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1. Introduction. Darling [3] in 1932 and Bailey [2] in 1933 gave certain theorems on
products of hypergeometric series. Again in 1948 Sears [4] used the relation which expresses
the M®M-I(X) series in terms of M other series of the same type to derive transformations
between products of both basic and ordinary hypergeometric series. In this paper I give
certain general theorems on products of bilateral hypergeometric series together with some of
tlieir interesting special cases.

The following notation is used throughout the paper :

(a; n) = (l-a)(l-aq) ... (1-aq"-1), (a; 0) = l,
(a; -»)=(-i)Y" | n + 1 |W#; n)> k l< i .

- l ) , (a)0 = l , (a)_n = ( -1)»/(1 -a)n,

Taj, a2,... , ar ; z"l » K ; n)(a2; n)... (ar; n)

)n ••• («r)n „

) ( 6 )
Vax,

L
x, og, ... , or") " ( l - o ^ H l - f f l t g " ) . . . ( l -a f g

n )
&X, 68... , 6r J B =o( l -6 1 g")( l -6 2 ? n ) - ( l -M n ) '

ro!, «2,..., ari_rK)rK)...rK)
Ui, 62, - , KJ ribjribj ... r{bn)'

and idem (a ; 6) means that the preceding expression is repeated with a and b interchanged.
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2. Slater [6], in 1952, gave the following relation which expresses the general bilateral
M^M(x) series in terms of M other series of the same type :

where

nVxA,q/xA,bltb2 bM,qjcv qjc2 q/cM fl x y p i . c 2 , . . . ,cM;xl
|_ a1,a2,...>aM,qjavqja2,...,qlaM J M M \_ b v 6 2 , . . . , bM J

q j-r F^ixAjq, q2/Axa1, cii/c^ a>i/c2, . . . , %/CJJ, qbj^, qb^Ja^,... , qbm/^ ;~|

CL-. |_ C t j , g / t t j , Q>-A(l2) (t-^jd^ ... t ^ j / c f ^ f j q®2fal> q ^ B l ^ l t ••• y q ^ M l ^ X —I

X M ^ P B * J_ , ' ' , + i d e m (a^ ; a 2 , (̂ 31 • • • , C'jn)j . . . ( 2 . 1
|_ gOj/ffl^, goa/fflj, • • • , qoMl®i J

&J&2 . . . 6 j f

a,a, ...

If we put x= t 2 "•—M in (2.1), the expression on the left vanishes and we get
qclCi...cM

a n
1

al /°2> «l/a3» • • • > aJaM> Qa2lal>
1
J

WM \lhln nh In ah In ^°^ ''' °M J + l d e m ( % J ^
L 2 * i / a i > 2 ° a / a i ' ••• > 1bMlai - 1

0, ... (2.2)

where and

Now, replacing M by J f + i\7̂  in (2.2) and then putting &af+i=a.af+i>&jif+2==Ojif+2, ... ,
, we get

1 Lai/«2> 01/03. ••• > aJaM+N> W ^ ffOa/di, ... ,

idem(a1; at, av ... ,aM)

> aM+ilcM+i> ••• .

L > 9allaM+V — >

• CM+N

*-qhlaM+l> ••• . 1bMlaM+V 1aM+2laM+V ••• . WM+NIUM+I

+ idem (aM+1; <%+,„ ... , aM + i f )=0 (2.3)

If we again put aM+1=c1q~n, aM+i=c2q~n, ... , aM+N=cNq~n and cJtf+1=61g'-1-n,
C M + 2 = 6 2 2 " 1 " " . ••• . CM+N=bs9~1~n i n (2-3). w e obtain

a i / o 2 J ••• > Oj/Ojf, djCi,..., ailcN> qaJai> ••• > qaMiai

a^Cj; n)(ajc2 ;n) ... (ajcy ; n)

:',n) ... (o^g/fry ; w)

0 ^ 2 . . . C j f & x 6 2 ••• by

+ idem (ax ;a a ,a 3 , . . . , a M )=0 , (2.4)

where "1"1 - ^"?,'." " ^ — <land

https://doi.org/10.1017/S2040618500033608 Published online by Cambridge University Press

https://doi.org/10.1017/S2040618500033608


PRODUCTS OF BILATERAL HYPERGEOMETRIC SERIES 143

Hence we obtain the following general theorem on products of bilateral hypergeometrio
series, which follows because of (2.4), when we compare the coefficients of zn.

