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Abstract

The problem considered is that of approximating irrationals a by rationals p/q where p and
q avoid certain congruence classes mod 2* for certain integers k. Results are obtained which give
close bounds on a number ¢ such that {a — p/q| < c/q? has infinitely many solutions where p and
q can be expressed as the sum of three squares.

1. Introduction

Scott (1940) considered the problem of approximating real irrational
numbers a by rationals p/q where p and q are of given parity. Others (see
section 47.6 of Lekkerkerker (1969)) have generalized this to the case p =r
(mod m), g =s (mod m) where (r,s,m)=1. The problem to be discussed
here is the complementary problem, namely the restriction p#r (mod m),
q#s (mod m), in the cases m = 4,8 and 16. We define k(r,s,m) to be the
infimum of the values of k for which, for every real irrational a, the inequality

1) qlqa —p|<k

has infinitely many solutions in integers p,q with q >0 satisfying
2) pZr(modm), q#s (modm).
In Section 2 we prove
THEOREM 1. For m =4 or 8 and r and s both odd
k(r,s,m)=2/\V5
and this is an attained minimum.
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THEOREM 2. k(0,1,8) = 7\/2/12 is not attained.

It can be seen from the proofs that the constants 2/V/5 and 7V2/12 are
isolated, but in each case the irrationals a requiring the critical value of k do
not form a full equivalence class. The contrast between the two results is a
little surprising. The method of proof used here enables k(r,s,m) to be
evaluated for most triples (r, s, m), but it appears that a general proof giving
k (r, s, m) as a specific function of r, s, m will not exist. Indeed the actual value
of k(r,s,m) seems almost to occur by accident. We shall also prove the
following result.

THEOREM 3. For every irrational a > 0 there are infinitely many solutions
of (1) with k =27/2V 145 and p and q sums of three squares.

It should be noted that this value of k is not shown to be best possible.
However by combining this with the result of Theorem 1, remembering that
numbers congruent to 7 mod 8 cannot be written as the sum of three squares,
we have the inequality:

CoroLLARY. The infimum k of the values of k for which (1) has infinitely
many solutions with p and q being sums of three squares satisfies

2/V5 =k =27/2V145.

It will be noted that the proof of Theorem 1 also holds for the case
m =16, rs = 1 mod 16 with little modification. The proof of Theorem 3
uses the well-known result that a positive integer can be written as the sum of
three squares if and only if it is not of the form 4°(8b + 7) for integers a and b.
At one stage much of the strength of this result is used, though for the rest of
the proof the simple fact that numbers 4°(8b + 7) are congruent to 0, 4 or 7
mod 8 is sufficient.

The proofs of Theorems 1, 2 and 3 seek « for which the convergents (to
the simple continued fraction of «) violate the congruence condition. The
convergents investigated include not only the primary convergents but also
the secondary, and even “‘tertiary” convergents.

2.

In the proof of Theorems 1 and 2, we assume a >0, for if @ <0 we just
consider — a and replace r by —r mod m. The proofs depend on the theory
of simple continued fractions and we list the results needed from the standard
theory in the following lemmas, proofs of which are essentially to be found in
chapter 1 of Lang (1966).
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LeMMA 1. Let a have continued fraction [a,, ai, a», - -], and let p, and
g. be defined inductively for n = 0 by the equations

po=as, pi=aa+1l, p.=ap.+pa-a

qo=1, g, =a, dn = Qugn1+ G2
Furthermore, for n = 0, define

P,=p.crt pu P, =(aw:= Dpar+ P

Qn=qnit G, Qn=(Ans2— 1)guir + qn

Then if (p,q)=1 and q |qa —p|<1 either

(i) (p.q) = (P, g») for some n =0, or
@) (p,q) =(P., Q,) or (P, Q) for some n = 0.
Furthermore (i) must hold if q |qa —p | < 1/2.

LEMMA 2. Let a, ={an+1,8nes, -+ 7] and a.=[0, an, @n-1, - - -, ai]. Then
with the notation of Lemma 1
(i) qugua ~pu|=(an + @) =k,
(i) Q.|Qna — P = (i = D(ana + Di(anar + ) = k1, and
(i) Q.| Qia =Pl = (a1t 1= @ua)(@ i+ Qoo — Dy + ain)= k.

From the formula
ki=1-Q-apa+ Vaw))/(1+ anafan)
it is clear that k., >1 unless
[@nez, Gnasy - ] <24 [@nar, Gy -7 @]
Similarly from the formula
ki=1-Q+an:—la,2)/(1+ ansafaiia)
it is clear that k> 1 unless
[@nszy @uary -, a0 ] <2+ [Anos, Gnsss 0 ]
From these two formulae we also have k. + k/_, <?2.

