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LEBESGUE CONSTANTS FOR
DOUBLE HAUSDORFF MEANS

F. UsTINA

As is well known, the divergence of the set of constants known as
the Lebesgue constants corresponding to a particular method of
summability implies the existence of a continuous, periodic
function whose Fourier series, summed by the method, diverges at
a point, and of another such function the sums of whose Fourier
series converge everywhere but not uniformly in the neighborhood

of some point.

In 1961, Lorch and Newman established that if L(n; g) is the
nth Lebesgue constant for the Hausdorff summability method

corresponding to the weight function g(u) , then
L(ny g) = C(g) logn + o(logn) , n>=,

where

clg) = (2/7°) |g(1)-g(17)]| + (l/")M{lz {a(eg)-g(e)} sin eu

b,

where the summation is taken over the jump discontinuities {Ek}

of g{u) and M{f(u)} denotes the mean value of the almost

periodic function f(u)

In this paper, a partial extension of this result to the two
dimensional analogue is obtained. This extension is summarized

in Theorem 1.3.
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1. Introduction
The Lebesgue constants for double Fourier series are defined by
5 m,T
L(m, n) = 4/ J (D (s, t)|dsdt
0.0 Mm
3

where

sin(m+k)s sin(n+k)t
2sinks 2sinkt

Dm’n(s, t) =

is the Dirichlet kernel. As is well known, the divergence of these
constants implies the existence of a continuous, periodic function of two
variables whose Fourier series diverges at a point (the du Bois-Reymond
singularity), and another such function whose Fourier series converges
everywhere, but not uniformly in the neighborhood of some point (the
Lebesgue singularity).

If the sequence {Dk Z(S, t)} is transformed by a summability method

L]

S , and we denote the mmth transform of this sequence by Kﬁ n(s, t) ,

then the sequence of constants defined by

T,
(1.1) Lm, 3 8) = 4/ | |k (s, t)|dsdt

Jo,0 ™"
are the Lebesgue constants for the summability method S . The divergence

of these constants implies the du Bois-Reymond singularity and the Lebesgue

singularity for the summability method S .

Lorch and Newman [4] investigated the Lebesgue constants for the
regular Hausdorff means in the one dimensional case and established the

following:

THEQREM 1.2. Let L(m; g) denote the mth Lebesgue constant for
the regular Hausdorff method with weight function g(u) . Then

L(m; g) = e(g) logm + o(logm) , m>®,
where, with U the kth discontinuity of g(u) and M{f(x)} the mean

value of the almost periodic function fl(zx) ,

clg) = ﬂ% lg(1)-g(17)| + %M{l% _{g(u;:]-g(u;)} sin ukxl} .
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Furthermore,

0selg) s Wmvlg), osus=1,
and cl(g) = 0 if and only if g(u) is continuous. If the method is
totally regular so that V(g) = 1, then c(g) = 4/1° if and only if the
method is ordinary convergence. If g(1) = g(17) , then e(g) = 2/1!2 ., and
elg) = 2/112 1f and only if the method is of Euler type.

The object of this paper is to get a partial extension of the above
result to the two dimensional case. A full extension will follow in a

subsequent paper. More specifically, we prove

THEOREM 1.3. If L(m, n; g) is the mnth Lebesgue constant for the
Hausdorff means corresponding to the regular weight funetion g(u, v) ,

then
%
n¢.,m 1,1 . .
(1.%) L{m, n; g) = 14/172 { l M%lzgdg(u, v){dsdt
1,1 Yo, °
3 m 1 sins _
+ 4/ log n J I( EI08% f{dg(u, 1)-dg(u, 17)}|ds
1 lo ¢
]
n 1 .
+ b,/'rr3 log m ( '{ iytlt—v {dg(1, v)-dg(1™, U)}'dt
J1 Mo

+ h/nhlg(l, 1; 17, 17)| log m log n + o{log m log n) ,
as m, n + o , where
g1, 1;17,17) =g(1, 1) - g(1,17) - g0, 1) + g(27, 17) .

