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Abstract  This paper deals with a reaction—diffusion model with inner absorptions and coupled nonlinear
boundary conditions of exponential type. The critical exponents are described via a pair of parameters
that satisfy a certain matrix equation containing all the six nonlinear exponents of the system. Whether
the solutions blow up or not is determined by the signs of the two parameters. A more precise analysis,
depending on the geometry of {2 and the absorption coefficients, is proposed for the critical sign of the
parameters.
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1. Introduction

In this paper we consider the following reaction—diffusion model with nonlinear absorp-
tions and coupled nonlinear boundary flux:

up = Au — a1e™", v = Av — axe™?, (z,t) € 2x(0,T),

u 2utp v _ quts
—— — g@2uTpY — = eduTP2v % T 1.1
u(z,0) = ugp(z), v(x,0) = vo(z), z € (2,

where 2 C RY is a bounded domain with smooth boundary 0£2; p,q,a; > 0, oy, 3; = 0,
1 = 1,2, are constants; and ug and vy are non-negative functions satisfying compatibility
conditions. Parabolic equations like (1.1) can be used to describe, for example, heat
propagations in mixed solid nonlinear media with nonlinear absorptions and nonlinear
boundary flux [1-4,6,9,11]. The nonlinear Neumann boundary values in (1.1), coupling
the two heat equations, represent some cross-boundary flux.

The problem of heat equations

up = Au, vy=~Av in 2 x(0,T), (1.2)
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coupled via somewhat special nonlinear Neumann boundary conditions

% =P, % =u? on 02 x(0,7), (1.3)
was studied by Deng [5] and Lin and Xie [9], who showed that the solutions globally
exist if p¢g < 1 and may blow up in a finite time if pg > 1 with the blow-up rates
O((T — t)=(+1/2a=1)) and O((T — t)~(a+1)/2(ra=1)) " Similarly, the blow-up rate for
the corresponding scalar case of (1.2) and (1.3) was shown to be O((T — t)~1/2(r—1))
in [7].

The system (coupled via a variational boundary flux of exponential type)

up = Au, vy = Av in 2x (0,7,
g—z =eP?, g—z =e? on 002 x (0,T), (1.4)

u(z,0) = ug(x), v(z,0) = vo(x) on {2

was studied by Deng [5], and has blow-up rates

1 1
——loge(T —t) < maxu(-,t) < ——log C(T —t),
2q 2 2q

1 1 (1.5)
——loge(T —t) <maxwv(,t) < ——1logC(T —t

3 08 0(T = 1) < max (1) < - log O(T 1)

for t € (0,T). This is the special case with a;; = 3; = a; =0, 7 = 1,2, in our system (1.1).

Zhao and Zheng [12] studied the following nonlinear parabolic system:

up = Au, vy = Av in 2x(0,7),
Gu = U tPY, dv = eduthzv on 92 x (0,T), (1.6)
an an

u(z,0) = up(x), v(x,0) = vo(x) on (2.
The blow-up rates for (1.6) were shown to be

max u(-,t) = O(log(T — t)~%/2), max v(-,t) = O(log(T — t)~P/?) (1.7)

as t — T, where (o, )T is the only positive solution of
Qs p al (1
q P2)\B 1)’

e P~ B2 qg— o
pg— o2’ pq — azfs
Clearly, the blow-up rate estimate (1.5) is just the special case of (1.7) with ap = B3 = 0.

namely,

B =
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To describe the critical exponents for (1.1), inspired by [12-14], we introduce param-
eters 7 and 7y satisfying the following matrix equation

Qg — %oq P T\ (1
( q B2 — %51) <7'2> a <1> 7 (18)

_ p+ 361 — B o g+t —
pq— (501 — a2) (561 — fa)’ T pg— (har —ag) (LB — )

Observe that all six exponents p, ¢, o, 3; (i = 1,2) of (1.1) are included in (1.8). Since
for the case of ¢ = ay — %al with p # By — %61, we have

