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Abstract

The free product of two Hopfian groups (in the category of groups) need not be Hopfian. We
prove, by elementary methods, that the free product of two simple Hopfian inverse semigroups
is Hopfian. In particular the free product of any two Hopfian groups, in the category of inverse
semigroups, is again Hopfian. In fact the same is true in the category of all semigroups.

Subject classification (Amer. Math. Soc. (MOS) 1970): primary 20 M 05, secondary 08 A 10.

1. Introduction

An algebra is said to be Hopfian if each of its onto endomorphisms is an auto-
morphism. Whether the Hopf property is preserved by free products has been
considered for several classes of algebras. For example, Dey and Neumann (1970)
showed that the free product of two finitely generated Hopfian groups is Hopfian.
However, Newman and Sichler (1973) gave an example of two Hopfian groups
whose free product is non-Hopfian. Each proof uses deep results on the structure
of free products of groups.

In this paper we show, using only universality, that the free product of two simple
Hopfian [inverse] semigroups, in the category of [inverse] semigroups, is again
Hopfian. In particular this applies to any two Hopfian groups. (The general
problem for inverse semigroups was posed by Reilly (1976), Question 15, in a
widely circulated manuscript. It was incorrectly stated there that the general result
for groups (in the category of groups) was in fact true.)

By way of examples we also show, in Section 3, that a simple inverse co-semigroup
with Hopfian maximal subgroups is itself Hopfian. For simple inverse semigroups
in general, however, this need not be so.
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For all relevant definitions and properties of semigroups the reader is referred
to Clifford and Preston (1961, 1967). For an excellent bibliography on the Hopf
property, see Hirshon (1975).

2. Free products

Let K be a class of semigroups (that is, K is closed under isomorphism). If
U, VeK the free product of U and Vin K is the semigroup S in K, unique up to
isomorphism if it exists, satisfying the usual universal properties in K: there
exist monomorphisms T)V: U^-S and i)v: V^-S such that given any semigroup T
in K and morphisms dv: U->T and 6V: V-*T, there is a unique morphism
6: S-+T such that r)v9 = 8V and -qv 6 = 6r. When S exists we may in the usual
way identify U and V with their images in S. In that case U and V generate S as a
semigroup.

PROPOSITION 1. Let K be a class of semigroups, U, VeK and suppose they have
free product S in K. If ip is an onto endomorphism of S satisfying Uift = U and
Vtp = V, then tfi is an automorphism of S.

PROOF. Since U is Hopfian, ^r| U is an automorphism of U and therefore has
an inverse 6V, again an automorphism of U. Similarly tfi\ V has an inverse 0v.
By universality 6V and 0v extend to an onto endomorphism 6 of S. Moreover
if/9 restricts to the identity on U and V. By the uniqueness of such extension, tfsO is
the identity on S. Hence \f> is injective, that is an automorphism.

We now develop some elementary properties of free products of semigroups.
If Uand Fare any semigroups their O-direct sum is the semigroup T= Uu Ku{0},
the multiplication extending that on U and V, all other products being zero.

LEMMA 2. Let K be a class of semigroups which is closed under O-direct sums.
Let U, VeK and suppose they have free product S in K. Then

(i) U is a union of ^-classes of S;
(ii) ifseS and Js^Jufor some u in U, then seU.

PROOF. Let The the O-direct sum of £/and V. Since TeK and Tis generated by
U and V there is a morphism a of 5 upon T extending the identity morphisms on
U and V. Suppose Js > Ju for some s in S,u in U. Then J^ ^ ^ in T, where uoc e U.
From the definition of the multiplication in T, it is clear that saeU. Hence s$ V.
]fs$U then s can be expressed as a product involving elements of both U and V,
so that sec = 0. Therefore seU.

This proves (ii) and (i) is then immediate.
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Similar statements apply, of course, to V.
A semigroup is called simple if it contains no proper ideals or, equivalently, if

it consists of a single ^-class.

LEMMA 3. Let K be a class of semigroups closed under 0-direct sums. Let U, VeK
and suppose they have free product S in K. If U and V are simple and <f> is an onto
endomorphism of S then U<f>2 = U and V<f>2 - V.

