(T + ]-a fp, X5 ¢a 9) = 15" (p) </ <>TFX dﬁ/vad’ﬁ)
ZF ()

fp,cpcp

/ (Vi dSP,¢,6>lfen (o < / (VX dew)
Zp(v) PGy Zp(v)

([ dsnaa)i ([ xdmpss) v G19)
Zr(v) fpcpcy Zr(v)
en 00

( / O dsza,ga,a)lfp,%cép) ((Ekp_r_lemﬂe) N

By Lemma 7.11, we obtain

O BN e
Lyt 1t 0n0) = [[ (1= XE DEOD Y (6, Gl (7
vip a(p, f) fr,c55
It follows that if we define
Li(r 41, F v, 6) = (~1)" ( i LR dSP,as,e) L (s 6,0, 7)0). (7.33)
F(T

Then,

Lyr+LF,x.¢)e (] ZIp
Pe'x(z-)alg
and the equation

Ly(r+ 1, F,x, ¢) = (g (1 _ X(ﬁwié‘?%(p)r))Lg(r Y1, F v 0)

is valid upon specialization at those P which satisfy (7.27). Since these P are Zariski dense in
Xa1g(Z), they must coincide. Thus, we obtain the first part of the theorem.

Now assume, in addition, that 6 is adapted to fp. To complete the proof of the theorem, it
remains, by Lemma 7.10, to evaluate the following:

wleoeor) (kp — 1, fP’V(“flcép)%), Er,—r—1(x¢wp", GPOW}E’_kPNJCgCXW—T%pQP)'
F
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We calculate, using an identity similar to (7.12), and (7.18),
W) (kp — 1, 0V (07l ), Byt (xS €pb0 ) g cupr)
F

:/\/’(czplew;kp cepaP)(kP_"'_l)/2 % \I;(CqueP)(kP 1, fp|V(n_1cép)c¢),

_ —k _
Ekp—r—l(x¢wFT7 Epew]li‘ P)|JC 1,kPC —rC¢V(c ! 1-kp cepOéP))
F XUJF € w

epbw p@ F
=N(!

; )(l—kp—r)/QN(n—lcép)c¢)—(kp—1)
€p

(0%
1—p COD" T
Wg

« g,(%cep)(kp -1, fp|U(c*1 1-kp €0P"F),
epbwp, P

Er,—r—1(x¢wp", EPGw;_kP We, ¢, r P U(n’lcép) ¢s))
F

_ N(czplew;:kp cepap)(l_kp_r)/QN(n_lcép)C¢)_(kp_1)a(c;:6w};kp cgpap7 fp)

x W) (kp — 1, fp, Ei,r—1(x¢wp", €P9w11v_kp)Ucecxufr%U(n*lcép)%
F

(note that ¢~ 1—kp COPYT = (¢
epbw

F
By (3.17),

epbw

— 1—k
Ekp—r—l(XQsWFT)fPeWF P)‘JC 1—kp € —7C
ePHwF XWp

(_1)d(1—kp)N
F

< T((x¢wp") ™) T (epbuwy P Brp—ro ((epbuwy )7L, (xdwi")7h).

(kp*T*l)/QN( 17(’6})77‘71)

cxwgr C¢)

1—kp —1.(p)

Lk ); 1c97ppa” , thus is divisible only by primes above p).

Now Ejyp,—r—1((epbwp ") 7L, (x¢wp') ") is an eigenvector for U(n"tey” cs), with eigenvalue

given by the normalized Fourier coefficient at the ideal n_lcgp )c¢:

C’(n_lcép)cqg, Epp—r1((epbwp 7)1 (xgwz!) ™))
= D (epfp ) TH@) X (xdwi) (BN (0) T

ab=n—1 cép ) o

= (epew}"fp)—l(%) % (X(f)wgr)_l(11_1Cép))N(ﬂ_lcép))kP_T_2.

Thus, it remains to evaluate W(¢%P)(k, — 1, fp, Ekp_,,_l((EPlel;kP)*l, (x¢wz")~1). This is

achieved by employing the following general identity, which is similar to (3.16).
PROPOSITION 7.12 [Shi78]. We have
Wl aP) (fp By (€1, G2)) = (2m) 24T ()T (s + 1 — 1)2L(s + 1 — I, fp, 1) L(s, fp, C2).

Combining (7.20), (7.34)—(7.37), we obtain
1
Oé(cxw;r, fP)
L(r+1.fp, (xgwp) ™)) Tp(0)
(=2mi)drr((xpwp") 1) (Ep, fp)iper

P(Ly(r+1,F,x, ¢,0) = FL(r+ 1N (¢ -rep)
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where Tp(0) € C is independent of y,r, and depends only on P, fp, and 6. Although the
expression is complicated, all we really need is the fact that it is non-zero, by the assumption
that 0 is adapted to fp:

Tp(0) = nr =1 (27) =241 (_275) =7 (e phuo D (kp — 1)
(e g N A
epbwp

)

1—k
epbwp, P

X N (cop™P )P P2N (¢,,)P /2 L L(kp — 1, £p, (epBwp "7)71).
Thus, we obtain the form required for the value P(Ly(r + 1, F, x, ¢, 0)), by setting

)kp—2

(£p, fP) por

A0 =)

8. Application to exceptional zero conjecture

8.1 In this section, we prove a special case of the exceptional zero conjecture for weight-
two Hilbert modular forms, following the argument of Greenberg—Stevens [GS93, GS94]. In
the following, for the existence of p-adic Galois representation associated to p-ordinary Hilbert
eigenforms we refer to [Wil88, §2] (the general case was treated by Taylor [Tay89] and Blasius—
Rogawski [BR93]).

We first illustrate with the case of modular elliptic curves over totally real fields. Let E/F
be an elliptic curve over the totally real field F', such that F has ordinary reduction (i.e. good
ordinary or multiplicative) at all places p above p.