Lemma 3. (i) Let @ =[ao,""",a.a,.1," -], and B =[ao, -, a, bty - 7).
Then a < B if a,..<b,., and r is odd or if a,..> b,., and r is even.

(“) [a(l, A, -, ar] < [an, Ay, ", A, ] < [ao, a, ' --,a, + 1] lf r is even,
otherwise the reverse inequalities hold.

We can use these results to show that, for rs odd, k(r,s, 8)22/\/5 as
follows.
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LEMMA 4. Let rs be odd, and let « = [ao, a,,- - -] be such that for some
integer | the following conditions hold.

(i) a.=4 fornz=zl+2,

(ii) p=r (mod 8) and q..,=s (mod 8), and

(iii) both q, and p,., are even.
Then there are infinitely many pairs (p,q) of integers with q >0 satisfying (1)
and (2) with m =8 and k = 2/V/5, but there are only finitely many pairs when
k <2/V5.

Proor. Let p and q satisfy (1) with k =2/V/5. Then by Lemma 1 one of
the following must be true.
() (».9)= (P q.) and q |qa —p | = kn,
(i) (p.q)=(P., Q.) and q |qa —p| =k,
(iii) (p.q)=(P.,Q.) and q |qa —p[=k7,
(iv) (p,q) = (tp., 1q.) and q [qa — p | = t’k, = 4k,.

Now [4, 4] =2+ V35, so since
limk,=limk,=4limk, = 2/V5

it is clear that with k <2/V'5 equations (1) and (2) can have at most finitely
many solutions arising from cases (ii), (iii) and (iv). In addition since for n = |
we have either p, =r (mod 8) or g. = s (mod 8) only finitely many solutions of
(1) and (2) can arise from case (i) when k < 2/V/'5. To complete the proof of
the lemma it remains to show that (p, q) = (2p., 2q..) satisfies (1) and (2) with
k =2/V5 infinitely often. This is a trivial consequence of the fact that for
nzl, 4k, <2/V5if a,>V5-2 and 4k,.. <2/V5 if @< V5-2.

It must of course be noted that it is possible to construct, for each choice
of odd r and s, an irrational satisfying these conditions: for example for
(r,s)=(1,1) we can take a =[8,4], for (r,s)=(1,3) we can take a =
[0,1,1, 1,4]. Essentially all that is required is to choose that one of rs + 1,
rs — 1 that is divisible by 4 and let ab be a factorization of that number into
even factors. Then r/a, b/s are consecutive convergents p;/qi, pi+1/q:.: of some

finite continued fraction [ao, a,, - - -, a;+1] which can be found by reversing the
continued fraction algorithm. Setting a = [ao, a4, -+, ai.(,4] satisfies the
requirements.

It can also be verified that if rs = = 1 mod 16 and we choose a and b both
divisible by 4 such that ab = rs = 1 then the above procedure yields an « that
satisfies conditions (i), (ii) and (iii) of the lemma where the congruences in (ii)
are now modulo 16, and in (iii) both q; and p.., are divisible by 4. Following
the proof of the lemma through yields k (r, s, 16) = 2/\V/5 for rs = + 1 mod 16.

https://doi.org/10.1017/51446788700020802 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700020802

(5] Restricted diophantine approximation 429

To show k(r,s,8) =2/V'5 for rs odd it remains to show the following
result.

LemMA 5. Let rs be odd, m = 4 and k = 2/V'5. Then equations (1) and
(2) have infinitely many solutions.

Proor. If a ={a,, ai,a, - -] then one of the following possibilities
must occur.

(i) a. =5 for infinitely many n,

(ii) a. =3 for all sufficiently large n,

(iii) a, = 4 for all sufficiently large n,

(iv) a. =4 for all sufficiently large n and either

(a) a.-=1 or a,., =1 for infinitely many n for which a, =4, or
(b) a.-,=2 and a,., =2 for all sufficiently large n for which a, =4
and a,.; =3 for infinitely many of these n.

The result for case (iii) follows by taking (p, q) = (2p., 29.) as in the proof
of Lemma 4, while in cases (i), (iv)(a) and (iv)(b) we only need to take
(p,9) = (2p., 29..) for infinitely many n for which k, < 1/2V5. In case (i) we
have k, < 1/5 for the infinitely many n for which a..,; 2 5, in case (iv)(a) we
have

k.'>4+[0,1,1]+[0,4,1]=4.7

infinitely often, and in case (iv)(b) we have
k.'>14,3,1,5]+{0,4,2,5]>4.48

infinitely often. We are therefore left with case (ii).
Let [ be chosen so that a, =3 for n =1l For n >

a, +a.>[1,3,1]1+[0,3,1]=1.5

and setting (p,q) = (p., g.) gives infinitely many solutions to (1) and (2) with
k = 2/V/5 unless (p., q.) does not satisfy (2) for all n greater than some l,. We
therefore assume from now on that I' (= 1} is such that for all n > I’ either
p. =r (mod 4) or g. =s (mod 4).

