Appendix B

Many faces of two-dimensional supersymmetric
CP(N — 1) model

B.1 O(3) sigma model

Supersymmetric extension of the O(3) sigma model in the form discussed in this
section was suggested in Refs. [7, 237]. We refer the reader to the book [238] for
a pedagogical discussion of the non-supersymmetric O(3) sigma model.

One can construct supersymmetric sigma model in terms of two-dimensional
N = 1 superfields as follows. Let us introduce a triplet of real superfields N¢,

_ 1 -
N(.0) = §*() +0x"“ () + 506 F'(x), a=1.2.3, (B.1)

where 6 is a two-component Majorana (real) spinor (8 = 6 y%), x¢ is a two-
component Majorana fermion field and F¢ is an auxiliary boson field which will
enter in the Lagrangian with no kinetic term. The superfield N“(x, 6) is subject to
the constraint

N%x,0)N%(x,0) = 1. (B.2)

In components this is equivalent to

1
$98% =1, S%% =0, S“F“:E)Z“x“. (B.3)
The action of the model takes the form
1
S=— [ d°xd*0 &’ (DyN")(DgN")
2g0
_ L [ l(a S“)2+1)2“i)/“8 x“+l()2x)2 (B.4)
g2 20 2 : 8 '
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where g% is the (bare) coupling constant and

D, = i_ —i(y"0)q 0y (B.5)
00y

This model describes two independent (real) degrees of freedom in the bosonic
and fermionic sectors. The interaction inherent to this model is due to the con-
straints (B.3) and the four-fermion term in (B.4). The model is O(3) symmetric, by
construction. Also by construction it has AV = (1, 1) supersymmetry (i.e. one left-
handed real supercharge, and one right-handed). In fact this model has an extended
N = 2 supersymmetry (more exactly, N' = (2,2)). The occurrence of two extra
supercharges (four altogether) is automatic and is explained by the fact that the
target space of the bosonic sector is S2, which is a Kihler manifold. Minimal
N = (1, 1) supersymmetrization of any Kéhlerian sigma model automatically pro-
duces N = (2,2) supersymmetry. Further details can be found in the review paper

[156].

B.2 CP(1) sigma model

The same model expressed in terms of unconstrained variables is usually referred
to as the CP(1) model. If the unit vector S¢ parametrizes the sphere, one can pass to
unconstrained variables by performing the stereographic projection of the sphere
onto the complex ¢ plane,

S'+is?
N o

The complex field ¢ replaces two independent components of §¢. The unconstrained
two-component complex fermion field v is introduced as follows:

X' +ix? S'+is?

= — . B.7
v 1+ (a+s92” (B-7
The inverse transformations have the form
2(R 2(1 1 —|p)?
sl — (Reg) 52— (Img) §3 = o] (B.8)

1+ g 1+ g2 1+ g
and

I _ 2(Rey) 2(Rep)[¢pT¥ + H.c]
1+ |¢)? 1+ 91?2

’
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,  2(my)  2(m )¢’y +Hell
IREEE A+1p»> 7
s_ 0"y +Hel
(1+191%)?
Substituting Egs. (B.8) and (B.9) in the action (B.4) we get [239]

(B.9)

_ 2i _ 1 _
Lepy =G {aM P+ ivy" oy — ;lwam vyhy + e (W)z} (B.10)
where

2 2
8o X

The above Lagrangian can be obtained in terms of A/ = 2 superfields which
will make its A = (2, 2) supersymmetry explicit. Namely, let us introduce a chiral
superfield

D(xr, 0) = ¢ (xr) + V2805 0%YP (x1) + 450907 F(x1),  (B.12)
where 6 is a two-component complex Grassmann variable, while
xi = x" +ify"o. (B.13)

Moreover, T depends on xg = x* — ify"6 and 0, a conjugation of (B.12). In
terms of these superfields the Lagrangian of the CP(1) model can be written as

Lepqy = f d*0 K (@, ®), (B.14)
where K is the Kéhler potential,
2 .
K =—In(1+ '), (B.15)
8o

Needless to say, N = 2 supersymmetry is built in here. And what about the target
space symmetry? The U(1) symmetry corresponding to the rotation around the third
axis in the target space is realized linearly,

®—> Ptia-®, O > o —in. 0T, (B.16)

where « is a real parameter. At the same time, two other symmetry rotations are
realized nonlinearly,