1 pg— (3on — a2) (361 — B2)

T1 p+ 61— B

namely,

T1

(1.9)

It is reasonable to define 1/71 = 2¢, 1/75 = 2p with both ¢ = ap — %al andp = By — %61.
Let g be the first eigenfunction of
Ap+Ap=0 in (2, =0 on 02, (1.10)

with the first eigenvalue Ao, normalized by ||¢o]lec = maxgp @o(-) = 1. Then @ > 0 in 2
and

0 0
a<|% —(-%)] <a (111)
M lae m /) loq
for some constants cq,ce > 0. Moreover, there exist positive constants g and c3 such
that
[Vo| > 3c1 for z € 2 = {z € 2: dist(z,002) < &0}, (1.12)
wo =g  forxe )y ={xeN:dist(x,00) >ep}. (1.13)
Let
max |Vo| = cs = co. (1.14)
Q

It is well known that Ao, g9 and ¢; (i = 1,2, 3,4) depend on the size and shape of (2.

Since the system (1.1) is uniformly parabolic, the existence and uniqueness of local
classical solutions to (1.1) are standard [8]. We say that a solution (u,v) of (1.1) blows
up at finite time 7T if

lim max([u(-, )] + |v(-, ?)[) = +o0.
t—=T-

The aim of this paper is to establish the critical exponents for (1.1), a simple and
precise description for which will be given via parameters 1/7 and 1/7» defined by (1.8).
Whether the solutions blow up or not is determined by the signs of 1/7 and 1/7. As for
the critical sign of the parameters (1/71,1/73) = (0,0), a further analysis to the geometry
of £2 and the absorption coefficients will be proposed for more precise blow-up criteria.

The main results are the following theorems.
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Theorem 1.1. If1/7; > 0 or 1/75 > 0, then the solutions of system (1.1) blow up in
finite time with large initial data.

Theorem 1.2. If1/7; < 0, i = 1,2, then the solutions of (1.1) are globally bounded.
Theorem 1.3. Assume that 1/71 =1/m = 0.

(i) Ifas > Loy and B2 > §31, then the solutions of system (1.1) blow up in finite time
with large initial data.

(i) If
A 2 A 2
ay > 901 (0 + 3624>7 as > 2;31 (O + 3024> (115)
C1 1 C1 1

with g < 31, B2 < 3031, then the solutions of (1.1) are globally bounded.

(iii) If

2M2 A 2M2 2M2 \ 2M2
ar 003} a2<min{cl Oc?’} (1.16)

a; < min , )
! { 4 a6 B

(041 (5]
with as < ai, 2 < 261, M = min{ai/(2c2), 51/(2¢2)}, then the solutions of (1.1)
blow up in finite time for large initial data.

The main technique employed in this paper relies on finding suitable sub- or super-
solutions, which blow up in finite time or remain bounded for all time. We refer to, for
example, [10] for the idea and techniques of constructing such sub- and supersolutions.
For example, observing that u(x,t) and v(x,t) considered here attain their maximum on
the boundary, we can seek blowing-up subsolutions of the form log(Mgq + (1 — ct)%)=",
where ¢ is the normalized first eigenfunction of (1.10), and M, K, n are suitable positive
constants to be determined.

This paper is arranged as follows. Theorems 1.1 and 1.2 will be proved in the next
two sections for blow-up and global boundedness of solutions, respectively. Section 4
deals with the more interesting critical case of (1/71,1/m) = (0,0) in Theorem 1.3. A
discussion of the critical exponents is given in the last section.

2. Blow-up of solutions

This section deals with blow-up for the solutions of (1.1) in Theorem 1.1.