For the present we shall also assume that r = s = 1 and denote by h an
integer greater than I'+ 6. We let T, denote the matrix

() o)
Ph+et GQnar
where each entry has been reduced mod 4 to lie in {0,1,2,3}. Using the

conditions (a) p. = 1 (mod 4) or q. =1 (mod 4) and (b) |pugn+1 — Prqn | = 1,
this latter being a standard property of continued fractions, either S; = T, or
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(6]

S* =T, where S¥ denotes S; with transposed columns and S; denotes one of

the following matrices:

/10 11
S’_(l 1) SZ’(1 o)
103
sﬁ—(l 2)

1 0 1
5102(3 1) Sn:<2

)
;)
0

2
1 3 /1 2
0 1) S“"(3 1)

10 1 2
Siz= S|5:<0 1) Sl6:<2 1)-
Since T).,= (? a] )T,, (mod 4) and a...=3 we can form the following
h +2
graph, where S; LS. denotes that if T, is S, or S* then T,.,=S. or S* if
ah+2=j-
Sy — 8, 81—, S5,
\3 2 2 1
2 / \ / 2
SIZ S9
3/ N2 N\
Sis—> S4—> S1;——> S;— S,

It will be noted that S,, Ss, Sio and S,; disappear from consideration. Using
Lemma 3 we find that .., =[2,3,3,2,2,--+}) and a;..=[0,1,3,2,2,1,-- ]
when T, =S;or $%, and @+, =(2,3,3,1,1,-- - }and @4.: =[0,1,3,1,3,2,- - -]
when T, =S,, or S*,. Thus since k/ is a maximum when both a,.; and a .,
are a maximum we have that k, < .755 whenever T, €% ={S5,,8%,S.,,S 1:}.
Now (p,q) = (P., Q.) satisfies (2) whenever T,€%, and so if T.€Y for
infinitely many h we get infinitely many solutions of (1) and (2) with
k =2/V'5. We therefore assume that T, €¥ for only finitely many h, that is
for h = h,, T, or T cycles around the subgraph

2 2 2 2 2

St

Since [2]=1+ V2 we have lim,_..k;=27?<0.71. This means that, since
T.=S or STs implies that (p,q)= (P, Q.) satisfies (2), we again have
infinitely many solutions of (1) and (2) with k =2/V5.
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This completes the discussion of case (ii) for r = s = 1. The same proof
applies for the other three cases on letting T, denote, respectively, the matrix

(Ph —q;.) <-pn —q;.) (‘p». q».)
Phei — Qnar ’ “Pr+t T Gnnr ’ T Pre1 Gun
reduced mod 4 in the cases (r,5) = (1,3), (3,3), (3, 1).
Theorem 1 now follows as a consequence of Lemma 4 and Lemma 5. The
proof of Theorem 2 is basically similar, though it is more complicated since

(2p,2q) will not always satisfy (2). To save repetition we shall from now on
taker=0,s=1, m =8 in (2).

Lemma 6. If, for somel >0, a. =1 forn = lthenq |qa —p|<0.82 has
infinitely many solutions satisfying (2).

. Proor. If n = [ then one of the pairs (pn,gn ), b = n,n + 1, n + 2 satisfies
(2), for it is easily verified that the equations

(@) pnsitp.=0 (mod 8) or ... +¢q. =1 (mod 8),

(b) pns1i=0 (mod 8) or g.., =1 (mod 8),

(c) p. =0 (mod 8) or gq. =1 (mod 8),

(d) |pagns1—Priiqa| =1
have no solution. Now [1] = 1+ V/5) and k,, — 1/V/5, so clearly q [qa — p | <
0.82 must have infinitely many solutions (p, q) = (p., g.) satisfying (2).

In the following Lemmas 7-10 we mean by assumptions (A) the
following: q |qa — p | < .82 has finitely many solutions satisfying (2), and [ is
chosen such that none of the solutions is of the form (dp., dq.) with n = L. In
the proof of the lemmas we make frequent use of the standard result

[Pas1Gn = PuGni] = 1.

Lemma 7. Under assumptions (A) let h >1 be such that a,., =2,
g =gn.1=1 mod 8, and p.., Z0 mod 8. Then

(i) an.2=4 and p...=0 mod 8 if px..1#0 mod 4, or

(ii) ar+> =8 if prsr =4 mod 8.