Let pg : Gal(F/F) — GL3(Q,) be the representation on the p-adic Tate module of E. Assume
that E is modular, in the sense that there is a Hilbert newform fr of weight two, tame level n, with
trivial character, such that pg = pg,, where pg,, is the p-adic Galois representation associated to
fr (fg is necessarily p-ordinary). One has the equality of the L-function of E//F, and that of fg:

L(s,E/F)=L(s,fg). (8.1)
Write a(p, E) = a(p, fe), B(p, E) = 5(p, fr) (thus, 5(p, E) =a(p, E)"'Np if E has good
reduction at p, and zero otherwise).
Let f be the p-stabilization of fg, cf. (4.15):

110 =8k, BV ().

plp

f=f=p

Then f is a p-ordinary newform of tame level n, with U(p)-eigenvalue given by «(p, F) for all p
above p (thus C(p, f) = a(p, E)). Note that

L(s,£) =] (1 - B&p@)L(& f). (8.2)

plp

We can then apply our constructions from previous sections to f. In particular, we fix a
choice of § adapted to f, we have the p-adic L-function L,(s, f), which we define to be the p-adic
L-function of E/F, also noted as Ly(s, E/F). Similarly, we denote the transcendental factor
Q(f, 0) as Q(E).

THEOREM 8.1. Assume that for some place p, of F' above p, E is split-multiplicative at the
place py; equivalently, some place p, where the U(p,) eigenvalue of f, a(py, f), is equal to one.
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Denote by fy, /p the residue field degree of Fy over Qp, and by qg, Fry the Tate period associated
to E/Fy,. Then Ly(1, E/F) =0, and we have the formula

p log, Nr, /Q,9E/F
—Ly(s,E/F = 5/
b BIF)| Tl oed N r, o, 5/,
| ﬁ(p,E>>L<LE/F>
" - _ 8.3
T 05 e o

Here log,, is normalized so that log,(p) = 0.
The quantity
log,, N Fry/QpIE/Fy,

fpo/p OrdeFpO/QpQE/FpO

will be denoted as Ly (E/F), the L-invariant at the place p,.

Theorem 8.1 is a special case of Theorem 8.2 below, in the following more general context.
Let f € S9*(np, ¢) be a p-ordinary newform. For each p above p, f is called multiplicative at p,
if p exactly divides the conductor of f, but does not divide the conductor of its character . In
this case, we have a(p, f)? =1, and f is called split-multiplicative at p if, furthermore, we have
a(p, f)=1.

Attached to f is the Hilbert modular p-adic Galois representation of Gr = Gal(F/F):

pPf Gal(F/F) - GLQ(QP)
that is unramified outside np, characterized by the condition
trpg(Frobg) = C(q, f)

for primes q not dividing np (here Frobg is a Frobenius element at the prime ¢). One also has
det pr = Y Xcyel, Where Xeyel : Gq — Z,; is the p-adic cyclotomic character.

For p above p, let Gp, = Gal(Fy/Fp) be the decomposition group at p, which by our chosen
embedding of Q — Q,,, can be regarded as a subgroup of Gp. Then if f is split multiplicative
at p, we have an exact sequence of Gal(F}/F}) representations:

OHQp(chcl) _>pf|GFp _>Qp — 0. (8.4)

This extension defines an element in H'(G Fp» Qp(chcl)), which by Kummer theory is isomorphic
to
(lim F*/(F)P) ©z, Q.
n
It is known that this extension element admits a Tate period, in the sense that there exists a
(necessarily unique) gf , € Fy', not a p-adic unit, such that the extension element is given by the
image of ¢r , ® 1.

The author is grateful to Hida for providing the following proof of the claim that the extension
has a Tate period. If [F': Q] is odd, take a quaternion algebra B/F ramified exactly at all but
one of the infinite places of F'. On the other hand, if [F': Q] is even, we take a quaternion algebra
B/F ramified exactly at the place p and all but one of the infinite places. In both cases, the
Jacquet—Langlands correspondence allows us to find a Hecke eigenform fp on a Shimura curve
Sp associated to B, with the same Hecke eigenvalues as our original Hilbert modular form f,
cf. [Car86b] (if [F': Q] is even, we need to use the assumption that f is multiplicative at p).
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The p-adic Galois representation pr is realized on the p-adic Tate module of the factor A of the
Jacobian of Sp, corresponding to fz. More precisely, let £ = End(A) ®z Q be the endomorphism
algebra of A. Then p¢ is isomorphic to T)A ®pgq, Qp, where the map from F® Q, to Qp is
given by our fixed embedding of Q into Qp.

By Blasius [Bla06], the p-adic Galois representation pr fits into a strictly compatible system,
which by uniqueness must coincide with the strictly compatible system {V\ = T}A ®gq, Ql} 2
here X\ ranges over the places of E, while [ is the place of Q lying under A, so A\ corresponds to
an embedding of E into Q.

Thus by Blasius’ results [Bla06], the assumption that f is split-multiplicative at p, implies that
for A not dividing p, Vi|g Fp is unipotent. By the semi-stable reduction theorem of Grothendieck
[SGAT7, Exposé IX, Proposition 3.5], A has to be split-multiplicative, and we have its Tate period.

If [F: Q] is odd, we can also appeal to the result of Carayol [Car86a], that the level group
at p is of ['g(p)-type, so Sp and hence A have to be split-multiplicative reduction at p, and we
have its Tate period.

THEOREM 8.2. Assume that for some place py of F' above p, f is split-multiplicative at the place
po- Let ggp, be its Tate period at the place py. Then Ly(1, f) =0, and we have the formula

. _ 1\ LD
B0, ‘po<f>};£0(1 o) B 9

ds

where
logp NFPO /QP Qf,po

‘Cpo (f) = fPo/p

is the L-invariant of f at the place p.

ordp N, /Q, 4t ,p

The fact that Theorem 8.2 implies Theorem 8.1, follows by combining (8.1), (8.2), (8.5), and
the well-known result that the Tate period of an elliptic curve, split multiplicative at the prime
above p (which is defined using p-adic uniformization), coincides with the Tate period at that
prime, defined by using the Galois representation on the p-adic Tate module.