Proof of Theorem 1.1. Let

A B
=1
[pAa1/2 4 (1 — ct)K]2/er’ v = log [BB1/2 + (1 — ct)E]2/Be”

u = log (2.1)

where ¢ = Mg, o is the normalized first eigenfunction of (1.10) with the first eigenvalue
Ao, and A, B, ¢, K, L, M are positive constants to be determined.
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For (z,t) € 92 x (0,1/¢), we have

Ou 2A%1/2(—9p/0n) < 2A%1/2 M ¢y v < 2B% /2 Mc, (22)
o aqfpAa/2 4 (1 —ct)K] = ay(1 —ct)K’ on = Bl —ct)E’ '
e2utpy A*2BP edutfzy A1BP (2.3)

(1 — ct)(@pL/B1)+(2a2K/a1)’ (1 — ct)(28:2L/B1)+(2qK /o) |

In 22 x (0,1/c), a simple computation shows

2K (1 —ct)E-1e 2L(1 — ct)L e
YT Mo AN (T— )R] T BiMeoBR 2 + (1 ct)E]’
Au — 2A°/2 M \gipo 2A% M2V 2
T aq[MpgAa/2 4+ (1 —ct)K]  an[MpgAar/2 4+ (1 — ct)K]?’
Ap = 2BP1/2 M \opo 2B M2?|Vpo|?
T Bi[MpoBf1/2 + (1 —ct)L]  B1[MpoBF1/2 + (1 — ct)L]2’
aje®t = a1 A% azet = a2 B

[MpgA1/2 + (1 — ct)K]2’ MpoBP /2 + (1— ct)L]2

Next, we will treat 1/7; > 0,7 = 1 or (and) 2, in the following four cases, respectively:

L az < jou, B2 < 361

2. ag > %041, Bo >

3. ag > say, B < 141
< a1, B2 > 301

Case 1 (a2 < %al, B2 < %ﬁl)- Observe that 1/7 or 1/75 > 0 and ag < %ah
Ba < 181 imply pg > (a1 —a2) (581 —B2). If, for example, B2 < 131, then (foy—aw)/p <
q/(%ﬂl — fB2). Thus, for any fixed M > 0, there exist large constants A, B, K and L such

4. (%)

that
(2Mc2/a1)1/”A(“1/2_a2)/p <B< [ﬁl/(2MCQ>]1/((51/2)_52)14(1/((51/2)_52), (2.4)
B <Ol1 - 2042) 2q < B )
—| — K <L< —|-—— | K. 2.5
2p o o1 \ P11 — 20, (25)
It follows from (2.2)—(2.5) that
Oy < e2utry, Ou < et on 90N x (0,1/c). (2.6)
o I

If %al —qy = %ﬁl — B2 = 0, then (2.6) is obviously true because of (2.2), (2.3) for any
fixed M provided A and B are large enough.
For (z,t) € 4 x (0,1/c), we have with (1.12) that

s 241 M2|Vipy|? y Avi )22
u =z = )
T i [MpgAar/2 4+ (1 — ct)K]2 7 204 [MpgA*1/2 4 (1 — ct)K]?
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and hence
a; A M?3c2
A _ a1y 2 - 1
u—ae Uy [MpgAo1/2 4+ (1 — ct)K]? <4a1a1
Q1 2.2
N 1 AN M e; 2Kc¢
ar[MpoA®/2 + (1 — ct)K] [4(MA/2 + 1)
~o. (2.7)

provided M? > 4ajay/c and ¢ < M?¢3/[SK (M A*/? 4-1)).
Similarly, if we take M? > 4831as/c} and ¢ < M?c? /[SL(M BP/? 4+ 1)], then

Av —ageP¥ —p, >0 in 24 x (0,1/c).

For (z,t) € £23 x (0,1/¢), due to (1.13), we have

Ay 2A%1/2 M \opo N 2A9/2 M \oes
u =z = )
ST aq[MpgAa/2 + (1 —ct)K] T an[MpgAer/2 + (1 — ct)K]
and hence
a1 A* )\0M2C§
Au— a1eY —y, > -1
u—ae Uy [MpoAo1/2 4+ (1 — ct)K]? ( 101
T 2Kc )\0M03 1
ai[MpgA*1/2 + (1 —ct)K]\ 2Kc

whenever M? > aja;/(Moc?), K > 1, and ¢ < A\gMec3z/(2K).
Similarly, if we take M? > Braz/(Moc3), L > 1, and ¢ < A\gMecz/(2L), then

Av — age®? —v, >0 in 2 x (0,1/c).

