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On Primitive Ideals in Graded Rings

Agata Smoktunowicz

Abstract. Let R = @7°) R; be a graded nil ring. It is shown that primitive ideals in R are homoge-
neous. Let A = @D;°) A; be a graded non-PI just-infinite dimensional algebra and let I be a prime
ideal in A. It is shown that either I = {0} or I = A. Moreover, A is either primitive or Jacobson
radical.

Let R = ;7| R; be a ring graded by the positive integers. Then R is graded nil if
all homogeneous elements in R are nil. It is well known that graded Jacobson radical
rings are graded nil, but need not be nil. For example, as shown by Bartholdi [1],
an affine “recurrent transitive” algebra without unit constructed from Grigorchuk’s
group of intermediate growth is graded nil and Jacobson radical but not nil, provided
that the base field is an algebraic extension of F,. Other examples of Jacobson radical
and graded nil, but not nil rings, are polynomial rings over certain nil rings [3,10]. In
this paper primitive ideals in graded rings are studied. All ideals are two-sided unless
specified. The main results of this paper are the following.

Theorem 1 Let R = @;°| R; be a graded nil ring and let I be a primitive ideal in R.
Then I is homogeneous.

As a corollary the following theorem may be stated.

Theorem 2 Let R = @:°, R; be a graded nil ring and let I be an ideal of R. Suppose
that I is the smallest homogeneous ideal of R containing I. Then R/I is Jacobson radical
if and only if R/I is Jacobson radical.

Let K be a field. An infinite dimensional K-algebra R is just-infinite dimensional
if R/I is finite dimensional for every nonzero two-sided ideal I of R. A result of Re-
ichstein, Rogalski and Zhang [7] states that just-infinite dimensional graded algebras
are affine. Farkas and Small investigated just-infinite dimensional algebras over un-
countable fields [4]. They showed that if K is an uncountable field and R is an affine,
semiprimitive, just-infinite dimensional algebra, then either R is primitive or R satis-
fies a polynomial identity. Similar results concerning graded algebras over arbitrary
fields can be derived.

Theorem 3 Let K be a field, and let R = @:°| R; be a just-infinite dimensional
graded K-algebra with Gelfand—Kirillov dimension greater than 1. Then R is either
primitive or Jacobson radical. Moreover, if I is a prime ideal in R, then either I = 0 or
I =R
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For elementary properties of Gelfand—Kirillov dimension we refer to [5]. The re-
sults of Small, Stafford and Warfield show that if R is a finitely generated semiprime
algebra of GK dimension 1, then the center of R is a Noetherian domain of GK di-
mension 1 [8]. It is worth noticing that the center of a graded algebra is graded.
Therefore a semiprime graded nil algebra of Gelfand—Kirillov dimension not exceed-
ing 1 is locally nilpotent.

Theorem 4 Let K be a field, and let R = @:°| R; be a just-infinite dimensional
graded nil K-algebra. Then R is either primitive or Jacobson radical.

The definition of a primitive ring becomes more complicated than in the usual
case, because rings without unity are under consideration. The following definition
will be used. This definition can be found in [11] (see also [2,6]).

Let R be a ring and let b € R. We define a right ideal Q of R to be b-modular if
a—bae Qforalla € R.

A right ideal Q of a ring R is modular if it is b-modular for some b € R. If Qis a
modular maximal right ideal of R, then for every r ¢ Q we have rR+ Q = R [11].

Anideal I of a ring R is right primitive in R if there exists a modular maximal right
ideal Q of R such that [ is the largest ideal contained in Q.

For each element g € R, the degree of ¢, denoted by deg(g), is the minimal number
dsuchthatg € Ry + Ry + -+ Ry. Given a € R, let (a) denote the ideal generated by
ain R. The Jacobson radical of R is denoted by J(R).

We write [<R if I is a two-sided ideal of a ring R. Given a graded ring R = €, R;
and r € R, we say that r is homogeneous if r € R; for some i. We say that an ideal I of
R is a homogeneous ideal if I is generated by homogeneous elements.

