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Spectral Transformations of the Laurent
Biorthogonal Polynomials, Il. Pastro
Polynomials

Luc Vinet and Alexei Zhedanov

Abstract. 'We continue to study the simplest closure conditions for chains of spectral transformations
of the Laurent biorthogonal polynomials (LBP). It is shown that the 1-1-periodic g-closure condition
leads to the LBP introduced by Pastro. We introduce classes of semi-classical and Laguerre-Hahn LBP
associated to generic closure conditions of the chain of spectral transformations.

1 Introduction

In the previous paper [5] we started to study the closure conditions for spectral trans-
formations of the Laurent biorthogonal polynomials (LBP) defined by the recurrence
relation

(1.1) Pyi1(2) + (dy — 2)Pu(2) = zb,Py—1(2), n>1
with the initial conditions
(12) P()(Z) = 1, Pl(Z) :Z*do.

Let us recall some basic facts from the theory of spectral transformations of the
LBP (for details see [5]).

It can be shown that there exists a linear Laurent functional £ defined on all pos-
sible monomials z" by the moments

(1.3) =1 ¢ =L{"}, £1,£2,...

(in general the moments ¢, are complex numbers). This functional provides the
orthogonality property

(14) L{Pn(z)z_k} = hn(skna 0<k< n,

where the normalization constants are

bbb,
dydy - d,
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(1.5) hy=1, h,
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The orthogonality property (1.4) can be rewritten as the biorthogonal relation [4],
(3],

(16) L{Pn(z)Qm(l/Z)} = hn(snma
where the polynomials Q,(z) are defined by the formula

Z"Pu(1/2) — 2" 1P,(1/2)
P,(0)

(1.7) Qu(z) =

Note that the polynomials Q,(z) are again LBP with moments ciQ} =C_p

The transformation Q of the polynomials P,(z) into the polynomials Q,(z) is an
involution, i.e., Q> = I, where I is the identity operator.

Another important involution is the transformation T of the polynomials P,(z)
into the LBP T, (z) defined as

_ Z"P,(1/2)
(1.8) Tu(2) = W

The polynomials T),(z) are again the monic LBP with moments

(1.9) AT = Qon
n o

The j-associated polynomials PP (2) satisfy the recurrence relation

(1.10) PV (2) + d jPY)(2) = 2( PP (2) + by P (2))
with initial conditions P(()] F=1, P(IJ "@)=z—d ;. Let us recall the scaling property of
LBP [5].

Assume that the polynomials P,(z) are LBP with moments ¢, and recurrence co-
efficents d,, b,. The polynomials SP,(z) = k~"P,(xz) are also LBP with moments
&, = K~ "¢, and recurrence parameters b, = b, /K, d, = d,/k.

We say that LBP are regularif b, d,, # 0. For the regular LBP the following lemma
holds (see, e.g. [6]):

Lemmal Let P,(z) be a set of reqular LBP. Assume that the identity
(1.11) Si(z;n)P,(z) + S,(z;n)P,_1(z) =0, n=1,2,...
takes place, where S; »,(z 5 n) are polynomials in z whose coefficients depend on n but
whose degrees are fixed numbers (not depending on n). Then the polynomials S, , vanish

identically:

(1.12) Si(z;n) = S,(z;n) =0.
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The main spectral transformations of the LBP are the Christoffel and Geronimus
transformations.
By Christoffel transformation (CT) we mean the transformation

Pui1(2) — U,Pu(2)

(1.13) Pu(z) = ;
zZ—p

where p is an arbitrary parameter and

Pn+1 (,u)
(1.14) U, = .

Py(p)

It is easily verified that the polynomials P, (z) are again monic LBP having the mo-
ments
(1.15) ¢, = (¢ f,u)*l(cnﬂ —pc,), n=0,£1,£2,....

If the polynomials P,(z) satisfy the recurrence relation (1.1), the polynomials
P,(2) satisfy the recurrence relation

(116) pn+1(z)+d~npn(z) :Z(pn(z)""l;npnfl(z)) )
where
i bn+1 + Un
(1.17) b, = bnmv
i o_ dn+1 + Un+1
(1.18) d,=d, i +U,

The reciprocal to the CT is the Geronimus transformation GT (for details see [5]
and [7]).