Following Greenberg—Stevens, Theorem 8.2 follows from the properties of the two-variable
p-adic L-function attached to the Hida family that lifts f.

In the situation of Theorem 4.4, we take F € §(n,Z) to be a Hida family lifting f, and
P c x*8(7), with P|p, = P, such that f = P o F. We also have Zp being étale over A p, (recall
that in this notation, P, = P> ., with € = 1). We have the two-variable p-adic L-function L,(s, F),
which lies in Zp (see Definition 6.7 and (6.11)).

For this argument, we only need the deformation along the ‘cyclotomic direction’, i.e. we
only need the use the weights P, € X*8(Ap) with k> 2. Analytically, this can be interpreted
as follows.

Let R be the subring of Q,[[x — 2] consisting of formal power series in & — 2, with positive
radius of convergence. We have an algebra homomorphism:

Py:Ap —TR

by sending an element of the form ([l]) (with [ prime to np) to the power series in R representing

the analytic function x +— ([)'}_2 (recall that, in the notation of the paragraph following (4.5),

(OHr = (N(I))q is the composition of the norm map with the projection to the one-units).
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Now the ring R of convergent power series is Henselian ([Nag62, Theorem 45.5]). Hence,
from the property that Zp is étale over Ar p,, the map ﬁ; extends uniquely to Zp (which we still
denote as E)

ﬁ; :Ip —R.
By applying this map to the Fourier coefficients of the Hida family F, we obtain a formal Fourier
expansion with coefficients in the ring R, which we can specialize at integer weight k£ > 2, with
k in a suitable p-adic neighbourhood of two, to obtain the Fourier expansion of a classical
eigenform f;, (note that since the universal p-ordinary Hecke algebra h°™d(n, ©) is finite over Ap,
the Fourier coefficients of the eigenform F is generated over Ar by finitely many of them, hence
there is a single radius of convergence which works for all of the coefficients).

Notation 8.3. We denote by a(p, k) the image of the elements «(p, F) in R. Similarly, for s € Z,,
denote by Ly(s, k) the image of L, (s, ) in R. Thus, Ly(s, k) is a p-adic analytic function of the
two variables s, k, for s € Z,,, and « in some p-adic disc around two. Note that a(p, 2) = a(p, E),
Ly(s,2)=Ly(s,f).

The theorem then follows from the following series of lemmas. For the first, we need a
functional equation.
PROPOSITION 8.4. We have
Ly (s, 5) = ep(m) > *Ly(s — 5, 1) (8.6)

where €, = (—1)%oo, With €5 being the sign of the archimedean functional equation associated
to the newform whose p-stabilization is f, and e is the number of places above p where f is split
multiplicative (i.e. those places p with a(p,f) =1).

Proof. This follows from the archimedean functional equation. For details, see Appendix Ap-
pendix B. 0O

In particular, specializing to x = 2, we have
Ly(s, f) = 5p<“>11t«“_st(2 — s, f). (8.7)

We begin to prove Theorem 8.2. It is clear, from (6.9), that L,(1,f) =0. By considering
partial derivatives of (8.6) at (s, k) = (1, 2), we obtain the following result.

LEMMA 8.5. We have

aast(s, K) =0 ife,=1,
(1,2)
9 9 (8.8)
—L,(s, k) =—-2—L,(s, k) ife, =—1.
0s (12) Z a2

Now, in the notation of Proposition 8.4, we have €, = (—1)%q, with e > 1. First suppose
that €, = 1. If e =1, then € = —1, 50 L(1,f) = 0. If € > 2, then J[ ., (1 — (1/a(p, £))) = 0. So,
by (8.8), we see that Theorem 8.2 is trivially true if €, = 1. Thus, we may assume that €, = —1.

LEMMA 8.6. We have

1\ L(,¥f)
11 <1‘a<p,f>> o) (8.9)
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Proof. As a consequence of Theorem 6.8, we have

L1, )= H<1 - 1> L (k). (8.10)

o a(p, k)
where Lj(x) € R satisfies
L(1, 1)
*(2) = — A1
52)= "o (s.11)
Thus, the result follows upon differentiation by using a(pg, 2) = a(pg, f) = 1. O
The following proposition is the final ingredient for the proof of Theorem 8.2.
ProproOsITION 8.7. We have
d 1 log, N'r,,, /Q, .1,
—a(pg, Kk =—= . 8.12
dr (po ) k=2 2fP0/P OrdeFpo/quf:pO ( )

This was proved by Greenberg—Stevens in the case where F' = Q. We follow their strategy.

First we introduce some terminology. Let G be a topological group. Fix a (continuous)
representation:

p:G— Autg (V)
4
with V a finite-dimensional vector space over Qp.

Let Qp be the ring of dual numbers over Qp, ie.

Q,=Q,l1/®).

An infinitesimal deformation of p is a representation p on a free Qp—module V:

R G—>Aut6 (V)

P

such that the G-representations V and V / tV are isomorphic.

We are going to apply Hida’s deformation theory to construct deformations of Hilbert modular
Galois representations.

As in our setting of Theorem 8.2, take a p-ordinary weight two Hilbert eigenform
f € S9'(np®, +), and a Hida family F € S°(n, 7) lifting f. For each P € X*8(Z), let fp be the
specialization of F at P. Let pg, be the p-adic Hilbert modular Galois representation associated
to fp:

pep : Gal(F/F) — GLg(Qp)
characterized by the condition that it is unramified outside np, and satisfies

trpg, (Frobg) = C(q, fi)

for primes q not dividing np. These Galois representations can be interpolated and form a
deformation of pg. This is the content of the following theorem.

THEOREM 8.8 [Wil88, Theorem 2.2.1]. With notation as above, there is a Galois representation
o5 Gal(F/F) — GLa(Qx)
unramified outside np, satisfying
trpr(Frobg) = C(q, F)

for primes q not dividing np.
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Furthermore, for P € X'8(T), the representation pr can be conjugated to take values in
GLy(Zp), and whose specialization at P, obtained by composing with ' the reduction map
Ip — Ip/PIp, is isomorphic to pg, (up to extension of coefficient field to Q,,).