Proor. (i) Suppose p..1 #0 mod 4. We have a,.. =4 immediately, for
(2pn+1,2qu+1) satisfies (2), implying 4k,.., = .82. Now suppose that p...#0
mod 8. Since gi+» = ax,, + 1 itis clear that (pu., gu+2) satisfies (2), so k... = .82.
This is impossible unless a...=4, a,.3 =1 and ax.« = 50. But now (p..s, gu3)
satisfies (2) and k,.; < 1/50, contrary to assumptions (A). This proves that
pn+2=0 mod 8.

(ii) Suppose p...=4 mod 8. Then a,..=10, for 9k,.,= .82 since
(Bpn+1, 3G+ satisfies (2). Now suppose an.: # 8. Then (pPu-z, g +2) satisfies (2),
so k.., = .82, from which it follows, since «a,,>1/11, that a,.;=1 and
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an++ = 7. But now (2p .3, 2qw +5) satisfies (2) and 4k..., < 4/7 contradicting (A).
This proves that a,.,= 8, as desired.

CoroLLARY. Under the assumptions of Lemma 7, if px+1 =4 mod 8, then
a,.3=4 and pr.s=0 mod 8.

Proor. Apply the lemma with h replaced by h + 1, since not both p, .,
and p.., can be even.

Lemma 8. Under assumptions (A) let h = | be such that a.., = 2. Then
there exists j = h such that either p; =0 mod 8 and q;.,=1mod 8orq; =1 mod
8 and p;., =0 mod 8.

Proor. Since k, < 1/2 we either have p, =0 mod 8 or g, =1 mod 8.
Suppose firstly that p, =0 mod 8. We show that we may take j = h, for
suppose to the contrary that g.., # 1 mod 8. Then (p.., gn+1) satisfies (2), so
kn = .82, @..:=1 and ans> = 4. Now (2pu .2, 2qn +») satisfies (2), so 4k, = .82
and a,.; =4, i.e. ay,3 = 4. Furthermore as k., <.82 we have g,..=1 mod 8
since pu.: is odd. This implies g+, is even, SO (pn+3, qa+3) satisfies (2). For
k,..:Z .82 we require a,.4 =1 and a..s= 50. However 2p,..=4 mod 8 since
Ph+a=06pn.s mod 8, sO (2pu.s, 2qn+4) satisfies (2) and 4k..,<.82. This con-
tradiction shows that we may take j = h, as claimed.

We now suppose that g, =1 mod 8. Since we could set j = h if p,,, =0
mod 8, and j=h+1orj=h+2if g...=1 mod 8 (by Lemma 7 and its
corollary) we assume p,.,Z0 mod 8 and g..,#1 mod 8. Now (p..1,qn+1)
satisfy (2), so ki1 = .82, ar+2=1, a1 24 and a...= 4. Since k., < .82 it is
clear that (pu.2, g»+2) cannot satisfy (2). We assume g,.. =1 mod 8, for p,..=0
mod 8 would imply we could take j = h +2 by the first part of this proof.
Repeating the above argument with h replaced by h + 2 we can take a,.4= 1,
a,.s= 4 and g,..=1 mod 8. NoW gui = qu+>— g, =0 mod 8 and ¢, =0 mod
8 similarly, so a..;=0 mod 8. In particular a..;=8 and 4k,..< .82. Thus
(2Pr+2,2qn+2) cannot satisfy (2), so p...=0 mod 4. Similarly we can show
Pn-a=0 mod 4, SO pu.3=p..s— Pa+: is also even. However this contradicts
| Pr+2Gi+3— Pr+3qn+2| = 1, and this is sufficient to prove the lemma.

Lemma 9. Under assumptions (A) let h > 1 be such that q, =1 mod 8
and p,...,=0 mod 8. Then a,.,=0 mod 8 and q...=1 mod 8.

PrOOF. Suppose a, .. #0 mod 8. Then (P .2, gn+2) satisfy (2) since pugu
is odd, so ku..>= .82, an.3=1, ar+a=4 and a...=4. Now p,.; is odd, but
(Pr+3, Gn+3) doesn’t satisfy (2) since k.3 <.82, so gn.2=1 mod 8. This implies
that (2p..s, 2gn.s) satisfies (2). We therefore have a,..=4 and a..s=2 in
order to have 4k, .. = .82. Since gi.. is even we have (P4, qu+4) satisfying (2)
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and k.., <1/2. This contradiction implies that a,..=0 mod 8 as desired.

LemMma 10.  Under assumptions (A) let h > 1 be such that p, =0 mod 8
and g..1=1 mod 8. Then a,..22 and a,..= 4.