PROOF. Since U and V are simple each is a ^/-class of S, by Lemma 2(i). Since
(j> is ^-preserving, U<f> and V<f> are therefore contained in ^-classes of S. Thus if,
for example, U<f>n U is non-empty, then £/$£ U.

Let u e U and v e V. Then x<f> = u and y<f> — v for some x, y in S. For x there are
three possibilities: either (i) xeU, whence U<f>^u (as above) or (ii) xeV whence
V<f>s U, similarly, or (iii) x is in neither U nor V. In that case x can be expressed as
a product involving an element 5 of U and an element t of V, so that Js > Jx and
J,> Jx. Then Jsij>Ss Ju and J^ ^Ju;so by Lemma 2(ii) sj> e Uand t<f> e C/. Hence in (iii)

Similarly either yeU, whence U<f>^V, or ye V, whence V<j>^ V, or finally y is
in neither U nor V, whence U<f>^V and V<f>s V. In any case either U<f>^ V or
V(f>c Y; so the case (iii) for JC is impossible. Hence either (i) U<f>^ U, whence
V<f>c V, or (ii) F ^ s u, whence £/<£<= V. In either case {/<£2£ U and F<£2£ V.

Finally, noting that <f>z is again an onto endomorphism of S, let ueU and
suppose zcf>2 = u, for some zeS. Applying the above argument to <f>2 yields zeUuV.
But V<f>2^ V, so zeU. Hence U<f>2 = C/ and similarly V<f>2 = K.

Now if <f>2 is an automorphism of S then so is <£. So combining the lemma with
Proposition 1 yields

THEOREM 4. Let K be a class of semigroups closed under 0-direct sums. If U and
V are simple Hopfian semigroups in K then their free product in K, if it exists, is
Hopfian.

The three classes of immediate interest are the classes Sgp of all semigroups,
Inv of inverse semigroups and Gp of groups. (Note that every semigroup morphism
between inverse semigroups is an inverse semigroup morphism, and similarly for
groups, so that the Hopfian property is the same in each class.) It is well known
(see, for example, Preston (1973), McAlister (1976)) that each class has the free
product, denoted here by Usgp V, C/inv V and Ugp V respectively, of any semi-
groups U and V in the respective classes. Further the 0-direct sum of two inverse
semigroups is again inverse (though of course the same is not true for groups!).
Thus we have our main theorem.
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THEOREM 5. If U and V are simple Hopfian semigroups then f/sgp V is Hopfian.
If in addition U and V are inverse then C/inv V is Hopfian.

Since any group is a simple inverse semigroup we have the corollaries stated in
the Introduction.

COROLLARY 6. If G and H are Hopfian groups then G sgp H and G inv H are
Hopfian.

3. Examples

Apart from the Hopfian groups, simple Hopfian (inverse) semigroups are
plentiful: any simple inverse co-semigroup whose maximal subgroups are Hopfian
is itself Hopfian (Theorem 7 below). For arbitrary simple inverse semigroups,
however, this is no longer so (Example 8).

Recall that an inverse semigroup S is an co-semigroup if its semilattice of idem-
potents is isomorphic to Ca, the (chain of) positive integers under the inverse of
their usual order. Munn (1968) and Kocin (1968) independently showed how to
construct all simple inverse co-semigroups from groups and morphisms between
them. Using our result, examples of Hopfian simple inverse co-semigroups with any
finite number of ^-classes can easily be constructed. To prove the result, though,
we will not need the explicit structure of a simple inverse co-semigroup, only the
fact that it has a finite number d, say, of ^-classes, each of which is a bisimple
inverse co-semigroup; the idempotents can then be written as follows:

et >e2 >.

>ed+\ >ed+2>-->e2d

where the idempotents in any column form the set of idempotents of an entire
i^-class.

THEOREM 7. A simple inverse cj-semigroup is Hopfian if each of its maximal
subgroups is.