For the proof of Proposition 8.7, we need to know the structure of pr|q Py This is given by
Theorem 8.9 below (which is the analogue of (8.4)). To state this, we first have some notation.

Let ([-]) : Zr(n) — A% be the (tautological) character sending [ to ([l]) for ideals [ prime to np.
By global class field theory, Zr(n) is a quotient of Gy = Gal(F'/F'). Hence, ([-]) can be regarded
as a character of Gr. From the property of the global Artin map, we see that, as a character of

GF7 Pk‘ © <H> = (chcl>1(3_2-

On the local side, let O Fyy :pr) — G‘lFbp0 be the local Artin map, normalized so that for 7 a
uniformizer of Fy,, or, () gives the inverse of Frobenius on unramified extensions of Fy . With

this normalization, we have, for any ¢ € Fy,

chcl(UFpO (Q)) = chcl(UQp (NFPO/QP (CI)))
= (N'gy jq, (@)p N /@), (8.13)

Now going back to the situation of Theorem 8.8. Fix a P € X*8(7). Let M be a Zp-lattice
of pr, i.e. M is a free Zp-module of rank two, with an action of Gg, such that pr 2 M ® Q71
as Qz[Gr|-modules. The next theorem gives the structure of M as a Zp|Gp, J-module. In the
following, if ¢ : Gp, — Zp is a character, then we denote by 7, p(¢) the free ZTp-module of rank
one, with G, -action given by ¢.

THEOREM 8.9 [Wil88, Theorem 2.2.2]. We have an exact sequence of Zp|Gp, |-modules:
0= Zp(Xeya{[ o) = M — Zp(a) = 0 (8.14)

with o : Gp,, — T is the unramified character sending the Frobenius to a(pg, F).

Proof of Proposition 8.7. We apply Theorem 8.9, taking P € X8(Z), P|5, = P», with Po F =f.
By tensoring the exact sequence (8.14) with the map P> : Zp — R, we obtain the exact sequence
of R[GF,, |-modules:

0= R(Xeyar([])wr ') = M @1, R = R(cw) — 0; (8.15)
here ([-])x and a, denote the characters obtained by composing ([']), respectively «, with the
map P. With ¢ = x — 2, we have R/(t)=Q,, and R/(1?) = Q,[[t]]/(#*) = Q,,. Hence,

~ R
pg =M @z, @

is an infinitesimal deformation of
R

ps = M 1, ®
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and we obtain the following commutative diagram of Q,[G Fy,J-modules (the vertical arrows
being reduction modulo t).

0—=Q, (xeyer{[ ) wos!) —> T ——Q,(an) —0 (8.16)
0 Qp(chcl) Pt Qp 0

Now twist the upper row by ([-]); ' a. Since this character is congruent to one modulo ¢, we still
have the following commutative diagram.

0—>Q, (Xeya) — T —Q,([)5'e2) —=0 (8.17)
0—> Qp (chcl) Pt Qp 0

Recall that g p, is the Tate period associated to the extension of the bottom row of (8.17). Now
we invoke the lemma of Greenberg-Stevens ([GS94, Theorem 2.3.4], or [Hid, Theorem 4.7]): an
argument involving local Tate duality [Hid, Theorem 4.7] shows that (8.17) implies

d

(D 0D omy (aen)| =0 (5.13)

K=2

Denote by n = ordy, gr,p, = f';) }pordp/\/ Fyy/QpUf,po- Then using (8.13), we compute

n

(D5 R (0 ry, (a.0))) = (Xeyel (073, (a1.0)))G " (5, p0) ™
= N/, (ae))g “als, o) 7" (8.19)

Using the formula

d —K
%(NFPO/QP(Qf,pO»?Q o —log, Nk, /q,.p

we see that (8.18) gives (upon differentiating (8.19))

=0.

K=2

d
—log, NF,,O /QpE,py — 271%04(1307 K)
This finishes the proof of Proposition 8.7, and hence Theorem 8.2. O

Remark 8.10. In the definition of p-adic L-function for f, there is an inherent choice for the
transcendental factor Q(f). It is clear that if Q(f)" is a complex number such that Q(f)'/Q(f) €

QX, then it can also be used to define the p-adic L-function of f, by an appropriate scaling.
Theorem 8.1 is unaffected by this choice.

9. Exceptional zeros of higher order

The method of Greenberg—Stevens works only for exceptional zeros of order one. More generally,
we have the following conjecture of Greenberg [Gre94] and Hida [Hid].

Let E/F be a modular elliptic curve over F'. Assume that E is ordinary at all places above p,
and let e be the number of places above p over which FE is split-multiplicative. Equivalently, e is
the number of places p|p such that a(p, F) = 1.
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Let Q(E) be the period which we used to define the p-adic L-function of E/F.
CONJECTURE 9.1. We have

Ly(s. B/F) = £,(E/F) ][] (1—a<plE>)

plp
a(p,E)#1

L1, E/F) e i
X H<1— ) QE) (s —1)¢ + higher-order terms,

where £,(E/F) is the L-invariant of E, defined as follows:
L,(E/F)= ][] £oE/F)

plp
a(p,E)=1

with

1
EP(E/F) = fp/p
for prime p, where £ becomes split-multiplicative, with Tate period ¢/, Fp € Fp.

Using the same technique as in § 8, one sees that the conjecture is equivalent to the following
assertion: if Ly (s, k) is the associated two-variable p-adic L-function, then

—L,(s, K) =0 fori<e,
st P (1,2)

0° 0°

e (87 H) = (_2)67@[] (87 H)

In the rest this section we examine the situation for forms base changed from Q to an abelian
extension F'.

PROPOSITION 9.2. Let E/Q be a (modular) elliptic curve over Q, split-multiplicative at p. Let F’
be a totally real finite abelian extension of Q, with p unramified in F. Then the conjecture is
true for E/F.

In fact, this proposition will follow as a corollary of the factorization formula of p-adic
L-functions.