Lemma 5 Let R = @, R; be a ring graded by the positive integers. Let Q be a
b-modular right ideal of R for some b € R. Let f,r € Rbe such thatb —rf € Q. Ifris
homogeneous, then for every natural number i, there is an f; € R such thatb —rf; € Q
and rﬁ ER +Rjyg +---+ Ri+deg(rf)71~

Proof We will proceed by induction on i. If i = 1, we put fi = f. Suppose that
the result holds for some i > 1 and that f; = a; + ajy1 + -+ + Giydeg(rp)—1, With
aj € Rj_geq(r) for each j. Observe that ra; — bra; € Q. Since b — rf € Q, we get
ra; — rfra; € Q. Then the result holds for

i+deg(rf)—1

fis1 = fra; + Z aj.

j=i+1

Indeed, rfra; € Ryyi+- - - +Raeg(rf)+i> hence rfiyy € Riy1+- -+ Riydeg(rf)> as required.
|

Lemma 6 LetR = ", R; be a ring graded by the positive integers. Let I <R and let
ar+---+ax € Lwithay ¢ Ianda; € R;, for 1 < i < k. SetU = (ay). Suppose that
he Ulforsomel >1landh € Ry, + Rys1 + -+ - + Ryye, for some m, t and t > k.

Then there exists g € U1 such that h — g€landg € Ry + Rypy1 + -+ + Ryppr—1.
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Proof Leth = E;:O Cmyi> With t > k and ¢4i € Ryypei. Note that ¢,y = >, piaigi
for some homogeneous p;,q; € RU {1} and q; € U'~!, since h € U'. Set

k—1

g:h—cm+z—ZPi< ﬂj)ql"

j=1

Observe thath —g =", pi(zl;zl a;)q; € 1. Notice that,
deg(pia;q;) > deg(piarg;) — (k — 1) > deg(cpss) —(k—1) =m+t —k+1,

because deg(a;) > deg(ax) — (k — 1). Now t > k yields deg(pia;q;) > m + L.
On the other hand, deg(p;a;jq;) < deg(piarg;) = m +t for j < k. Hence, g €
Ry, + Ry + - - + Ry —1, as required. [ |

Lemma 7 LetR = ;" R; be a ring graded by the positive integers. Let I <R and let
ar+---+ag € Lwithay ¢ Ianda; € R;, for 1 < i < k. Set U = (ay). Suppose that
Q is a b-modular maximal right ideal in R for some b € R. Letr, f, g € R be such that
r is homogeneous, g € U andb —rf € Qandb — g € Q.

If1 C Q, then for every n > deg(g) thereis g, € Rsuchthatg, € R, + Ry1 + -+ +
Ry and b —rg, € Q.

Proof Let f; be as in Lemma 5 applied for this choice of f and . Then b — rf; € Q
andrf; € Ri+Riy1 +- - -+ Rivdeg(rf)—1- Let g = 25:1 ¢;with¢; € Ry and ¢; € Udestrh),
where ¢t = deg(g). For a natural number n > deg(g) = ¢, set h, = Zle fu—ii.
Observe that b, € U8 and b— rh, € Q. Notice that rh, € R, + - - “+ Rytdeg(rf)—15
because rf,_; € Ry—i + -+ + Ry_itdeg(rf)—1- By applying Lemma 6 several times
for h = h,, we see that for each n > ¢ there is g, € R such that h, — g, € I and
18y € Ry + Rpyyy + -+ - + Ryyp, because rhy, € Ry + -+ - + Ryideg(rf)—1- Now, by — g €1
implies that rh, — rg, € Q, and so b — rg, € Q, as required. [ |

Let R be a ring, and let b € R. Let Q be a b-modular right ideal in R. Let r be a
homogeneous element in R such that r ¢ Q. We say that v is an inverse span for r if
for all sufficiently large n, there are f, € rRsuch that f, € R, + Ry +--- + Ry and
b— f, €Q.