PROOF. Let T be a simple inverse co-semigroup with d ^-classes, rfeN, and
semilattice of idempotents E. Let <f> be an onto endomorphism of T and put
a = (fxf)^, a congruence on T satisfying T/oczT. Denote by <xE the restriction of
a to the idempotents of T.
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If d = 1, then T is bisimple and by Munn and Reilly (1966) a is either a group
congruence or is idempotent-separating (that is, <xE is trivial). Clearly the latter
case holds.

If d^2, suppose <xE is non-trivial. Then (e^e^ea for some i<j and so
(ej-i ei> ej-i ej)e a > t n a t ' s (ej-i» ej)e <*• But ^y-i and e,- lie in different ^-classes of T
and so T/oc has at most */—1 ^-classes, contradicting T/aczT. Hence a is again
idempotent-separating.

So <£ is also idempotent-separating and <f>\E is an automorphism. However it is
easy to show that Eis rigid, that is Aut(E) is trivial. Hence <f>\Eis the identity on £
and so for each e in E, He<f>^He. In fact Hecf> = He. (If seT and s<f>eHe, then

( S J " 1 ) ^ = (s^s)^ — e = e<f>. So s j " 1 = J - 1 J = e, that is s is in He.) Since /fe is a
maximal subgroup and therefore Hopfian, <f> \ He is an automorphism of He. Thus
ea = {e} for each e in E. But a congruence on an inverse semigroup is determined
by its classes containing idempotents. Hence a is trivial, that is j> is an automorphism
of T.

We conclude by showing that the statement of Theorem 7 is not true for simple,
or even bisimple, inverse semigroups in general. For completeness we will include
some preliminaries.

Bruck (1958) showed that any semigroup U can be embedded in a simple semi-
group, which we denote ^(U), having the following properties (Clifford and Preston
(1967), Section 8.5; see also Howie (1976), Section V.6):

(i) ^(U) is inverse if and only if U is,
(ii) if U is trivial then ^(U) is the bicyclic semigroup,
(iii) the =Sf-, 0t- and ^-classes of ^(U) are in one-to-one correspondence with

those of U, so that
(iv) ^(U) is bisimple if and only if U is, and
(v) ^(U) is combinatorial (that is 3f? is trivial) if and only if U is,
(vi) every morphism of U upon V induces a morphism of ^(U) upon

such that the following diagram commutes:

U

It is immediate from (vi) that if U is non-Hopfian, so is ^(U). Thus if for U we
choose, for example, the semilattice Cw, then ^ ( C J is a non-Hopfian simple
inverse semigroup with trivial subgroups, by (v). (Note that ^(CJ has infinitely
many ^-classes.)
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Now suppose Ux is an arbitrary bisimple inverse semigroup, put U2 =
U3 = ^(Ujj) and inductively Ui+1 = ^(Uj), with associated embedding Of (/{-»l/i+1,
for all i ^ l . Clearly each Ut is a bisimple inverse semigroup. Let T be the direct
limit (see for example McAlister (1968)) of the system:

A,
It is routine to verify that T is again a bisimple inverse semigroup. Further T is
combinatorial if and only if U1 is.

Suppose there is also a morphism ^ of U2 upon Uv Then from (vi) above <£x

induces a morphism (£2, say, of ^(U^ upon "^(t/i), that is of U3 upon C/2- Inductively,
there is a morphism 4>i of t/i+x upon C/̂  for every i> 1, so that the following diagram
commutes:

<h

U,

From the universal properties of the direct limit it is apparent that there is an
onto endomorphism <j> of T 'extending' the <^'s, for all i> 1.

Finally take t/x = B, the bicyclic semigroup, in this construction, with ^ the
morphism of U2 = ^(B) upon 5 induced by the trivial morphism B->{e}, where e
is the identity of B. (By (ii) above, ^{e)^B). Clearly <f>x is not one-to-one. Hence
the construction yields a semigroup of the following type.

EXAMPLE 8. There exists a non-Hopfian bisimple inverse semigroup whose maximal
subgroups are Hopfian, in fact trivial.

NOTE ADDED IN PROOF. In a future paper of a similar title the author will extend
the methods of this paper to free products of various finitely generated semigroups.
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