PROPOSITION 9.3. Let F' be a totally real finite abelian extension of Q, with p unramified
in F. Let H = Gal(F/Q), H its character group, identified as the group of Dirichlet characters
associated to F'/Q. Given f a weight-two newform over Q, let f be the base change of f to F.
Suppose that Q(f ® ¢) is the period used to define the p-adic L-function off ® ¢. Then we can
define the p-adic L-function of f by taking the period Q(f) as H¢€H Q(f ® ¢). With this choice,
we have the factorization

Lp(s, ) = (D)5 " [] Lo(s, f @ ).

¢€H

Proof that Proposition 9.3 implies Proposition 9.2. Thus, let E be a elliptic curve over Q, split-
multiplicative at p, with Tate period g € Q. Let f be the weight-two newform associated to
FE, which is a p-ordinary newform. Let f its base change to F'. Here f is again p-ordinary. In fact,
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we have the following relation
a(p, f) =a(Np, f) for plp. (9.1)

By the original theorem of Greenberg-Stevens [GS93] (or Theorem 8.2 in the case F' = Q),
the exceptional zero conjecture is true for those forms f @ ¢ which are split-multiplicative at p.
Thus, for ¢ € H with ¢(p) =1, then

L1, f®¢)

Ly(s, f@¢)=Ly(f D) YD (s — 1) + higher-order terms (9.2)
with
B B _ log,(gk)
Ly(f @ @) =Ly(f) = Lp(E/Q) = mo
On the other hand, if ¢(p) # 1, then
Ly(s, f®¢)= <1 - gb(lp)) LK(Zl(iff®®¢()b) + higher-order terms. (9.3)

In our case e is exactly the number of places of I above p, and an elementary argument
(for example, [Was97, Theorem 3.7]) shows that it is equal to the number of ¢ € H such that
¢(p) = 1. Furthermore, the residue field extension degree Top= d/e is the same for all of the
primes p above p, and similar considerations give

11 <1 - qﬁ(lp)> oy (9.4)

peH p(p)#1

Now, from Proposition 9.3,

Ly(s, B/F)=Ly(s,f) = ][] (1—(]5(1p)> I zEQ H Qlff®®¢f)( —1)°

¢€H ¢(p)#1 ¢€H ¢(p)=1
+ higher-order terms. (9.5)
We have
1 log, 4
0 (1-5p) I E@=Gmeter =Tl
$eH p(p)#1 $eH p(p)=1 Plp
log, N'r,/qQ,4E/F
= 1 fopp o Bl [T 2B/ F)
g Pl OrdeFp/ Q9E/Fy g
=L,(E/F). (9.6)
By the classical factorization,
L(1,E/F) = =[] L. fe¢ (9.7)
pcH

the proposition follows, if we choose [] . Q(f ® ¢) as a period to define the p-adic L-function
for E/F. O

For the proof of Proposition 9.3, we need a Gauss sum identity, analogous to that of Hasse—
Davenport. In the following, for a Dirichlet character xq, we denote by c,q its conductor
(as opposed to a German Gothic letter for Hecke characters over F').
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LEMMA 9.4. Let xq be a Dirichlet character, i.e. a finite-order Hecke character over Q, whose
conductor cyq is prime to Dp. Let xr be the Hecke character of F' obtained by composing with
the norm map N. Then we have the relation between Gauss sums:

r(xr) = (H ¢<ch>)x<DF><T<XQ>>d. (0.8)

pcH

Proof. This can be proved in the same way that Hasse deduced the conductor-discriminant
relation from the functional equations for L-functions of Dedekind and that of Dirichlet
(see e.g. [Was97, ch. 4]). By working with Hecke L-functions, we obtain the proof. For the
detailed computations, the reader is referred to [Mok07]. O

Proof of Proposition 9.3. We follow the arguments of Gross [Gro80]. Let Q(f) be a period used
to define the p-adic L-function of f (say, given by Corollary 6.9). Let v be the measure on Z p(t)
corresponding to this p-adic L-function. Similarly, the p-adic L-functions of the forms f® ¢
define measures v on the group Zq(1). Finally, let vy be the measure on Zq(1) such that

vo(xQ) = xQ(Dr)

for xq a character of Zg(1).

The norm map extends to give N :Zp(xr) = Zq(1). By taking the push forward, we obtain
a measure N, (v) on Zq(1). We would like to compare the following measures:

N.(v), (9.9)
0 H Ve, (9.10)
peH

here the product is the convolution product of measures on Zg(1).
For this purpose, we evaluate (9.9) and (9.10) on all finite-order characters of Zq(1). Let xq
be such a character. Then by (6.9)

N.(v)(xq) =v(xr) = Lp(1, f, xr)
B ~ xr(p) 1 L(1, £, (xp)™t)
- (ml 0.8) )t VOO T e 010
Similarly, noting that a(p, f ® ¢) = ¢(p)a(p, f), we have
xq(p) ) 1 . L 96 (x@)™)
o(p)a(p, f)) dlexq)alexg: ) X ((xq) N @)

We now compare the terms in the formulae. As before fy/, is the residue field extension degree
of the primes p above p. We have

(- 355) ~T0 -2 5) orew

Ly(L, f® ¢, xq) = <1 - (9.12)

plp plp
3 _ xaq(p)ler
‘prh!(l o)
_ __Xalp)
q@(l ora) 1)

where the last equality again follows from [Was97, Theorem 3.7].
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Since the conductor of xg is relatively prime to Dp, we have ¢y, = ¢yot, and hence

Nexr) = (exg)”.
Hence
aleyp, £) =a(N(ey,), )= a(cxq> f)d. (9.14)
On the other hand, Lemma 9.4 gives

T((xr)™h) = (H ¢>(CXQ)) xq' (Pr)m((xq) ™)™ (9.15)
ocH
If we combine with the factorization
L(LE, xx") = [ 2L f @ ¢, xg") (9.16)
ocH
we see immediately that (9.10), when evaluated on xq, gives

xa(Pr) [T (1, f © ¢, xq)
pcH

N _ xqlp) 1 . L e (x@)™)
=xaon TT{(1- 5 >¢<cm>

i p)a(p, f) a(exq, £) 2 7((xq) QU @ ¢)
_ N XF(p) 1 L(lvf’ (XF)_I)
- (11(1 o8)) s o Myer O/ @ 0)
o
e Uf29) Lp(L. £, xr).