Lemma 8 Let R = @2 R; be a ring graded by the positive integers, and let Q be
a b-modular maximal right ideal in R for some b € R. Let I < R be the largest ideal
contained in Qandleta; + -+ -+ ay € [ withay ¢ I anda; € R, for 1 <i <k

Then k is an inverse span for all homogeneous r ¢ Q.

Proof First observe that rR+Q = R for every homogeneous r ¢ Q, so thereis f € R
such that b — rf € Q. Set U = (ay). The ideal I is prime, since it is primitive.
Consequently U ¢ I, and so Uds") ¢ Q, since I is the largest two-sided ideal
in Q. Hence b — g € Q for some g € U8/, By Lemma 7, for every n > deg(g)
there is an element g, € R, + Ryy1 + - - - + Ry4k such that b — rg, € Q. Consequently,
k is an inverse span all homogeneous r ¢ Q. ]
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Lemma 9 Let R = @, R; be a ring graded by the positive integers. Let Q be a
b-modular maximal right ideal in R for some b € R. Let r € R be homogeneous with
r ¢ Qand let v be an inverse span for all homogeneous elements a € rR such thata ¢ Q.
Suppose that there are homogeneous elements p, p’ € 1R such that p, p' ¢ Q and such
that, for every natural number i, if c—d € Qwithc € R;NpRandd € R; N p'R, then
ce Q.

Then v — 1 is an inverse span for r.

Proof Since v is an inverse span for p and p’, for sufficiently large n, there are g, €
pRand g, € p’Rwith g,,¢,v € R, + Rys1 + -+ + Ryyy, and such that b — g, € Q
and b — g, € Q Letgy = puo+ pui+ -+ Puws & = Pro ¥ Pua + - F Doy
where p,; € pRN R,y and p; ; € p’'RN R,y forall n,i. If for all sufficiently large n
either p,, € Qor p), € Q, then v — 1 is an inverse span for r, because p, p’ € rR.
Suppose that there is m such that Pmy & Qand p:,w ¢ Q. Now pyy € pPRN Ry
and p;,, € p'RN Ry, yield pyy — pr,, ¢ Q since otherwise p,,, € Q, by the
assumptions. For sufficiently large # there are h, € ¢R such that b — h, € Q, and
hy, € Ry + Rys1 + -+ + Ry, since v is an inverse span for ¢ = p,,, — p;w. Now
h, = g, + cr, for some cr, € Ryypand g, € R, + Ryy1 + -+ - + Ryyy—1. Thus (for
sufficiently large n) b — k, € Q, where

v—1

kn = hn + (g,/n - gm)rn = gn + Z(P,/m - pm,i)rn-

i=0

Note that k, € 7R, since p, p’ € rR, § € cR. Since cr,, € R,y and ¢ = py,, — pr/n,v S
Ryv, we getr, € R,_,,. Hence, for i < v — 1, we have (p,,; — p,’n’i)rn € R,4;. Thus,
k, € R, + Ry + -+ + Ryyy—1. Hence, v — 1 is an inverse span for r. [ |

Lemma 10 Let R = @:°, R; be a ring graded by the positive integers. Let Q be a
b-modular maximal right ideal in R for some b € R. Let r € R be homogeneous with
r & Q. Suppose that v is an inverse span for all homogeneous elements a € rR such
that a ¢ Q, but v — 1 is not an inverse span for r. Let n be a natural number and let
€y, e, ..., e, € rR be homogeneous and such that ey, ey, . .., e, ¢ Q.

Then there is a natural number t and homogeneous elements dy, dy, . .. ,d, € Rsuch
that eydy ¢ Q, ejdj — eody € Q forall j < n,and ejd; € R, forall j < n.