If glu, 1) =glu, 1) and g(1,v) =¢g(1 ,v), 0=<u,v <1, then

%
7 Hl’l sinsu sintv

(1.5) Lim, n; g) = b/n° r e

1,1

dg(u, v)|dsdt

4 - -
+ 4/17|g(1, 1517, 17)| 1og m log n + o(log m log n) ,

as m,n+w ., If, in addition, g(u, v) is continuous in its domain at
(1, 1) , or if only g(1,1;1,17) =0, then

https://doi.org/10.1017/5000497270000469X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270000469X

202 F. Ustina

2 1.1 sinsu sintv
(1.6) L(m, n; g) = b/w sinsu sintv

(u, v)ldsdt
Jo,o 8 t g |

+ 0(log mlogn) , myn»o

NOTE 1.7. In the sequel, all o- and O- terms will be taken as m

and »n tend to <« without further mention.

2. A preliminary result
If Kh n(S, t) 1is the mnth Hausdorff transform of the sequence
:]

{Dk Z(s, t)} , corresponding to the regular weight function g(u, v) , then
3

(2.1) Km’n(s, t)

m,n 1,1 . _ _
= T O@o, . 0) [ )™ ot (10 g (u, v)
k,1=0 ks Jo,0
[P of (Lousue™®)e P82} 1l (1oveet)H(B/2))
i - - dg(u, v)
0.0 sinks sinkt
1,1
=% [ oot sin ma sin nB cot = cot E-dg(u, v)
0,0 12 ) 2
1,1 s
+% [ DTDZ sin ma cos nB cot §-dg(u, v)
1 > mn . _t_
+ % PP, sin nB cos ma cot 5 dglu, v)
0,0
1,1 mon
+ % ( p.p, cos mo cos nBdg(u, v)
Jo,0 122

where P> Pys o and B are defined as in [6] by

2

(2.2) N sin a = y sin 8 , p, cos a=1-u+ucoss,
p2 sin 8 = v sin t , p2 cos 8=1-v +vcost,

or

(2.3) pleia =1-y + ueis , p2eiB =1 -9p + veit .

It follows that
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2 2 _
(2.%) pp=1- 2u(1-u)(1 - cos 8) , P, =1 - 20(1-v)(1 - cos t)
2 2 . . . .
Hence O = pl, Py =1 in the region of integration.
Substituting cot z/2 = {cot x/2 - 2/x} + 2/x in (2.1) and
simplifying the results it follows that
1.1 mn sinmo sinnB
(2.5) Km,n(S, t) = J PP, ¢ dglu, v)
0,0
1,1 .
m sinma
+ ( Py _13_ ¢(n; £, v)dg(u, v)
10,0
1,1 .
n n
+ I Py §1%_§ ¢(m; s, u)ldg(u, v)
0,0
[

where
“ sin moadcot g _ g} + cos ma
Py 27 sf

defined in an analogous manner.

¢(m; s, u) =
with ¢(n; t, v)
Note that by a lemma due to Livingsfon [3],

2 e-2u(1—u)sz/n2

(2.6) py <

¢lm; s, u) = o(1) ,
0<u,v<1 and 0<s, t<T7.

Hence m=>oo and ¢(n; t, v) =0(l) , no>w

k]

Next, by a lemma due to Szész [5], o = als, u) = su + 0(u(1—u)s3)

Hence
[pT/s](sin my - sin msu) = [QpT/s][cos g—(a+su) sin g-(a-su)]
= {2pT/s] sin 00wu(1-u)s3]
2,2
< oo~ mu(1-u)s"/m 0(mu(l_u)82)
= o(1) ,
uniformly in s and u . Hence we may write

https://doi.org/10.1017/5000497270000469X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270000469X