By Theorem 6.11, we can choose xq, such that L,(1, f ® ¢, xq) # 0 for all ¢ € H.In particular
we draw the following conclusion:

Q(f)

Thus, we can use [], 5 Q(f ® ¢) as the period Q(f) to define the p-adic L-function for f. With
this choice, (9.9) and (9.10) are equal when evaluated on any xq. Hence, we conclude that

N*(V) =1 H I/¢. (917)

cQ”.

The proposition is proved by evaluating (9.17) at the character (-)81.

Remark 9.5. Proposition 9.2 has an obvious generalization to Hilbert modular forms, which are
obtained as base change from elliptic modular forms of weight two, split multiplicative at p. We
leave this to the reader.

10. Concluding remarks
1. FExceptional zero conjecture for higher weight forms. Forms of weight greater than two that
have exceptional zeros are no longer ordinary at p, and one needs to have a deformation theory
for non-ordinary forms, and the construction of two-variable p-adic L-function associated to
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such families. In the case where F' = Q, this was constructed by Panchishkin [Pan03], using
Rankin’s method. Stevens also obtained a construction using the theory of over-convergent
modular symbols. Recently, Emerton obtained a construction using the theory of locally analytic
representation of GL2(Qp). If one assumes, for example, that the prime p splits in the totally
real field F, then his arguments may apply in the more general situation.

2. Exceptional zero for the symmetric square of an elliptic curve. Dabrowski—
Delbourgo [DD97] constructed a p-adic L-function attached to the symmetric square of an
elliptic modular form, using Rankin’s method (by convoluting with a half-integral weight theta
series). Their method should generalize to give a two-variable p-adic L-function of the symmetric
square, Hilbert modular forms. This would have applications to the exceptional zero conjecture
for symmetric square (the elliptic case is proved in an unpublished work of Greenberg—Tilouine).

3. The exceptional zero conjecture is consistent with the ‘main conjecture’. In [Gre94],
Greenberg studied the arithmetic p-adic L-function, constructed from Selmer group attached
to the Galois representation. The main conjecture predicts that it agrees with the analytic p-
adic L-function, up to an invertible function. He showed that the exceptional zero conjecture
holds, with an arithmetic definition of L-invariant conjecturally given by the formula as in (9.1).

4. For a connection between exceptional zeros, and extensions of p-adic automorphic
representations, see Hida [Hid06].

5. The method of using Rankin integral representation to study algebraicity of zeta values has
been generalized by Shimura [Shi00], to automorphic forms on unitary groups. One particular
case, called UT (the associated symmetric space being a tube domain), has the appeal that the
method is close to the Hilbert modular case. Recently, Hida [Hid] was able to extend his theory
to these groups. Thus, one might be able to establish exceptional zero conjecture for these forms.
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Appendix A. Proofs of Propositions 5.5 and 5.6

In this appendix, we give the proofs of Propositions 5.5 and 5.6. The calculations can already be
found in [Pan03] in the elliptic modular case, so it is included only for convenience of the reader.

Proof of Proposition 5.5. We analyse the Fourier coefficients of the form that appears in (5.14):

Err1(x¢wp", e0wp *) G, 11 (¥ (xp0) T Wi negeap)|e. (A1)

Following [Pan03], we use the trick that U(p) is invertible on the image of e. So for fixed a > 1,
(A1) is equal to

Ej—r_1(x¢wp", eBwp ¥) P0G, (¥ (xd0) Wi, negeop) el (p*)U (p*)
=Ej_ 1 (xowp", efwp )G 1 (¥(xd0) Wi, negeop)|U (p™)eU (p*) 7t (A2)
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Thus, it suffices to interpolate

Ej—r—1(xowr", eBwp ") Gyp1 (¥(xd0) " Wit negeop) U (p%). (A3)

We now calculate the Fourier coefficients of (A3). Thus, let £ € F, £>>0, y € A, such that
&yr C v, and without loss of generality we may assume that yt is prime to p. From (2.16), and
the definition of U(p) in (2.23), we see that the Fourier coefficients of (A3) at the ideal &yr, is
related to that of Ex_,_1(xowp", efwh K00 and Gy (v(xp0) " Wit negegp), as follows:

C(éyr, Epro1 (xowy", ewp ©) 0G4 (9(xe0) " wit, neyeop) U (p*))
= C(p*éyr, Egr1 (xwi", ewp k)OOGrH(?P(XW) LW negeop))

= Y Clayr, Brra(xgwp, bwp ")) C(Cayr, Grpa ((xe8) ' wit™, negeop));

§1+E&2=p>¢
£1,§2>0
Co(m, Br—y1(xgwp", i ™) G i1 (Y (x$0) " wi™, negeop)|U (p)) = 0. (A4)
In this calculation, we are implicitly using the fact, clear from (5.4), that
Co(m, B_r_1 (x¢wp", efwp™)%) =0
C &1y, Broro1 (xwp', e ")*) =0
if & is not relatively prime to p. Thus, the constant term of G,i1(¢(x¢f) 'wit, neyeop)
(see (3.14)) does not enter (A4).
Substituting (3.14) and (5.4) into (A4), we obtain
C(Eyr, By (xdwp", efwp )G (¢(xg0) ™ wi™, negeop)|U (p))
= Z Z xowp" (a)ebwr (BN (b)F——2
§1+&=p=¢ ab=£1yt
£1,62>0 a,bCr,abtpr=t
X ST Nleyr) v(xgd) 'wit (dv) | (A5)
Eo=ed
ecy~lyder

dr+pr=r,d mod t*

Thus, if we define

Ka(x: ¢, 0.7 € M(ncP¢” 40, Ap)@o O[]
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Cleyr, Kalx, ¢,0,7)) = > > xowp(a)fwi! (6)N ()7 ([b])

§1+82=p*¢ ab=&1yt
£1,£2>0 a,b Crabtpr=t

x Yo Nleyo)v(xgd) wi (dr)
Ea=ed
ecy lyder
de+pr=t,d mod t*

CO(m7 lCa(Xv (;57 97 T)OO) =0 (A6)
then Ko (X, ¢, 0, 1) specializes to (A3), at Py, k > r + 2. It thus suffices to set
H(x, 6,0, 7)== Kalx, ¢, 6,7)PleU(p*) (A7)

(which is clearly independent of the choice of ).