Proof We will proceed by induction on n. If n = 1 the result is true by Lemma 9.
Suppose the result holds for some n > 1. By Lemma 9, applied to p = e,, p’ = e,+1,
there is a natural number m and homogeneous elements v, u, ¢, d in R such that ¢ =
eV € Ry, d = epniu € Ry, c—d € Qand ¢ ¢ Q. By the inductive hypothesis
applied to the elements e} = eg,e] = ey,...,e,_, = e,—; and e, = ¢, we get that
there are dg, dy, . .., d, and a natural number t, such that eydy ¢ Q, ejd; — eydy € Q
and e§d§ € Ry, forall j < n. Nowsetd; = d/ for0 < i <n-1,d, = vd),
dns1 = ud,. Observe that e;d; = e/d!, and so e;d; € R;, for all 0 < i < n. Notice that
e,d, = e,vd), = cd!, = e d). Hence e,d, € R, and e,d,, — eydy = e,d,, — e}d} € Q.
Observe that e,.1d,11 = eypud,, = dd), = (c+ (d — ¢))d, = e,d], + (d — ¢)d,,. Now
c—d € Qgives epp1dns1 — e,d) € Q, and 50 e,41d,1 — eody € Q. Since c and d are
homogeneous elements of the same degree and e/ d/, € R,, we get that e,1d,+1 € R,.
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Therefore egdy ¢ Q and ejd; — eydy € Q, ejd; € R, forall j < n+ 1. This is the
desired conclusion. [ |

Lemma 11 Let R = @:°, R; be a ring graded by the positive integers, and let Q be
a b-modular maximal right ideal in R for some b € R. Let I < R be the largest possible
ideal contained in Q and leta; + -+ -+ ax € L withay ¢ Tanda; € R;, for 1 <i < k.
Suppose that for every homogeneous p ¢ Q there is a homogeneous element p’ ¢ Q and
p’ € pRsuch that pp’ € Q.

Then 0 is an inverse span for all homogeneous r € R such thatr ¢ Q.

Proof Let v be minimal such that v is an inverse span for all homogeneous a € R
such that a ¢ Q. We know that such v exists by Lemma 4. Suppose to the contrary
that v > 0. Then there is a homogeneous element r ¢ Q such thatv—1 > 0 is not an
inverse span for r. For some « there are elements f, fo+1, fa42, - - -, fa+v € TR such
that b — fo,; € Qand fo1j € Rayj + Royjyr + -+ + Rogjyy for 0 < j < v (since
v is an inverse span for r). Now each element f,,; for 0 < j < v can be written as
fa+j = gj+cjwherec; € Ryyjirysand g; € Rotj+- - -+ Raqjry—1. Fixahomogeneous
element w € rR such that w ¢ Q. If, for some 0 < j < v, we have ¢; ¢ Q, then by
the assumptions, there is homogeneous e; ¢ Q such that cje; € Q. If ¢; € Q, we put
ej = w. Observe that cje; € Q, e; € rR, and ¢; ¢ Qforall0 < j < v. By LemmalO,
there is a natural number p and homogeneous elements d; € R such that eydy ¢ Q
and ejd; € R, and ejd; — epdy € Qforall0 < j < v. Lets = eyd, with deg(_s) = p.
Since v is an inverse span for s, we see that for sufficiently large n there are f, € sR,
f,, € R,+-+-+R,4y, such that b — fn € Q. Let fn = Z}’:O sb;, where sb; € R,,,; for all
0<i<v.Nowb— fo,; € Qimplies (b — fo4j)ejd; € Qforall0 < j < v. Notice
that s — e;jd; € Qgivess — f,1je;d; € Qforall0 < j < wv. Thus f, — g, € Q where
& = Z;:o fat+v—je,—jd,—jbj. Notice that fn — g, € Qimplies b — g, € Q. Observe
that there are t; € rR with #j € Ruiiideg(e) T Rativdeglen+1 T+ + Ratirdegle)+v—15
such that t; — foyep € Q for 0 < I < v. Indeed, we can put ; = ge;, because
for1 = @ + ¢ and ge; € Q, by the definition of ¢;. Set h, = Z;:O t,_;d,—;bj. Now
b—g, € Qandt;— foe1 € Q;s0b—h, € Qforall0 <[ < v. Observe that h, € rR,
since f,41 € R for all ], and so t; € rR for all . Note that for 0 < j < v, we have
ty_jdy,_jb; € Re+---+Rcy,_ | wherec = (a+v— j+deg(e,_ ;) +deg(d,_ ;) +deg(b;).
Now deg(e,_ ;) + deg(d,_ ;) = deg(s) forall0 < j < v,and so