204 F. Ustina

m si inms
(2.7) oy 512’"& = p’ln 'Sﬁ:l—u + U(m; s, u)
; signB _ pg 312?tv +0(n; £, v)

where the ¢-function tends to zero. Substituting these in (2.5) and

simplifying, it follows that

1,1 m n sinmsu 51nntv
(2.8) K (s, 8) = o dg(u, )
m,n )0 0 1 2 S
b ]
1.1 m sinmsu
+ Dl———Y(n, t, v)dglu, v)
0,0
1,1
[T sty oy ydglu, )
Jo,0
1,1
+ I yY(m; s, u)y(n; ¢, v)dg(u, v)
0,0
where
y(m; s, u) = ¥(m; s, u) + ¥(m; s, u)
y(n; t, v) = ¥(n; t, v) + ¥(n; ¢, v)
Thus

T,

1,1
n
f DTOQ 512Tsu s1nntv 19(u, v)]|dsdt

(2.9) L(m, n; g) = b/ J

0
((m,m 1,1 m o
+ 0 ( J 31nm “ yin; t, v)dg(u, v)|dsdt

Yo,0 o,0
{ 3
m,m | ¢l,1
+0 I n SInntv Y(m; &, uldg(u, v)|dsdt
10,0 0,0 ]
( m,m (1,1
+ 0 { ( Y(m; s, u)y(n; t, v)dglu, v)|dsdt
/o,0 'Yo,0 J

The last integral in (2.9) is clearly O(1) or of(log m log n) . That the
second and third integrals are also o¢(log m log n) follows from the
following.

LEMMA 2.10. If &(m, n; s, t, u, v) <is uniformly bounded in each
argument, and 1f g{u, v) is of bounded variation in the sense of Hardy
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and Krause, then

T 1,1 sinmsu _
h(m, n; 8, t, u, 8) == _— dg(u, v)|dsd¢ = o{log m log n) .
0,0 0,0
Proof.
W 1,1 sinmsu
{ h(m, n; s, t, u, v) ——:;——-dg(u, v) |dsdt
Jo,0 'Yo,0
T,T (1,1
< f I |n(m, n; s, t, u, v)| §1gm§z |dg(u, v)|dsdt
0,0 10,0
Tl sinmsu
= 0(1) |dg(u, v)|ds
0 70,0
1 R sinsu
= 0(1) [ + J J = |dg(u, v)|ds
Jo 1 0,0

0(1)}{1 + log ™ + log m}V(g)
0(log m) = o(log m log n)

Thus the second and third integrals in (2.9) are also o(log m log n) . We

state the result in a theoremn.

THEOREM 2.11. I1f L(m, n; g) denotes the mmth Lebesgue constant
for the Hausdorff means corresponding to the regular weight function

glu, v) , then

1.1 m n sinmsu 51nntv
dg(u, v)|dsdt

p1p2 E:]

Y (TsT
(2.12) Lim, n; g) = —2f
0,0

10,0

+ o(logmlogn) , m,n >,

where pi =1 + 2u(1-u)(1l - cos 8) and pg =1 - 2v(1-v){1 - cos t) .

3. Proof of Theorem 1.3

For a<e¢ and b<d, let [e, d; a, b] denote the rectangular
cell with vertices at (a, b), (a, d), (¢, d) and (e, b) , and let
gle, d; a, b) = gle, d) - gla, d) - gle, b) + gla, b) . Thus the integral

in Theorem 2.11 is over the cell [w, 7; 0, 0] with respect to s and
. . ) -5 -k
t . Divide this cell into four subcells, En »n 73 0, 0] s