In what follows we will denote by C(u){P,(2)} the effect of the Christoffel trans-
formations of the LBP P, (z) (i.e., (1.13)).

2 Closure Conditions for Chains of Spectral Transformations
From given polynomials P,(z), we can construct a chain of polynomial sets

(2.1) Pu(z 5 pa, pray - - oy pun) = Clun)Clun—1) - - - C(p1){Pul2) }

applying successively N CT at the points py, s, . .., uy. Choosing another set of
points vy, 14, .. ., ..., Uy We can construct another chain of polynomials sets

(2.2) Py(z 501,000 vm) = Clum)C(vm—1) - - - C(11){Pu(2)}.
By (generalized) g-closure condition we mean the following relation

(23) Pil]l)(z 5 M1y M2,y - 'a,UN) - an;({IZ)(Z/q sV, V2. '7VM)7
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where jj, j, are arbitrary nonnegative integers and q is a fixed parameter. As usual,
P,(ﬂ ) (z) denotes the j-associated polynomial defined by (1.10). The closure condition
(2.3) is thus described by the 4 integers (N, j; 5 M, j2).

We define the LBP P, (z) obtained as the solution of the closure condition (2.3) as
q-Laguerre-Hahn LBP. If in addition, j, = j, = 0, we then obtain g-semiclassical

LBP.
In terms of the recurrence coefficients b,,, d, the closure condition (2.3) means
(N) _ 1 (M) (N) _ _ 4(M)
(24) bn+j1 - qbn+j2’ dn+j1 - qdnJrjz?

where by b and d¥) we mean the coefficients obtained from b, and d,, by the appli-
cation of N CT at the points py, 2, . . ., . For the arbitrary scheme (N, j1 ; M, j»),
the relations (2.4) are very complicated non-linear difference equations. However for
some special cases these equations can be resolved in terms of elementary functions.

3 The Simplest 1-1 Closure Condition and the Pastro LBP

In the previous paper [5] we considered the simplest 1-periodic closure condition
(1,0 0,0) and showed that it leads to g-Appell LBP.

In this section we consider the closure condition (1,0 ; 1,0) with two different
prescribed points p and v. We show that the resulting polynomials contain two es-
sential parameters and coincide with those introduced by Pastro [4].

In terms of the polynomials the closure condition means

(3-1) Pn(Z;ﬂ):ann(Z/q;V)a
where
Pn(Z ; /,L) — Pn+1(z) - Un(luf)Pn(Z)’
z—p
Pn(Z ; l/) — Pn+1(z) - Un(V)Pn(Z)7
zZ—V

and U,(p) = Ppii(p)/Py(p), Uy(v) = Pp1(v)/Py(v). In what follows we assume
that v # 0. Let bV, d'V be the recurrence coefficients corresponding to the poly-
nomials P, (z ; p):

by + U, ()
3.2 b = p, T
( ) " bn + Un—l(/ll)

dpi1 + Up (1)

3.3 a0 — g Gm1 T Yl i)
(3.3) n T T U )
and bf}), d,(f) be the recurrence coefficients corresponding to the polynomials
P,(z;v):
by + U, (v)
3.4 b2 —p, LT EnT)
( ) " hn + Unfl(y) ’
(3.5) 4o — g, dnn1 * Unn(v)

d, +U,(v)
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We then have the following closure conditions for the recurrence coefficients

bn+1 + Un(H) _ bn+1 + Un(V)
but Upa(p) by + Uya ()’
dn+1 + Un+1(/14) _ dn+1 + Un+1(1/)

(3.7) 4o+ UG) U4 U0

(3.6)

Moreover, from the recurrence relation (1.1), we have two additional relations for the
coefficients U,

(38) Un(/i)"'dn :/14(1 +bn/Un—l(;uf))a
(3.9) UW)+dy =v(1+b,/U,1(v), n=1,2,3,...

with initial conditions
(3.10) Uo(p) = pp—do, Up(v) =v —dy.