In summary, if

M donar 4B1az onar Braz
= max ot el v Rl
&1 1 0C3  A0C3

A, B, L and K are taken as (2.4), (2.5), and

. M2C% MQC% )\0M63 )\0M63
C = 1min
SK(MAe1/2 +1)’ 8L(MBA/2 +1)" 2K ' 2L [’

then w and v satisfy (2.6) on 942 x (0,1/c) and
u, < Au— a1e?, v, < Av — ae®™?  in 2 x (0,1/c). (2.9)

If, moreover, the initial data are sufficiently large that ug(z) > u(z,0), vo(z) = v(z,0)
on £2, then (u,v) is a blowing-up subsolution of (1.1).
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Case 2 (a2 > %al, B2 > %,@1). This is a somewhat trivial case. Since ag > %al,
B > %ﬂl, we clearly have

20,L 2qK
L < + —, 2.10
B1 aq (2.10)

200K 2pL
K< + —, 2.11
o B1 (2.11)

for any positive constants K, L. By using (2.10), (2.11) in (2.2), (2.3), we can get (2.6) on
082 x (0,1/c) immediately provided A and B are large enough. Moreover, we can obtain
(2.9) in £2 x (0,1/c) by the same argument as that for Case 1.

Case 3 (ag > %al, B2 < %,81). Under this assumption, (2.11) is obviously true for
any positive constants K, L. Take K, L, A, B > 1 such that

Q_Q@)Lg%K, (2.12)
o

ag

< Bor/zp  PAT
= = 2MCQ

IM (B1/2—P2)/p
( 02) (2.13)

831

Due to (2.11)—(2.13), we can get the boundary inequalities of (2.6) from (2.2), (2.3).
The proof of (2.9) is similar to those in the first two cases.

9
Case 4 (a2 < %al, B2 > %,81) This is the case parallel to Case 3.

Theorem 1.1 is proved. |

3. Global boundedness of solutions

We will study the global boundedness of solutions with 1/71,1/7 < 0 to prove Theo-
rem 1.2 in this section.

Proof of Theorem 1.2. The proof will again be based on the comparison principle.
We define the time-independent functions
i—1 A 51 B
i =log—————, t=log—m————,
2 (1= p)Am” P2 (1)
where ¢ = Mg, ¢o is the normalized first eigenfunction of (1.10) with the first eigenvalue
)\0, and

. ai a2
M= 1 3.1
mm{ " 531 (Ao 1 22) 2m@0+2c§)}’ (3.1)

and A, B are positive constants to be determined.
On 92 x (0,T), a simple computation shows

7 a1/2 _ Ac1/2 1 _ _
@ _ A (1 90) u(/za@/an) > Aa1/2M61, @ > ‘861/2]\4617 (32)
on 2 — (1 —p)A™ on

eazﬁ-{-qu — Aang’ eqﬂ-‘rﬁﬂ? — AQB@_ (3.3)
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We first show that 1/77 < 0 and 1/7 < 0 imply that %ozl > ap and %ﬁl > (5. Note
that there should be (p+ 281 — B2)(¢+ 21 —2) > 0. If p < B — 381, ¢ < a2 — L,
then pg — (B2 — %ﬂl)(ag — %al) < 0, a contradiction. If p > B — %/6’1, q> ag — %al,
then pg — (B2 — %51)(a2 — %al) > 0 provided %al < ag or (and) %ﬂl < (o, also a
contradiction. Thus we know from 1/71,1/72 < 0 that p+ %ﬁl — 02 >0, g+ %al —ag > 0,
and pq — (361 — B2)(3a1 — asz) < 0. Therefore, /(351 — B2) < (31 — a2)/p. We can
choose A, B sufficiently large that