The assertions about H(x, ¢, 8, r)° is proved similarly. O

Proof of Proposition 5.6. Define the distributions jg¢, as in (5.15). We need to check that it
is a measure, i.e. bounded with respect to the norm (5.13). Thus, we consider a coset of the
form x + Zpo(r). We need to calculate pgg, (2 + Zpa(t)), the value of pgg, on @+ Zpq(t):
denoting by h, the cardinality of Zp(t)/Zpq(r) 2 Clp(p®t), we have

X Hx)

poor(T+Zra(t)) = Y o H(x ¢.0,7)"
x mod Zp,a(t) @
X () 00 1
- Z h ]Ca(X7 ¢7 07 T) ’eU(p) (Ag)

x mod Zp 4 (%)

(the notation x mod Zf,q(r) means that x runs over the characters of Zp(v) factoring through
Zpq(t), i.e. characters of Clp(p“t)). Thus, it suffices to show that

—1
X
E X h( )’CQ(X7 ¢> 97 T)OO (Ag)
x mod 7F,a(t) o

is uniformly bounded.

Using (A6) and the notation there, we have

(o X LUK 000)

x mod Zp’a(t)

3 X" () 00
= Z ha C(ﬁyt, ICa(Xa ¢7 07 T) )
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® F at&=pe¢ ab=¢ 1yt
£1,62>0 a,bCr,abtpr=t

-y Y9y S e @0 (N () o)
d Zpq

X mo

X > N (eye) b (xp0) " 'wi (dv) | . (A10)
eeiafi,ccllEt

dr+pr=t,d mod t*
Now interchange the order of summation: take the sum over y mod Zp,(t) first. The finite

sum
Z x(ad tz™1)

x mod Z (%)

is zero, unless a=dxt mod vaa(t), in which case the sum is equal to h,. Hence, the
expression (A10) is equal to

> . dwp'(@)bwr! ()N (6) 7 ([b])

&1+&2=p*¢ ab=¢1yv
£1,62>>0 a,b Cr,abtpr=t
X > N (eye) p(60) ' wii (dv) (A11)
Ea=ed
ecy lyder
dr+pr=t,d mod t*

a=dzrmod Zp . (t)

which is clearly uniformly bounded (independent of the coset © + Zp 4 (t)).

Next we show the integration formula (5.16): let 7 be a finite-order character of Zp(t), then
we would like to prove

|t dneso=(-0" [ nduss. (A12)
ZF(C) ZF(Y)
This is equivalent to showing that for a large enough so that 1 factors through Z,(t),
> w@e)i nooole + Zea@) = (0" [ nduar +on).  (AL3)
> Z(v)
Z‘GZ/ZFJX

Here, by o(1), we mean elements of M(lecm(n, cgsp)c(gp)),w, Ar), whose norm goes to zero as

o — Q.
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With the notation of (A8), we show

> oawwr Y k600

z€Zp(v)/ZF,a(v) x mod Zp q(x)
= (—=1)"Ka(x; ¢,0,7)* + o(1) (A14)

which clearly implies (A13).
By (A10), the Fourier coefficient of the left-hand side of (A14), at the ideal {yr, is given by

Yo @@y Y Y. d(abwp(b)([b])

€Zr(V)/Zp.q &1 +E=p¢ ab=&yv
2€Z (V) ZF,a(v) €1,62>0 a,b Cr,abtpr=t

-1
x Y. w(e8)  wp(d)
Ea=ed
ecy trder
dr+pr=r,d mod t*
a=dzrmod Z 4 ()

= ) > ST ndta)g(a)(d a)powy! (b)([b])

§1+62=p*¢ ab=§1yt §a=ed
§1,62>0 abCrabtpr=tr ecy lrdecr
dr+pr=r,d mod t~*

x 1h(¢0) wp(dr)

= > S newr (@)fwr! (B)N (@) N (de) 7 ([b])

§1+62=p*¢ ab=¢1yt §a=ed
§1,62>0 abCrabtpr=tr ecy lrdcr
dr+pr=t,d mod t*

x P(npf) ' wit (dv)
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= Y > > newp (@)bwp (B)N(6) TN (d Gryr)([b])
§1+&2=p*¢ ab=&1yt §o=ed
§1,62>0 abCrabtpr=tr  ecy lrdcr
dr+pr=t,d mod t*

x Y(ned) "t (dv) | (A15)

Now & + & =p“¢, and &1, & > 0, so that
N(&r) = (—1)*N (&r) + o(1)
and, hence, in the notation of (A15),

N(d )" = (=1)TN(d L éye)" + o(1)
= (=D)¥ N (eyr)" + o(1).

It follows that up to terms of order o(1), the expression (A15) is equal to

GO > ngwp(a)0wy ()N (6) 7 ([b])
&1+&2=p™¢ ab=¢1ye
£1,62>0 a,b Cr,ab+pr=t

XY P(ned) wp (de)N (eyr)”
&o=ed
ecy lrder
dr+pr=t,d mod t*

which is the Fourier coefficient of (—1)"Cq (7, ¢, 0, r)% at the ideal Eyr. |

Appendix B. Proof of Theorem 8.2

Here we give the proof of Theorem 8.2. Thus, let f be a p-ordinary newform of tame level n,
weight two, trivial character. Let F the Hida family lifting f. Following the formalism of § 8, we
only need to consider specializations of F along the cyclotomic direction. Thus, denote by f, the
specialization of F at weight k (thus, fo =f).