From the conditions (3.6), (3.7), (3.8) and (3.9), we easily find that

(3.11) Un(v) = BU, (),
(3.12) bust + Un(p) = 11q" (bpi1 + BUL(R))
(3.13) dy + Un(p) = 72q" (dy + BU(w)) ,

where (3, 71, 7, are arbitrary constants. Assuming that 3 # 1, we arrive at the expres-
sion for the U, (1)

l _ n
(3.14) Uplp) = 22 — 29
972 1 —=mq
Taking into account the initial conditions (3.10), we get the restrictions for the pa-
rameters
(3.15) Y1 =4/8, n=up/v

and finally the expressions for the recurrence coefficients

v (1—q"(1 — pg"'/v)

. bn =5 ’
(3.16) BU=q/B0—a /B

, PR et /L i
G147 AR

In view of the scaling property of the LBP, we see that the common factor —4 is
not an essential parameter (it can be removed by scaling transformation). Only two
parameters: the ratio u/v and (3 are thus essential.
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A simple comparision indicates that the recurrence coefficients (3.16) and (3.17)
coincide with those of the polynomials introduced by Pastro [4]. These polynomials
have the following explicit expression

v\ Bu/v), a"1/B 2z
(3.18) Py(z) = (B) W2¢1< % 5 4 E)a

where (a), = (1 —a)(1 —aq) - -- (1 — ag"~!) denotes the g-shifted factorial and ,¢,
is the basic hypergeometric function [2].

In order to find explicit expression for the moments c,, we use formula (1.15) of
the transformation for the moments ¢, under the CT. The closure condition (3.1) is
thus equivalent to the condition

(3.19) CE:ZC :q—"cnz :ZC n=0,41,42,....

Taking into account the fact that ¢ = 1, ¢; = dp, we find from (3.19)that

(3.20) cnzu“w n=0,41,42,...,

(1/B5@n
where g-shifted factorials for negative n are defined [2] as

1

(as @) = m-

We thus have the following:

Proposition 1  The closure condition (3.1) characterizes the Pastro polynomials.

An interesting property of the Pastro polynomials is their self-similarity property
with respect to the involutions Q and 7. Indeed, consider what happens under the
involution Q. We have from (3.20) the expression for the new moments

(Bq 5 Dn

(3.21) ciQ} =c,=v """
(Buaq/v s @n

Comparing (3.20) and (3.21), we see that the moments C,EQ} are obtained from the

moments ¢, by the folowing substitution of the parameters: p — 1/v, v — 1/u,
B — v/(Buq). Hence, the corresponding polynomials Q,(z) have the same struc-
ture, i.e., they are again the Pastro polynomials. (This was noticed by Pastro himself
[4]). Itis shown similarly that the polynomials T, (z) defined by (1.8) are again Pastro
polynomials with modified parameters.

Note that the Pastro polynomials are believed to be “the most general” LBP having
an explicit expression in terms of basic hypergeometric functions (see also [1]).
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4 Another Example of 1-Closure

In this section we consider one more example of closure condition leading to co-
efficients by, d, expressible in terms of elementary functions. Consider the scheme
(1,0 0,1). In terms of the polynomials this means

(4.1) C(wi{P.(2)} = q"P"(z/q),

where P(V(z) are the 1-associated LBP defined in (1.10).
In terms of the recurrence coefficients this condition reads

bn+1 + Un
4.2 bn = bniv
(4.2) q4Yu+1 b+ U,
dp + U,
(4.3) i1 = dﬁ
(4.4) U,+d,=p(1+b,/U,—1), n=1,2,3,...
with initial condition
(45) UO + d() = HU.

Omitting simple technical details, we merely give the generic solution of the sys-
tem (4.2)—(4.4) which is:

I 0 |
g +yq"1)’

i (1 + 724"

(4.6) d, =

(4.7) by = — . on=1,2,3,...
T (g + g
(4.8) U, — B b
" Qv dnn

The initial condition (4.5) yields

iy +1)
(4.9) do B/v2, b o E D)
Note that the corresponding polynomials depend in an essential way on 2 (arbitrary)
parameters 71, ¥, (the parameter i can be reduced to i = 1 by a scaling transforma-
tion).