Eﬁ_%, m; 0, n_%] , [m, n_%; m_%, 0] anda [w, m; m_%, n_%] , and denote
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this integral over the respective subcells by Il, I2, I3 and Ih .
LEMMA 3.1.
n%,m% 1.1 sinsu sintv
Il = B ——t—.-—dg(u, v)|dsdt + o(log m log n)
1,1 ‘0,0
Proof. By (2.4),
2 _
Pl = 1 - 2u(l-u)(1 - cos s)
., 2
=1 - hu(l-u)sin“(s/2)
> cos2(s/2)
. -5 % 2. m m
Thus in the cell [m 2, n °; 0, 0] , 1 - m(s/2)° = cos (s/2) < pp =1
Set OT =1 + ¢m(s, u) where |¢m(s, u)| < m(s/2)2 Similarly,

no_ < 2 . m "
P 1+ ¢n(t, V) where |¢n(t, u)| =n(t/2)° . Replacing Py and Py

in the integral in (2.12) by these equivalents, it follows that

(3.2)
5 "
n °,m 1,1 . . n “.m
I = I “ —S—lsﬂs“——s-”f—wdg(u, v){dsdt + 0(1) J
0,0 10,0 0,0
| T e (s, e (5, 040 (5, w6 (£, p)) SEUE SLINED Gl
o0 ¢m s, u +¢n , U a8, ule (T, v p £ u, v)|ds .
Now |¢m(s, u)(sin msu)/s| s ]¢m(s, u)/s| <= ms/b . Hence
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-% -%
n “,m 1,1 . R
(3.3) |f ¢ (s, u) SIMSU SIonIV 4oy ) dsdt
Jo,0 Jjo,o ™ s ¢
-% -k
n *m 1,1 .
< [ (ms/h4) ( E5-I1§£2lldg(u, v) |dsdt
Jo,0 Jog,0
b
1 n 1,1 .
- amf[ + | } [ |t g, )]t
Jo J1}Jo,0
5
n 1,1
< ‘%} (77 Jdgtu, o]
1 10,0

(1/8){1 + % 1og n}V(g)
o(log m log n) ,

since |[(sin tv)/t| = |(sin t)/t| =1 in (0, 1] and
|(sin tv)/t| = (1/t) , 1 =t . Similarly,

-5 -k
n*m 1,1 . )
(3.4) ) l[ ¢n(t’ v) §i%?§2-§3%£zg-dg(u, v)|dsdt = o{log m log n)
0,0 0,0
and
-5 -k
n “.m 1,1 . .
(3.5) f ” 6 (s, w)g (¢, v) S SIED 4oy, ) | dodt
0,0 0,0

= 0(1) = 1(log m log n)

Thus by (3.3), (3.%) and (3.5), the last integral on the right in (3.2) is
o(log m log n) .

Next, replace ms by s and nt by ¢ in the remaining integral in

(3.2) and obtain

(3.6) I, =

1

5 %
n“,m 1,1 . .
[ |J sinsu sinty dsdt + o(log m log n) .

= dg(u, v)
Jo,0 0,0 ° ¢

Finally, shifting the lower limit on the outer integral in (3.6) from

(0, 0) to (1, 1) introduces an error of

1,1 1,m% n%,l 1.1 sinsu sintv
'{ + { + I lJ ——3 __t dg(u, v) dsdt .
0,0 ‘o,1 1,0 0,0
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The first integral is clearly O0(1) since (sin su)/s and (sin tv)/t
are bounded in the region of integration. The second and third integrals
are O(log m) and O0(log n) respectively, and their sum is

o(log m log n) . Collecting the results, it follows that

’m% 1.1 Sinsu sinty
I = == =5 dglu, v)|dsdt + o(log m log n)
1,1 0,0 °©

and the lemma is proved.

LEMMA 3.7.
m!5 1 . s _
I2 = (1/7) logn [ l( Elll—H-{dg(u, 1)-dg(u, 1 )}|ds + o{log m log n) ,
jp lpg ®
nt 0 sint -
I3 = (1/7) logm I IJ __Z_E {dg(1, v)-dg(1, v)}|dt + o(log m log n) .
1 0

Proof. We will prove the first part of the lemma. The second part

follows in a similar manner.