THEOREM.

+ idem

ai ''I

• • • . VMI<>-I ; * n m raiici aifcN •

qbuK J * * U # i - , «,#*
a2, a3, ... , a M )=0 .(2.5)

where
qc1c2...cM

\z\<\, \zt\<l,

cN
bxb2 ...byz

...b
M

aMz
and N>0.

Special cases, (i) If we takeJV=Jf andput61=a1 ,62 = o2 , . . . , bM =aM in (2.5), wegetthe
following theorem :

^ /"I M T 1 (6 rgftiK.... .gc^/a^zn r^/q,. . . , ^ /c^ ;z"]
' a j • • • I 1 "a^)j "*^ iqa.K, ... , qa^ J "*"-i U«/«, ^ / « M J

0, (2.6)

I 2 I < 1 and I z« I < 1.where

Now if we replace zi by z, go,./^ by AT and gar/ax by Br_t in (2.6), it becomes Sears'
theorem [4, § 6.2] on products of basic hypergeometric series. Hence (2.5) is a basic bilateral
generalisation of Sears' theorem.

(ii) If we let q-*-l in (2.5) in the usual manner, we get the following transformation
between products of ordinary bilateral hypergeometric series :

pp^-aj , a1-a3, ... , fflj-a^, al-c1, ... , %-Cy, l+a2-av ... , 1+a^j-^ ;"|
|_ tti-Cj, ... , a1-cM, l+ax-bv ... , l+a1-bN, 1+^-a^ ... , 1+6^-% J

XM^Ll+&i-^....l+^-ai VHlfLl+a1-b1,...,l+al-bN]
+ idem(a1;a2,a3,... ,aM)=0, (2.7)

where | z | = 1 for convergence.
3. In this section I deduce another general relation between the products of ordinary

bilateral hypergeometric series. Slater [6] gave the following relation between M series of the
type MHM (1):

+aM-av a1-a2, a^^-a^ ... , a^-
+btf-Ot, a^-c^ a1-c2, ... , a^-

^ f l +0,1-0^, 1 + 0 3 - ^ , ... , l
\_\+\-alt l+br.-alt ... , l

v TT n + < a - « i . 1+Ca-Oi 1+CM-OIH
X"JiMll+bl-al, l+ft,-^, ... , l+6M-«i J

+ idem (o t ; a2, a3, ... , aM) =0 (3.1)

If we first replace M by M + N in (3.1) and then cM+1, cM+2, ... , cM+N, bM+1, bM+2, ... ,
bu+N ° y C M + I ~ n> CM+2 - » . • • • > CM+JI? - « • &M+i - « . &M+2 - » , • • • . &M+J - w . r e s p e c t i v e l y , w e g e t ,
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-alt ^-c^ ... , o^-c^^v J
(<h - b M + 1 ) n ( a t - b M + 2 ) n ... (a1 - b M + N ) n

K ~

ax-n, ... , 1+bM+N-ai-
+ idem (% ; a2, a3, ... , aM+N)=0 (3.2)

Hence we get the following transformation between products of ordinary bilateral series
which can be proved with the help of (3.2) when we compare the coefficients of z" :

l+6,-«i , . . . . l+6jf-«i J * F i r U - 6 J f 4 1 , . . . , « 1 - c J f + , J
+ idem (ax ; a2, a3, ... , aM+s) =0, (3.3)

where | z | = 1.
4. Finally, it may be noted that it has not been found possible to deduce a relation corre-

sponding to (3.3) for basic bilateral series.
Also, the transformation (2.4) can be directly obtained from the basic bilateral integral

given by Slater [7, § 10 (24)], if we make the same substitutions as required for deducing (2.4).
I am grateful to Dr R. P. Agarwal for his kind guidance during the preparation of this

paper.
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