(Mcl)*U((ﬁl/2)*ﬁ2)A4/((ﬁ1/2)*52) < B< (Mcl)l/pA((a1/2)foc2)/p. (3.4)

By using (3.2), (3.3) and (3.4), we get

. Ov it B0
e()@u-‘,-pv7 ov > equ+ﬁ2v on 0 x (O’T) (35)

o
>
on

877] =
In 2 x (0,T), by (1.14) we have

A2 gp(1 — )AL A MR (1 — )2 D)
) 2= (1—p)Am /22
A 2D (A2 — 1) (1 — p)A™ 72
2—(1—p)An”

Au <

< AN GM + 241 M2

On the other hand, u; = v; = 0 and

alAal ale‘l
R— (=) e T e

a1 =

By using (3.1), we have in {2 x (0,T) that

alAal
201

Al — a1e™® — iy < A% 2N M + 2A M2 2 —
< alA"‘l 26¥1M()\0 + 203)
= om a1

< 0.

-1

Similarly, we can get in £2 x (0,7) that
A — a6 — 5, 0.
Clearly, @(x,0) > ug(z) and ¥(x,0) > vo(x) on 2 with A, B sufficiently large. We have
v

shown that (@, 9) is a time-independent supersolution of (1.1), and hence Theorem 1.2 is
proved. ([l
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4. Critical case

Now let us consider the more interesting critical case of (1/71,1/7m2) = (0,0).

Proof of Theorem 1.3. It is easy to see that if as > %041, B2 > %ﬁl, then the argu-
ment for Case 2 in the proof of Theorem 1.1 is also valid for (1/71,1/m2) = (0,0).
We omit the proof for (i). We observe that (1/71,1/m2) = (0,0) is equivalent to
pq = (%0!1 - QZ)(%ﬁl — B2).

For (ii), we define the time-independent functions

A B

7 =lo v=1o
g2—(ga+1)—Aal/2’ g2—(g0+1)—3ﬂ1/2’

where ¢ = Mg, and A, B, M are positive constants to be determined.
We have for (z,t) € 062 x (0,T) with (1.11) that

_ a1/2(_ _
@ _ A ( /?90/577) . > Aa1/2M61, @ > Bﬁ1/2M01,
M2 (p+ 1) A (g + DA on

e2UtpU _ A*2BP, edutf2v — AapB2.

Since pg = (a1 — a2)(351 — B2), we can choose A, B > 1 satisfying A ((Br/2)=B2) —
B = Alla1/2)=a2)/p Tet M = 1/c;. It is easy to see that (3.5) holds.
For (z,t) € 2 x (0,T), we have by (1.14) that

AN gp(p + 1)U PN gen(p 4 1)= @AM P2 203
2—(p+1)-4m” 2= (p+1)-A" 72
A 2422 4 1) (p + 1)~ AT P42 02
2 (p+1)-an”
S AMENGM + A M2E2 + A/2(A*/2 L 1) M2

Ay <

and
- ap A% ap A%

a1u
2— (p+1)—A"17ar = 20
Because of (1.15) with M =1/¢; and A > 1, we obtain
. A Xo | 3ci
Al — ae™® — i, < —— {2“1 (0 + C;‘) - al]
291 c1 ct
<0,

aie

and, similarly,
AT — aze®” — 5, <0 in 2 x(0,T).

In addition, we can choose A and B sufficiently large that a(x,0) > ug(z), 9(z,0) >
vo(x) on 2. Thus, (@, ) is a time-independent supersolution of (1.1), which implies the
global boundedness of solutions to (1.1).
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For (iii), we define a pair of functions as in (2.1):

A B
= 1 .
[pAa 2 (1 — c)R /a7 OB [oBAZ (1 - ct)E2/A

u = log

Letting M = min{ay /(2¢2), 31/(2¢2)} with (31 —a2)/p = q/(4 81— B2), we can choose
constants A, B, K, L > 1 satisfying (2.4) and

B (a1 —2az 2 b1
2p< ai )K_L_Oé1<51—2ﬁ2>K' 1)

By using (4.1) with (2.4) in (2.2), (2.3), we obtain the boundary inequalities in (2.6).