O B+ D, DT B (D) (B.17)

with a complex parameter f.
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B.3 Geometric interpretation

Equations (B.14) and (B.15) suggest a geometric interpretation (for a review see
e.g. [240]) for the above formulation of the CP(1) model which, in turn, allows one
to readily generalize it to the case of CP(N — 1) with arbitrary N. Indeed, let us
consider N — 1 complex superfields

O (xM +iByre), T (M — iGyre),

and the Kéhler potential

N—1
2 - .
K:?ln 1+ > ofs; | (B.18)
0 i, j=1

(As we will see momentarily, it corresponds to the so-called round Fubini—Study
metric.) The Kdhler potential determines the metric of the target space according
to the formula

3K (g, ¢F
= yK@. o) (B.19)
ot/
For CP(N — 1) the Riemann tensor is expressed in terms of the metric (B.19) as
follows:
g2
Rispm = —TO(GI.]GM +GinGy;)s (B.20)
while the Ricci tensor
%
R;; = 7NGZ.J—.. (B.21)

In components the Lagrangian of the CP(N — 1) model takes the form [241]

. . _- . 1 - 7
L zfd4e K =Gij[0u0" 9,0 + il !y Dutr'] = 5 Rijg WD Wy,
(B.22)

where D is the covariant derivative,
Dy’ =3,y + T (8,05 v, (B.23)

and F;;l is the Christoffel symbol.
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If N = 2 the above expressions simplify and we get

2
G=G1=0p041 K|)_5_5= ,
¢ |0—0—O 88)(2
o _
F:F}1:_2¢_’ F:F%T=—2£,
X X
_ —1 2
R=R;j=-G Rjj;1= p, (B.24)
where we use the notation
x=1+¢o". (B.25)

Substituting (B.24) and (B.25) in (B.22) we arrive at the CP(1) Lagrangian (B.10).

B.4 Gauged formulation
Here we will discuss yet another formulation of A/ = 2 supersymmetric sigma

models with the target space

SU(N)
SU(N — 1) x U(1)

— CP(N — 1), (B.26)

which goes under the name of the gauged formulation [242]. This formulation is
built on an N-plet of complex scalar fields n' wherei = 1,2,..., N. We impose the
constraint

TP
n;n' =1. (B.27)
This leaves us with 2N — 1 real bosonic degrees of freedom. To eliminate one extra
degree of freedom we impose a local U(1) invariance n'(x) — ¢ *@pi(x). To this

end we introduce a gauge field A, which converts the partial derivative into the
covariant one,

9y — V=0, —iA,. (B.28)

The field A, is auxiliary; it enters in the Lagrangian without derivatives. The kinetic
term of the n fields is

o) .
L= |Vl (B.29)
0
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The superpartner to the field n' is an N-plet of complex two-component spinor
fields &7,

gl = { g’? . (B.30)
£

The auxiliary field A, has a complex scalar superpartner o and a two-component
complex spinor superpartner A; both enter without derivatives. The full N' = 2
symmetric Lagrangian is

2 AP : ,
L:?{Wun’| + & iy"V, E 4 2l0* n'|?
0

- [i«/iaij £l 4+iv2n (ArEL — ArER) + Hc]} (B.31)

The auxiliary fields can be eliminated by virtue of the equations of motion which
yield the following relations:

nj&; =0, njeh=0;

RN R -
Au:_EnZ oy n _ESIV/L%-,
Lot
o=—=%§&,&,. (B.32)
ﬁ ILSR

Substituting (B.32) in (B.31) we arrive at the final expression for the Lagrangian
of NV = 2 sigma model with the target space (B.26),

2 . 1 <
L= p {‘Bun’}z + 5 (0] B n')?

+ & iy" (3M - %n; E()_; nl) gl
— (Bl ek &, 6 +EREL -5, Sﬁa)} : (B.33)
I’lj I’li = 1, I’lz %-i =0. (B34)

For N = 2 there exists a simple local transformation converting the Lagrangian
of the O(3) model discussed in Appendix B.1 into (B.33),
= ()
X =n] (T 8 g (), (B.35)
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where 7¢ are the Pauli matrices. If we use the Fierz identity for the Pauli matrices,
(Ta)i (_L.a);' _ —l(fa); (_L.a)i + és? (Si (B 36)

and substitute Eq. (B.35) in the Lagrangian (B.4) taking account of the constraints
(B.3) we arrive at (B.33). The constraints (B.34) are satisfied automatically.