Proor. Since both p,., and q, are odd, (2p..., 2q...) satisfies (2), so
a,.» =4 to ensure 4k, ., = .82. Now if a,.,# 4 we have ky.:< .82, 50 gn.2=1
since p..» #0 mod 8. By Lemma 7 we therefore have, since a... must be even,
that p..;=0 mod 8. However since a,..=2 is even px.; is odd, so p,.:=0
mod 8 is impossible. This leaves only the possibility that a,...=4. Now if
a,.»=1 we would have p,.; odd, g..s even, so (px.s,qx-3) satisfies (2) yet
k.., < .82. This contradiction shows a,.;= 2 as desired.

LemMma 11.  Under the same assumptions as Lemma 10 a,..=8, g» =5
mod 8, gu-2=qn+3=1 mod 8, aw.«=4 and p,..=0 mod 8.

Proor. From Lemma 10 we have k.., < 1/2, so either p,..=0 mod 8 or
g.-:=1 mod 8. The first alternative cannot hold, since p., is four times an
odd number, so the second alternative holds. Hence g, =1-4=5 mod 8, as
desired. Furthermore, by Lemma 7, a,.> = 8 and again by Lemma 7, since p, .1
is odd, pn.s =0 mod 8 and a,.,= 4. However p,.s =4+ au.spn.: where p,., is
odd certainly cannot hold for a.., < 4 and p,.. =0 mod 8, so we have a,., = 4.

COROLLARY. Assumptions (A) imply that for some j > 1, p;... =0 mod 8,
Gran =5 mod 8, Gjrean = jrrean = Gjraran =1 mod 8, pj.im-2=4 mod 8,
Pis1e2n = Pivts Qjoza = 4 and @200 =8 for all n 2 0.

Proor. This is just a straightforward application of Lemmas 6, 8 and 9
followed by repeated application of Lemmas 11 and 9.

Now that we have isolated the critical case all that remains is to prove
that this case is critical.

LemMa 12. Let @ =[ao,a,,- -] be such that for some integer j, q; =5
mod 8, p, =0 mod 8, gj+1=1 mod 8, a;j.,, =4 for n 20 and a;.3.., = 8 for
n=0. Then (1) and (2) have infinitely many solutions for k >7V2/12.
However if [8,a, -, a,] <[8,4] and k = 7V'2/12 there are only finitely many
solutions.

Proor. By Lemmas 1 and 2 we only need to investigate as possibilities
for (p, q) the pairs (p., qu ), (P, Qu), (P+, Q) and (dp., dq.. ). We only consider
h z j since we are looking for infinitely many solutions. There are a number
of cases to be considered.
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(i) The pairs (ps, q»). These never satisfy (2).
(ii) The pairs (2px, 2q. ). These satisfy (2) only for h = j + n with n odd.
In this case

4k, = 4/([4,8] +[0,8, -, a\]) > 16/17.

(iii) The pairs (dpw, dqs) for d = 3. In this case 9k, > 1.

(iv) The pairs (P., Q.) for h =j +n with n odd. In this case k;> 1.
(v) The pairs (P;,Q)) for h =j + n with n even. In this case k;>1.
(vi) The pairs (P, Q) for h =j +n with n even. In this case

ki=1-Q-48)+[8, - a /(1 +[48][8, - a)])
tends to 7V2/12 as h — . Furthermore ki<7V?2/12 if and only if

[8, -, a,] >[8,4], that is [8,a, -, a,]>[8,4].

(vii) The pairs (P;, Q) for h =j+n with n odd. In this case
kiy—7V2/12 as h — and k< 7V2/12 if and only if [4,8, -, a,] <[4, 8],
that is [8, a;, - - -, a,] > [8,4]. The lemma follows immediately from the results
of these cases.

Theorem 2 now follows immediately from the above lemma and
corollary on observing that the hypotheses of Lemma 12 are satisfied by
a=[4,1,4,8].

3.

The proof of Theorem 3 depends on the result that numbers not of the
form 4°(8k + 7) can be written as the sum of three squares. The first point to
note is that 27/2V145 = 1.121... > 1 and we therefore need a modified form
of Lemma 1.

LemMa 13. Let o be asin Lemma 1 and let p and q be integers such that
(p,q)=1 and 1<q|qa —p|<2. Then either (ii) of Lemma 1 holds or for
some integer n

(V) (0,q) = (ipn + Pu-1,iGn + Ga-1) with 0<i < a,.,, or

™) (p,q) = (21 + 1)p. + 2pa_y, (2i +1)q. +2q.-1) with 0=1i < a,...