The polynomials P,(z) corresponding to these recurrence coefficients do not co-
incide with any known system of LBP. It would be interesting to find explicit expres-
sions for these polynomials.
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5 Difference Equation for g-Semiclassical LBP

In this section we return to the generic case (N,0 ; M,0) corresponding (in our
terminology) to the g-semi-classical LBP.

Explicitly we have the condition
(5.1) Py(z;5 pur, piz, - - - i) = q"Pulz/q 5 1,12, vm).

In order to derive the difference equation for the g-semi-classical LBP we first need
the following:

Lemma 2 Let P,(z) be LBP satisfying the recurrence relation (1.1). The polynomial
P,ii(2), j = 1,2,..., can be expressed in terms of P,,(z), P,_1(z) according to

(52) Pn+j(z) = A](Z 5 I’l)Pn(Z) +Bj(z 5 n)Pn—l(z)a

where Aj(z ; n) and Bj(z ; n) are polynomials in z of degree j with coefficients depending
onn.

The proof is almost obvious: for j = 1 we have from the recurrence relation
P,i(2) = (z —d,)P,(2) + zb,P,_1(2), i.e., A1(z ; n) = z — d,, Bi(z ; n) = zb, are
polynomials of the first degree. Then the Lemma is proven by induction in j.

As a consequence of this Lemma we have that

AN(z 5 n)Py(2) + By(z 5 n)Py—1(2)
(z— )z —p2) - (z— pnN)

where An(z ; n) and By(z ; n) are some N-order polynomials in z. Analogous

(53) Pn(Z;/Ll,M2;'-'7NN):

)

expressions can be written down for the polynomials P,(z ; v1, 12, . .., Vum).
Using these expressions we can extract from the condition (5.1) the following sys-
tem

(5.4 P,(qz) = X(z 5 n)Py(2) + Y (z 5 n)P,_1(2),
5.
P,_1(q2) = V(z; n)P,(z) + W(z; n)P,_1(2),

where X(z, 1), Y(z,n), V(z,n), W(z,n) are rational functions in z of fixed degrees.
From (5.4), we then easily find the second-order difference equation

(5.5) P.(q°z) = Q(z 5 n)P,(2q) + Q(z 5 n)P,(2),

where

e Ql(z;n):X(qz;nH%,
Dy(z5n) =Y(qz; n)V(z;n) — W

are rational functions whose degrees do not depend on n.

Acknowledgments The work of L. V. is supported in part through funds provided
by NSERC (Canada) and FCAR (Quebec). The work of A. Zh. was supported in part
through funds provided by INTAS-96-700 grant, project 96-01-00281 supported by
RFBR (Russia), and by SCST (Ukraine) Project #2.4/197.

https://doi.org/10.4153/CMB-2001-034-3 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2001-034-3

Criterion for Simultaneous Solutions 345

References

(1]

W. A. Al-Salam and M. E. H. Ismail, A g-beta integral on the unit circle and some biorthogonal
functions. Proc. Amer. Math. Soc. 121(1994), 553-561.

[2]  G. Gasper and M. Rahman, Basic Hypergeometric Series. Cambridge University Press, Cambridge,
1990.

[3]  E.Hendriksen and H. van Rossum, Orthogonal Laurent polynomials. Indag. Math. (Ser. A)
89(1986), 17-36.

[4]  P. I Pastro, Orthogonal polynomials and some q-beta integrals of Ramanujan. J. Math. Anal. Appl.
112(1985), 517-540.

[5] L. Vinet and A. Zhedanov, Spectral transformations of the Laurent biorthogonal polynomials. I.
q-Appel polynomials. J. Comp. Appl. Math., to appear.

[6]  A.Zhedanov, The “Classical” Laurent biorthogonal polynomials. J. Comp. Appl. Math. 98(1998),
121-147.

[7] , Rational transformations and orthogonal polynomials. J. Comp. Appl. Math. 85(1997),
67-86.

Centre de recherches mathématiques Donetsk Institute for Physics and Technology

Université de Montréal Donetsk 83114

C.P. 6128, succ. Centre-Ville Ukraine

Montréal, QC

H3C 3]7

https://doi.org/10.4153/CMB-2001-034-3 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2001-034-3