Proceeding as in the proof of Lemma 3.1 with pT =1 + ¢m(s, u) and

|¢m(s, u)/e| < ms/h ,

%

1,1 . .
|f pmpg 31ifsu 91ﬁ?tv dg(u, v)|dsat

1

m™m
(3.8) I, = I

dsdt + o(log m log n)

-%
fn,m l(l’l n sinmsu sinntv dglu, )

2 8 t

since
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-%
T ,m 1,1 . .
l[ prd (8, u) §3gg§g_§l%£§g_dg(u’ v) |dsdt
J _% }0 0 2'm 8
n “,0 ?
n,m-% 1,1
<[ o) [ ldgtu, v)1dsas
n"%,0 0,0
= (1/8)V(g) 1og m"
= o(log m log n) .
Next set
1,1
{ P, sin msu sin ntvdg(u, v)
10,0

ot1 AT, .1 n
I + I + I P, sin msu sin ntvdg(u, v)
0,0 ot,0 ‘17,0

it
o,
+
B
+
)

Since g(u, v) is a regular weight function, g(u, 0) = g(u, 0+) , and so
0,1 1 .
oyl = 7 ldgtu, 001 = [ ldgtu, o")-dgtu, 0] = 0 .
0,0 Q

To estimate i2 , note that here 0 <t =<7 and 0 <V <1l so that,

by (2.6),
2,2
pz < e—2v(1-v)t /m )
2
Hence
2,2
pn < e-nv(l—v)t /n
2
and so pz tends to zero boundedly as n + ® . Hence
17,1 n
i, = f P, sin msu sin ntvdg(u, v)
+
0,0

]

17,1
o(1) I sin msu sin ntvdg(u, v) .
0',0
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Finally,
1,1 n
1:3 = I P, sin msu sin ntvdg(u, v)
1,0
l -
= I sin msu sin nt{dg(u, 1)-d(u, 17)}
0
since pg =1 when v =1 . Collecting these estimates and replacing ms
and nt by 8 and t respectively, it follows that
1
m™m,m
> . . ., ds dt
(3.9) I, = I \ |t1+ 2+z3| e
n°,0
ﬂn,m% 1 sinsu sint -
= J |J ——1;——~—Z~—{dg(u, 1)-dg(u, 17)}|dedt
n%,o 0
5 -
M ,m 1,1 . . ‘
+ j {o(l) f %f’—l—gﬂdg(u, v)}dsdt
nig \ o*,0
ﬂn,m% 1 sinsu sint -
= “ s £ {dg(u, 1)-dg(u, 17)}|dsdt
J X Jo s
n°,0
+ 0(log m log n)
since
ﬂn,m% 1,1 sinsu sintv
J o(1) [ e i dg(u, v)dsdt
nio o*,0
™ gy [ m}i ds] 17,1
= o(1) ! 7;'11 ds + ! :;T ! ldg(u, v)|
n!5 o 1 O+,O

where we have used the

and for 1 <s, ¢t , |

o(1) log ﬂn%(l + % log m)V(g)
o(log m log n) ,

observation that for 0 < s =1 , |(sin su)/s| =1

(sin su)/s| <1/s anda |(sin tv)/t| < 1/t .

Returning to the last integral in (3.9), note that

https://doi.org/10.1017/5000497270000469X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270000469X

Lebesgue constants 211

r” {|sin tI - %} %?

N

converges, and so

(3.10)
T ,m 1l . int
f ” SiDSU SINL {4o(u, 1)-dglu, 17)}|dsdt
J % 0 S t
n°,0
]
m de " 1 sinsu -
= I {{|sin t|-(2/m)}+(2/7)} = J I = {dg(u, 1)-dg(u, 1 )1}|ds
" 0 0
m% 1 sinsu -
= {o(1)+(2/7) 1log m+(1/7) log n} ! J = {dg(u, 1)-dg(u, 17)}|ds
0 0
m!5 1 .
= (1/7) log n I |[ E&gﬁ& {dg(u, 1)-dg(u, 17)}{ds + o(log m log n)
0 0
since
m!5 1 .
[ I! §5§§E-{dg(u, 1)-dg(u, 17)}|ds = 0(log m) = o{log m log n) .
0 0

Finally, shifting the lower limit of integration with respect to s

from O to 1 in the last integral in (3.10) introduces an error of

(1/m) log n [l l!l

S8 (dg(u, 1)-dg(u, 17))|ds
0 0

A

1 1
(1/m) log n I ds I ldg(ua l)'dg(ua 1-)1
0 0

IA

{(1/m)v(g) 1log n
o{log m log n) .