Proor. Since (p, q) # (P, q.) for any n (Lemma 2) there either exists n
such that

Pe-t/Gu 1 <Plq <Puir/@uir <o <p,/qn
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or there exists n such that the above holds with all inequalities reversed. We
consider the first possibility only, as the second requires a similar argument.
From the definition of p..,, ... there exists i, 0 =i < a,.,, such that

G) (i+1)
P" < B< ____P" <
%0. 4= "Q

where ©“P,, “Q, denote ip.,+p.:, iq.+q.-1 rtespectively. Since
CIPOQ, - OPINQ, = 1 we have

1 ‘op, ©p, s
3 OO Gh @D 00 = 2o
Qn Qn Qn Qn q Qn
where s = YQ,p —“P.g >0. In addition
) 2q7>|la—plq|>r/q“ Q.

where r = “*PP,q —“*YQ,p = 0. Combining (3) and (4) gives
rs“Q, <rg <2'"Q,

and so rs < 2. The proof of the lemma is now complete on observing that (iv)
holds if r =0 and (v) holds if r =s = 1.
We note in passing that if (iv) holds then

qlge —pl=(a. — i) ai+ i)/(a, +a)), =Pk, say,
and if (v) holds then
qlga —p|=QRa. — Qi + 1) Qa .+ Qi + 1)) (an + al), =Pk, say.

The following lemma is required to show that certain irrational a can be
approximated by a quotient of sums of three squares sufficiently well.

LEmMMA 14. Let o =[ac,a;, -] be such that for some integer | the
following conditions hold.

(i) por=0mod 8, qg-i=1mod 8, pp=q, =7 mod 8,

(i) Are3m+1 =2, Arisme2 =7 and ai.sm =1 for all integers m = 0.
Then there exist infinitely many pairs (p, q) of integers with q > 0 satisfying (1)
with k =27/2\/145(= k*, say) and neither p nor q congruent to 0, 4 or 7
mod 8, but there are finitely many such pairs if k <k*.

Proor. For convenience we shall let (c) denote the condition: neither p
nor q is congruent to 0, 4 or 7. Let (p, q ) satisfy (1) with k = k * and condition
(c). Then by Lemmas 1 and 14 either

(i) (p,q) = (tp., 1g.) for some integer ¢,
(i) (p,q)= (P, Q,) with 0 <i < a,.,, or
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(i) (p,q)= (P, +“""P,, Q. +“""Q,) with 0= i < an.;.
We therefore need to consider t°k., “k, and “’k ;.. For convenience we denote
by limsk, the limit

llm k1+3m
m-—x

with similar notation for “k, ©k|. We look at three cases.

(a) Consider n =1 + 2 mod 3. Then possibility (ii) is vacuous and t must
be at least 2 in case (i).

Since lims k.. = 15/2V 145 and lim, “k}., = 37/2V'145 there are clearly
only finitely many possibilities for (p,q) in this case.

(b) Consider n =1 mod 3. Then t must be at least 2 in case (i) and case
(ii) is excluded since P.,=0 mod 8. Since lim;k, >1k*, lim;®k|>k* and
lim, "k, > k * there are again only finitely many possibilities (p, q).

(c) Consider n =1+ 1 mod 3. Then ¢t must be at least 3 in case (i).
Furthermore lims k;., = 4k *, lim; Pk,., = k *, and lim; “k,., and lim; “k !, are
greater than k* in all other cases. Thus we clearly have only finitely many
possibilities for (p, q) in this case when k <k *. However if k = k * there are
infinitely many possibilities for (p,q) since kin..a<k* whenever
k3m +i+1 > k *-

To complete the proof of Theorem 3 it remains to prove

Lemma 15. Let @ = [ao, ai, -] >0 be such that with k = 1.12 equation
(1) has only finitely many solutions (p, q) such that neither p nor q is of the form
4°(8k + 7). Then « satisfies the conditions of Lemma 14.

Proor. Before proceeding further it should be mentioned that no «
satisfying the conditions of Lemma 15 actually exists, due to the fact that
numbers congruent to 0 or 4 mod 8 need not be of the form 4(8k + 7). It is
precisely this fact that makes the reduction of k = 1.12 to say k = 1 extremely
difficult in this approach to the problem. We first observe that if one of p,, g.
is of the form 4°(8k + 7) then unless the other is of the form 2.4 (8k + 7) the
choice (p, q) = (2p., 2¢g.) has neither p nor q of the form 4°(8k + 7). Secondly,
for at least one of t = 1, t = 2, t = 3 the choice (p,q) = (tp., 1q.) has neither p
nor q of the form 4“(8k + 7). Consequently, if « is as in the statement of the
lemma, then for all sufficiently large n we must have

(i) At least one of p,,¢g. is congruent to 0,4 or 7 mod 8,

(i) a, + a,.=9/1.12, and hence a,., =7,

(iii)) @, + a@.=4/1.12, and hence a.., =3, unless one of p,,q. is con-
gruent to 7 mod 8 and the other is congruent to 0 or 6 mod 8. Considering
(P, Q) and (P,, Q,) we also have for sufficiently large n:
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(iv) At least one of P, Q. Pi i =posi—Pny, Qn-y =@qn+1—q. must be
congruent to 0, 4 or 7 mod 8 (since k .+ k.-, <2).