B.5 Heterotic CP(1)

Here we will outline derivation of the heterotic CP(1) model elaborated in
Ref. [191]. We will start from the general geometric formulation presented in
Appendix B.3, specify it to the CP(1) case using Eq. (B.24) and then introduce
a deformation that breaks A" = (2,2) down to A = (0, 2). As is well known, if we
limit ourselves to the set of fields present in the NV = (2,2) sigma model, such a
deformation does not exist. However, it does exist if we agree to introduce an extra
right-handed fermion ¢g [190].
One can obtain the deformed Lagrangian as follows. Introduce the operators

B = {¢r(x" +ify"6) + V20r )6} ,
BY = 6, {ch(xt — iby"6) + V265, F1). (B.37)

Since 67, and QZ enter in Eq. (B.37) explicitly, B and B" are not superfields with

regards to the supertransformations with parameters €y, ez. These supertransfor-
mations are absent in the heterotic model. Only those survive which are associated
with eg, GL- Note that B and B' are superfields with regards to the latter.

It is convenient to introduce a shorthand for the chiral coordinate

= x"* +ifyhe. (B.38)

Then the transformation laws with the parameters €g, 6;2 are as follows:

80k = €r, 0% = e, 0% =2iehOr, 6% =2ichor.  (B.39)
With respect to such supertransformations, B and B' are superfields. Indeed,
Sch =V2Fer, 8F =2i(0Lir)ep, (B.40)

plus Hermitean conjugate transformations. To convert Lcp(q) into Legerotic We add
to Lcp(1) the following terms:

AL=/d49{—26“‘B+[g§«/§yBK+H.c.]}, (B.41)
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where y is generally speaking a complex constant. For simplicity we will assume
y to be real. Thus, we obviously deal here with a single deformation parameter.

First, let us check that the extra term (B.41) preserves invariance on the tar-
get space. Indeed, the invariance under the U(1) transformation of the superfields
P, O,

d—>isd, O — —isd, (B.42)

is obvious. Two other rotations on the sphere manifest themselves in nonlinear
transformations with a complex parameter S,

O — B+ B0, O = g4 (@)% (B.43)
Under these transformations

8K = é (B* D+ pDh). (B.44)
0

It is not difficult to see that

/ d*0 BSK = 0. (B.45)

In other words, even before performing the component decomposition we are certain
that the term (B.41) is invariant on the target space of the CP(1) model. Needless
to say, it is A = (0, 2) invariant by construction.

As usual, the F term enters without derivatives and can be eliminated by virtue
of equations of motion,

F==2y"x2yhvr, F==2yx 2y yr (B.46)

In addition, the F terms of the superfields ®, ®" also change. If before the
deformation e.g. F = (i/2) ' ¢ y° v, after the deformation

F=3Tvy v —gyvith (B47)

plus the Hermitian conjugated expression for F.

https://doi.org/10.1017/9781009402200.013 Published online by Cambridge University Press


https://doi.org/10.1017/9781009402200.013

242 Appendix B
Assembling all these pieces together we get the Lagrangian of the heterotic CP(1)

model,

Lheterotic = qu i0Ltr+ [y ¢r R (l' 8L¢T)WR +He.] - g(z)l)/lz(dg tr)(R 1//TLl/fL)

+G 0,9 3P+ = (wL SR WL + Wl or VR)

- L [w}w(«ﬂ drd) + vk vr(¢ 9L 0)]

2(1 — gy 4
—X > wL VL WR VR (B.48)
where R stands for the Ricci tensor, and
0 0 0 0
= — 0 —— — (B.49)

8_ PN
L= T 5 R=% " oz

Generalization for arbitrary N (i.e. the NV = (0, 2) deformed CP(N — 1) model)

is as follows:
Lneterotic = {01 R + [ & ¢r G (i 3L¢Tj)¢}} + H.c.]
— g Iy P () (G v )
+ G300 0ue’ + iy D]
- ?(ci;w';f ) (Gua v )
(B.50)

+ 500 = 2631y ) (0,79 ¥1) (Gra ] ¥,
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