Hence

5

m 1 .
I, = (1/7) log n I |J Elgﬁz-{dg(u, 1)-dg(u, 17 )}|ds + o(log m log n)
1 0

and the lemma is proved.
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LEMMA 3.11.
I, = (1/ﬁ2)|g(l, 1; 1, 17)| log m log n + o(log m log n) .

Proof. We have

T 1,1

I, = , (o shomeu simntv g, )| dede
J _ J 12 8 t
% %7050

As in the proof of Lemma 3.7, let

1,1 mn

I 0. P, sin msu sin ntvdg(u, v)
172

0,0

ot1 A", a,0 L1 m

[ + [ + f + { rplp2 sin msu sin ntvdg(u, v)

J & J - -
0,0 1,0 1.1

+ 1 P o+ i+ q
1 $2+’L3 th (2

]
o

5 -

Since g(u, 0%) = g(u, 0) ,

iyl = |

By the same argument, <_ =0 .

o',

1 1 "
ldg(us )] = [ ldglus 0")=dglu, 1)] =0 .
0,0 0

3
To estimate i2 , for ¢ >0 and O <wv <1, p; -+ 0 , and so
prg sin msu sin ntv - 0 boundedly as n > © . Hence
17,1
i, = . PyP, sin msu sin ntvdg(u, v)
0,0
= o(1) .

By a similar argument, ih = 0o(1) . Finally,

1,1 mn
f 1P, sin msu sin ntvdg(u, v)

J o -
1,1

g(1, 1; 17, 17) sin ms sin nt .

Collecting the results,
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w,7
_ ™ e e oy dsdt
(3.12) I = J 4 |7,l+z2+1,3+1,h+1,5[ = <
n ‘.m
- - T sinms simnt
= |g(1, 15 17, 17)| = £ dsdt
.
n ‘m
T,
+ J o(1) s %?
% -k ¢
n 4.m
= - .- ™, Tm sins sint
= lg(1, 1517, 17)] 830° 8302 \dsdt + o(log m 1og n)
n*,m

Next, as in (3.10),

m™m int
f §%§—-dt = 0(1) + (1/7) log n
nZ
and similarly
o sin
[ —%“ids = 0(1) + (1/7) log m .
m2

Applying these estimates to (3.12), we get

-
"

4 lg(1, 1; 17, 17){{o(1)+(1/m) 1og mHoO(1)+(1/n) log n} + o(log m log n)

(l/ﬂ2)|g(l, 1; 1, 17)| log mlog n
+ 0(1) + 0(1og m) + O(log n) + o(log m log n)

u

(l/ﬂz)lg(l, 1; 17, 17)| 1log m log n + o(log m log n)
and the lemma is proved.

To complete the proof of Theorem 1.3, we collect the results of Lemmas
3.1, 3.7 and 3.11, and get, by Theorem 2.11,
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2 T {l’l m n sinmsu sinntv
(n°/M)L(m, n; g) = PP, g S dg(u, v) |dsdt
0,0 10,0
n m 1,1 . .
= [ |( §5§§E-§i%£2 dg{u, v)|dsdt
1,1 Jo,0

n 1 .
+ (1/m) log m ! l( El%Ey--{dg(l, v)-dg{1~, v)}|dt
1

m 1 .
,f sinsu

+ (1/7) log n J 5 ldg(u, 1)-dg(u, 1)}
1

ds

+ (/%) 1g(1, 15 17, 17)]| log m log n + o(log m log n) .

Multiplying both sides by (h/nQ) completes the proof of the main part of

the theorem. The rest is obvious.
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