We first consider the case where k=2 mod p — 1, in particular k is even. For these values
of k, the form f;, also has trivial character.

Let gy, be the newform (in the usual sense) whose p-stabilization is f;,. We use the archimedean
functional equation for gy to deduce the functional equation for the p-adic L-function for fi. As
in §8, we fix a character 6§ adapted to fo. Then 6 is also adapted to f; for k=2 mod p — 1.
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We denote by py, . .., p, the set of primes above p. Without loss of generality assume that the
conductor of g is given by np; - - - p,. Then gy is Steinberg at py, ..., p;, and by Atkin—Lehner
theory, we have

a(p;, gr)? = (Npy)* 2. (B1)
One may thus write
a(piv gk) = _C(ka pz)(sz)(kim/Za C(l{?, pz) ==+l (B2)

(As a matter of fact, (B1) and (B2) imply, under the p-ordinary assumption, that gy, is Steinberg
at some p above p, only when k = 2.)

On the other hand, gy is good ordinary at p;; 1, ..., py, and we have (in the notation of §8):
a(p, gr)B(p, ge) = NP forp=p.1,....p, (B3)

We have the functional equation for the archimedean L-function L(s, gj) (see [Shi78]):

Ds
(27T)ds

Dhks
(QW)d(kfs)

D(s)?L(s, gr) = (=1) " 2w(k)N (npy - - - p,) /27 L(k —s)'L(k —s,g) (B4)

with w(k) = %1 being the eigenvalue for the Atkin-Lehner operator acting on gy, i.e. gi|Jup,..p, =
w(k)gr. We write

eco (k) = (=1)™/?w(k) (B5)
the sign of the archimedean L-function.

To prove the functional equation for the p-adic L-function attached to fi, we need to consider
the twisted form of (B4). Let 0 <7 <k — 2 be an integer, Y a finite-order character of Zp(t )
Renaming py, . .., p, if necessary, we suppose that py, ..., p, divide Cwor the conductor xwz",
while p,4,...,p; do not. We also allow an auxiliary character ¢, Wlth conductor prime to ncyp
as in §6. We have the following functional equation:

1 D3,
T((xpwp") 1) (2m)%

= (_1)d7‘eoo(k) <H C(k’, pi)>N(nps+l S pt)k/Q_SN(cxw;chb)k_Qs(XCZ)W;T)_l(nPSJrl o pt)

1 Dkfs
T~ ). s
F

Now by Corollary 6.9,

L(s)L(s, gr, (x¢wp") ™)

Ly(r+1,f,x,¢)
X(ZWF )N(p)r

plp

1 vl L+ 1,6, (xwp") ™)

R B 1A d
X O‘(CXW;” fk)DFF(r +1) N(cxw;rw) (C2ri) (o)) 2 (E, B)
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- 11 <1_x¢w?(p)/\f(p)7“>

P=p,,....p a(p7gk)

e N [, (i) (0) B0, )
Xp_pﬂ__.7pg<1 e ) a2
DR )N (e LB (O )

XWp

aey,-rs fi) (=2mi) o7 ((xgwp") "1 )Q(fr, 0)

Now we make the substitutions r — k —r — 2, x — x~! and ¢ — ¢~!. Using (B2), (B3), and

the fact that X—lw;(kfrfm

Ly(k—r—1,fi, x o)
. (1 _ (xpwp) TN (p>’”2>

= (xwz")"! for k=2 mod p — 1, we obtain
F

A a(p, gk)
L e
- () I (™)
< I (-2t (- M)
N DET(— - DN (€ ree) !

a(cxw;r, fk)

L(k —-r—= 17 8k, X(bw}_T‘r)

8 (—2mi) A== 7 (xypw" )£y, 0) (B8)

Hence, by combining (B7) and (B8) with the archimedean functional equation (B6) evaluated
at s=r + 1, we obtain

t
Ly(r + 1, £, X, 8) = esol) <H ek, pi)) (=120 (g ")~ ()N ()27
i=1
X Lp(k - Tr—= 17 fk7 X717 ¢71)
t

= foo(k) <H c(k, pl)> (—1)d(k/2_1)wF(n)k/2—1(X¢)—1(n) <n>l;/2—(r+1)
1=1

XLp(k‘—’l“—l,fk,X_l,(ﬁ_l). (Bg)
Let us use the notation
t
ep(k) = € (k) <H c(k, m)) (—1) k2D (n)R2 (B10)
i=1
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note that wr(n)*/21 = £1, thus €,(k) = 1. Also note €,(2) = €5 (2)(—1)¢, where we recall that e
is the number of {p|p}, with a(p, f) = 1. We then have

Ly(r + 1, £, X, ) = 6(k) (x) " ) ()32 T Lk — v — 1,8, x 7Y 97,

So, by the Zariski density argument, we obtain the functional equation for the one-variable p-adic

L-function:
Ly(s, i, X: 8) = (k) ()" () ()" "Ly (k = 5, e, X, 67")
= &p(k) (x0) () (W) Ly(k — s, £ x 67 (B11)
valid for k=2 mod p — 1, and k being sufficiently close to two p-adically. We claim that
ep(k) = 65(2) (B12)

for these weights k. Indeed, by a theorem of Rohrlich (Theorem 6.4), we can choose Y, ¢, so
that Ly(1, f2, x 71, ¢~ 1) # 0. By continuity, L,(k — 1, fi, x 1, 1) # 0 for k > 2 sufficiently close
to two (p-adically). Take s =1 in (B10). We see that there is a p-adic analytic function F'(k) in
a p-adic disc around two, such that

61)(2) = F(Q)u
ep(k)=F(k), k=2 mod p—1, Fkcloseto 2.

Since €,(k) = £1, it follows that €,(k) = €,(2) for these values of k.
Now by the Zariski density of these weights, it follows finally that

_ 2— _ _
Lp(s, 5, X, 6) = 6(2) (@)~ () ()3 > Ly(s — 5,5, x 7, 671, (B13)
Specializing (B12) to the case where x, ¢ are trivial, we obtain Theorem 8.2. O
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