c=a+v—j+deg(s) +deg(b)) =a+v—j+n+j,
since sb; € R, ;. Therefore c = o + v + n. Consequently,
hn € Ra+v+n t---+ Ra+v+n+v71«

Note that b — h, € Q, and we can find such h,, for all sufficiently large n. Set f,| =
hy—a—y. Observe that f/ € rR,b— f/ € Qand f, € R, + -+ + Ry, for all
sufficiently large n. It follows that v — 1 is an inverse span for r. ]

Proof of Theorem 1 Suppose to the contrary, that there are elements

aleRl,...,akERk
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with ay ¢ I such thata; + - - - + a; € I. From the definition of a primitive ideal there
is b € R and a b-modular maximal right ideal Q in R such that I is the largest ideal
contained in Q. Let r ¢ Q be homogeneous. Let n be maximal such that " ¢ Q.
Since R is graded nil such an n exists. Set 7’ = r". Thenr’ ¢ Qand rr’ € Q,
hence the assumptions of Lemma 11 hold. Therefore 0 is an inverse span for every
homogeneous a ¢ Q. In particular b — rf € Q for some homogeneous f € R. Some
power of r f is zero, since R is graded nil, and so b € Q. Therefore, R C Q since Q is
b-modular, a contradiction. ]

Proof of Theorem 2 Suppose to the contrary, that R/I is Jacobson radical and R/I
is not Jacobson radical. The Jacobson radical of R is the intersection of all primitive
ideals in R [2,11]. Hence, there is a primitive ideal P of R/I such that P # R/I. Let
C # Rbe the ideal such that I C C and P = C/I. Observe that R/C is isomorphic to
(R/I)/(C/I) = (R/I)/P. Hence, R/C is primitive. Therefore, C is a primitive ideal in
Rand C # R. Thus C is homogeneous by Theorem 1. Observe that I C C, since [ is
the minimal homogeneous ideal containing I. By assumption R/[ is Jacobson radical;
so R/C is Jacobson radical, since I C C. However, R/C is primitive, a contradiction.
The other implication is clear. ]

Proof of Theorem 3 The Jacobson radical of a ring R is the intersection of all prim-
itive ideals in R. Suppose that R is not Jacobson radical, so R has a primitive ideal
I such that I # R. Then I is a prime ideal in R, and so R/I is prime. Assume
that I # {0}. There is a natural number 7 such that R/I is n-dimensional vector
space over K, since R is just-infinite dimensional. There is an integer i such that
dim(R;) > n, since the Gelfand—Kirillov dimension of R is greater than 1. Thus
I'NR; # 0, and so I contains a homogeneous element of degree 7, say v. Let T be
the ideal generated by v in R. Then R/T is finite dimensional and graded and hence
nilpotent. It follows that R/I is nilpotent, since T C I, and this is impossible since
R/Iis prime. Therefore I = {0}, so R is primitive.

If R is a Jacobson radical ring and I # 0 is a prime ideal in R, then R/I is Jacobson
radical and finite-dimensional vector space over K. Consequently, R/I is nilpotent.
It follows that I = R, since R/I is prime. [ |

Proof of Theorem 4 By Theorem 3, it suffices to consider the case when R has
Gelfand—Kirillov dimension not exceeding 1. Then, as noted just before the state-
ment of Theorem 4, R is locally nilpotent, and hence Jacobson radical. This finishes
the proof. ]

Remark. The author was recently informed that Theorem 3 was earlier discovered by
Lance Small.

Acknowledgements The author is very grateful to Tom Lenagan and to the anony-
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