(v) If neither p,., + p. nor g..: + g. is congruent to 0, 4 or 7 mod 8 then
(Pn-1,gn+1) must be one of (0,7), (7,0), (6,7) or (7,6) mod 8. For otherwise we
would have a,..,=3,and k.<1.12 unless a,.-= 3, a,., = a.,.-=1and a, = 5.
But then 4k.., <1 and (2p..,, 2¢.-,) is valid.

(vi) Similarly if neither p,., — p. nor q.., — g. is congruent to 0, 4 or 7
mod 8 then (p., g.) must be one of (0,7), (7,0), (6,7) or (7,6) mod 8.

The remainder of the proof relies heavily on the above conditions.
If n is sufficiently large there are 236 possibilities for the 4-tuple
F. =(Pny Gus Pac1> gn-1) mod 8 satisfying (i) and the condition p.gn.: — pnsign =
+ 1 mod 8. Since the roles of p and q can be interchanged without affecting (i)
to (vi) we really only have 118 possibilities to consider. These can be
eliminated one by one till we are left only with the possibility that a satisfies
the conditions of Lemma 14.

The elimination proceeds as follows.

(a) Ten possibilities for F, can be eliminated immediately because they
do not transform by valid a.., to valid F,.,. These are (0,1,1,0), (0,1, 1, 4),
0,3,3,0), (0,5,3,0), (0,5,3,4), (1,4,4,7), (3,4,0,5), 4,5,5,0), (4,5,5,4) and
(4,7,7,2). We can now eliminate (1,7,0,1), (1,7,4,3), (1,7,4,5), (2,7,1,4),
3,7,0,3),(3,7,0,5) and (4, 7,7, 4), followed by (3,4, 1,7), (4,5,7,3),(5,7,7,2)
and (6,7,7,4), since these transform by valid a,.. only into valid F,., that
have already been eliminated.

(b) Condition (iv) enables (0,3,5,0), (0,5,5,0), (1,4,2,7), (1,4,4,1),
(2,7,7,4) and (4,7,1,4) to be eliminated, and consequently (0,7,1,4),
(1,7,2,7), (5,7,0,3), (5,7,4,7), (0,1,7,1), (0,7,7,5) and (3,4,5,7) may be
eliminated as in the second part of (a).

(c) Condition (v) enables (0,3,3,7), (0,3,5,7), (0,5,5,4), (0,7,1,7),
(1,4,0,1), (1,7,5,4), (2,7,1,7), 2,7,3,7), (3,4,3,7), (3,4,7,1), (3,4,7,7),
3,7,2,7), (3,7,3,4), (4,5,7,1), (4,5,7,5), 4,7,5,7), (5,7,5,4), (6,7,5,7),
(6,7,7,3),(6,7,7,7) and (7,7, 3,4) to be eliminated. In addition condition (vi)
enables (0,1,1,7), (0,3,3,4), (0,3,5,4), (0,5,3,7), (0,5,5,7), (1,4,7,5),
(,7,3,4), (1,7,7,2), 2,7,7,1), 2,7,7,5), (3,4,4,5), (3,7,1,0), (3,7,5,4),
4,517, 4,577, 4,7,1,0), (5,7,0,5), (5,7,3,4), (7,7,0,1) and (7,7,4,5)
to be eliminated. Consequently (0,1,7,0), (0,1,7,2), (0,1,7,4), (0,7,7,2),
0.7,7,3), (0,7,7,6), (3,4,0,3), (3,4,4,3), (4,5,3,0), (4,5,3,4) and (5,7,4,1)
may be eliminated.

(d) The following table lists in the first column as H,,---, H; the
remaining thirty two possibilities for F,.. In the second column opposite H; the
entry H;(k) indicates that if F,=H, and a.., =k then F,., = H; All such
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possibilities are listed. In the third column opposite H; the entry H;(k)
indicates that if F,_, = H; and a,., = k then F,=H.