It is easy to see that for M chosen above, the inequality (2.7) holds in 4 x (0,1/c)
provided a; is small enough that a; < ¢3M?/(4aq). Similarly, (2.8) is true in {25 x (0,1/c)
with a; < Agc3M?/a;. The corresponding discussion is valid for v with small ay in (1.16).
So, the inequalities in (2.9) hold in 2 x (0,1/¢) under the assumption (1.16). If we have,
in addition, the initial data sufficiently large that ug(z) > u(x,0), vo(x) = v(z,0) on £2,
then (u,v) is a blowing-up subsolution of system (1.1). The proof of Theorem 1.3 is
complete. O

5. Discussion

Finally, we discuss the main results of this paper. We have studied the interactions
among multi-nonlinearities in the reaction—diffusion system (1.1). One can find from
Theorems 1.1 and 1.2 that either small exponents a;y, 81 in the absorption terms, large
exponents as, (2 in the boundary flux, or large coupling exponents p, ¢ benefit the
occurrence of blow-up. In addition, Theorem 1.3 says that small coefficients of absorption
and small domain (i.e. large Ag) benefit blowing up as well in the balance case between
absorption and boundary flux.

The procedures to prove the main results of this paper are constructive. Due to the
fact that the introduced supersolutions are time independent, we get not only global
existence, but also global boundedness for the system. The blow-up results come from
constructed blowing-up subsolutions. It is easy to see from the forms of the subsolutions
that the blow-up could be simultaneous for each blow-up case provided both components
of the initial data are large enough.

The two parameters 7y, 7o from the introduced algebraic system (1.8) seem quite
convenient to describe the critical exponents of (1.1). As shown through Theorems 1.1-
1.3, the critical exponents are just (1/71,1/72) = (0,0), namely, the solutions of (1.1)
are globally bounded if both 1/7; and 1/75 are negative, and will blow up in finite
time if at least one of 1/7 and 1/79 is positive with large initial data. For the critical
sign (1/71,1/m) = (0,0), further consideration for the absorption coefficients and the
geometry of {2 should be added to determine whether or not the solutions blow-up. So, it
is reasonable to call the matrix equation (1.8) the characteristic algebraic system of (1.1).

We point out that the classification for all six of the nonlinear exponents p, q, o, 5;
(i = 1,2) is complete. We summarize this classification in Table 1.
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Table 1. Critical exponents

ar—3a1|Be— 30| p+ 5P — P2 | g+ 300 —an | pg— (00 —a2) (361 — B2) | 1/m1|1/72
- - + |+

0 + + | +oo

+ + + | -

- 0 0 0

— - |+

- + +oo| +

+ + 0 0 0 + |+
— —00 J’_

+ - | +

+ 0 0 0

— — J’_ —

0 - + | —oo

— — + |+

+ + + | +

+ —or0 + 0 + + | +oo
+ + + | +

—or0 + 0 + + +oo | +
- + -1+

+ + | +

—or0 —or0 + + 0 0 0

Observe the columns of 1/7y, 1/7 in the table. We can find that the last row with
negative 1/7y, 1/75 corresponds to the global-boundedness situation and that finite blow-
up may occur whenever there is any positive sign of 1/71 or 1/79 in the table. It is more
interesting to consider the critical sign (1/71,1/7) = (0,0). There are two subcases for
it: ag — %al, B2 — %61 > 0 and ag — %al, Bo — %ﬂl < 0. The first one is somewhat
trivial for blowing up because the boundary flux dominates the absorption even without
help from the other component. As for the second subcase, we have to take into account
the influence of the absorption coefficients and the geometry of {2 on the behaviour of
solutions. That is considered in Theorem 1.3.
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