Table 1

F,

Transforms to F,..(a..,)

Transforms from F,.,(a..,)

H,=(0,7,1,0)
H,=(0,7,7,0)
H,=(0,7,7,4)
H,=(0,1,7,7)
H;=(0,7,7,7)
H,=(1,4,0,7)
H,=(4,7,7,0)
H,=(1,4,7,3)
H,=(4,7,3,7)
H,=(1,7,0,7)
H,,=(,7,0,7)
H,= (0, 7,7, 1)
H;=(2,7,7,0)
Hy,= (4, 7,7, 6)
H=(6,7,7,0)
H,,=(,7,7,0)
H,,=(3,7,7,0)
H;=(5,7,7,0)
H,,=@3,7,7,6)
H,,=(7,7,6,7)
H,=(3,7,4,1)
H,,=3,7,4,7)
H,;=(0,1,7,3)
H,,=(0,1,7,5)
H,s=(0,1,7,6)
H,=(1,4,6,7)
H,,=(1,7,1,0)
Hy,=(2,7,1,0)
H,=1(57,1,0)
Hy,=(6,7,1,0)
H, =(6,7,1,4)
H,,=(57,6,7)

Hx(3)

Hy(1), Hy(4), H,x7)
Hy(1), Hu(2)

H, (1), Hx(2)

H,o(1)

H,4)

H,,(3), HA4), Hs(5)
H.(1)

H (1)

H.(7)

Hi(3), H,x(6), Hx(7)
Ho(1)

Hx(1), Hx(2), Hs(3), Hx(6)
H,(4)

Hy(2), H\x(5), H(6), H«(7)
H(1), Hs(2), Hi(5)
H\»(2), Hx(3), Hs(4), Hy(7)
H.(1), Hx(4), HA(5), Hs(6)
H(3), Hx:(7)

H.(3), Hwo(7)

H(1)

H,(1)

Hax(1), H.o(2)

Hax(1)

H.,(4)

Hx(4)

st(z)

Hyy(1), H24(3)

Hs(1), Hi(2)

H.(1)

H(1), Hd(2)

H,(7)

Hy(4), Hio(7)
H,(4), H.(7), Hix(2), H:5(6), Hio(1), Hix(3), Hiul5)
H.(4), H,,(3), Hix(6), His(2), Hiel(5), H.o(7), His(1)
H(2), Ha(1)
HA(1), H/(5), Hx(3), His(7), H:o(2), Hi(4), H.(6)
Hz(1), Ha(2)

H.,(1)

Hy(1)

H..(1)

HJ(1)

HA(7), H:3), H.i(6), His(1), His(5), Hir(2), His(4)

H.(2), H,,(1)
H,.(4), H:(7)

H(1)

Hy(1), Hx(2)
H.(2), H«(1)

H(1)
H\(3), Hx(2), Hao(1)
H.(1)
Ha(1)

Hi(3), Hxo(7), Hao(4)
H.i(7), Hz0(3), Has(4)
H,(1)

Clearly by assuming n sufficiently large the transient states H,, H,;, H s,
Hi, H,, H,, Ho,, Hs, Hy, Has, H, and H;s may be eliminated.

(e) Consider the possibility F, = H,,. Then F,., = H, and F,., = Hy,. If
F..s= Hx then k1, >[3,2]+]0, 8] contradicting (iii), so F,.; = H,. But now
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k;ll > [Oa 1527 1’ 1’8] + [7’ 3, 27 7’ 1$ 1’2] >9/112

contradicting (ii). Hence H,,, and consequently H,,, may be eliminated.
(f) Consider the possibility F, = H,. We must have

kil >[3,2,3,2]+[0,4,2,8] > 4/1.12

contradicting (iii). Thus H, may be eliminated, followed by Hs, H,; and H»,.
(g) Consider the possibility F, = H,,. We cannot have F,,, = Hj, for then

e =[7.1,1,---]+[0,1,1,---]1>9/1.12

contrary to (ii). Hence F,., = Hj and (p,q) = (P., Q) is valid. Since k} is an
increasing function of «.., and « .., we have

kr<[1,1,2,3,2][2,1,1,21/(3,1,2,3,2] +[0,1,1,2)) < 1.1.

Thus, for sufficiently large n we may eliminate Hy, and consequently Ho.
(h) Consider the possibility F, = H,,. Then (p,q) = (P., Q.) is valid and
since k is an increasing function of a.., and a..; we have

k.<[3,2,2,4][1,2,8)/([4,2,2,4] +[0,2,8]) < 1.1.

Hence for sufficiently large n we may eliminate H,, and consequently H, and
the transient state H,s. But now k.., =[7,1,---]+[0,1,--:]>9/1.12 if
F, = H\, so we_may also eliminate H,,.

(j) Consider the possibility that F, = H and suppose that F,., = Hj,.
Then (p,q) = (P., Q) is valid and

k1<[1,1,1,3,2}[2,1,5]/(13,1,1,3,2] +[0,1,5]) < 1.1.

This is impossible for sufficiently large n, so for large n we have thas if
F, = Hx then F, ., = H;,. But then we may eliminate H,,, Hs, H,;, H, and H
as being transient. We are now left only with the possibility that the
conditions of Lemma 14 are satisfied, for Hi, H» and Hs, are the only
remaining possibilities.
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