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MANIFOLDS OF SMOOTH MAPS

TRUONG CONG NGHE

We show that the space of smooth maps from a compact smooth

manifold into another smooth manifold can be endowed with the

structure of a smooth manifold if we use the F-differentiation

of Yamamuro. We then generalise the Smale Density Theorem to

mappings between these manifolds.

The main purpose of this paper is to show that the space C (X, Y) of
oo oo

smooth maps from a compact C manifold X into a finite-dimensional C

manifold 1' can be endowed with the structure of a smooth manifold if we

use the F-differentiation of Yamamuro [72]. Here, for simplicity, we

suppose that Y is finite-dimensional even though the result can be easily

extended to an infinite-dimensional Y admitting a smooth spray [I].

Similar results have been obtained by Leslie [S] and Gutknecht [4] using

the C differentiability of Keller and the dZ differentiability of

Fischer respectively [3], [7]. The case of a non-compact X has also been

investigated by Michor [9] using Keller's C differentiability.

The paper consists of three sections. In §1, we define general

manifolds modelled on a F-family [72] of locally convex spaces, manifolds

which we term as Y-manifolds. Then corresponding to the

BF-differentiability in [72]'we have the subclass of BY'-manifolds.

Section 2 is for showing that C (X, Y) is in general a F-manifold of
oo oo

class C . We also give examples of SF-manifolds of class C . The

last section, §3, is devoted to a generalisation of the Smale Density
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Theorem [2] to the case of sr-maps between F-manifolds.

This paper depends heavily on [72] and some of i t s r e su l t s have been

announced in [7 0] and [77] .

1. r- and sr-manifolds

Let F be a F-family of local ly convex spaces [7 2] and X be a

Hausdorff space. A Y-chart on A" i s a t r i p l e (U, a, E) of an open set

U of X , E ( F and a homeomorphism a of U in to E . Let k > 1 be

an i n t ege r . Then, two F-charts (U, a, E) and (V, B, F) are said to be

CU-compatible i f the t r a n s i t i o n map 6 ° a" : a(U n V) -* &(U n V) i s a

Cp-diffeomorphism [72] .

A co l lec t ion of T-charts { [u a, E )} i s cal led a T-atlas of

class u i f

(1) {U} is a covering of X ,

(2) each member is Cp-compatible with every member of the

collection.

It is said to be maximal if every T-chart that is Cp-compatible wi"th

all members of the atlas belongs to the atlas.

A T-manifold of class u modelled on the family F is a Hausdorff

space X equipped with a maximal P-atlas of class <f~ . Each F-chart in

the maximal F-atlas will be called an admissible chart. A F-chart

(U, a, E) is said to be (centred) at x € X if we have x € U . If the

model spaces coincide with a single E € F then the F-manifold is said to

be modelled on E . When the transition maps are CUp-maps, the

F-manifold is called a BY-manifold.

Let X and Y be F-manifolds of class u modelled on the same

family F . A map / : X -*• Y is said to be of class ct or a ui-map if,

for each x € X and each admissible chart {V, 6, F) on Y centred at
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fix) , there exists an admissible chart (U, a, E) on X centred at x ,

such that f{U) c V and the local representative of / ,

B o / o a~ : a(i/) + B(f) , i s a CU-map. In a similar manner, the C\L-

maps between BF-manifolds of class U modelled on the same F-family can

be defined.

Let F be a F-family and X be a F-manifold of class C: modelled

on F . We shal l always assume tha t R € F and IV, consists of the

absolute value norm. A T-aurve at x £ X i s a Ci-map c from an open

subset of R containing zero in to X such tha t c(0) = x . By

def in i t ion , i f a i s a F-curve at x € X and (U, a, E) i s an

admissible chart at x , a o c i s a CZ-map into E . Since

£ (R, E) = E , (a°e) '(O) i s ident i f ied with an element of E .

We define the T-tangent space T X of X at a; as the set of usual

equivalent classes of F-curves at x [2]. Then, every admissible chart

(U, a, E) at x defines a bijection of TJC onto E and if (F, B, F)

is another admissible chart at x , E and F are F-isomorphic; they

are BF-isomorphic when X is a SF-manifold. By this bijection, we

transplant the locally convex structure of E , including its calibration,

onto T X . Therefore, the family {T X : x € X\ becomes a F-family.

When X and Y are F-manifolds of class V (k > l) modelled on a

family F and f : X •+ X is a CC-map, then we have the I'-tangent map of

f : Tf : T X •* T„. >Y . Similarly the BY-tangent map can be defined for
ar x J\X)

a Cgp-map between BF-manifolds of class u .

2. The r-manifold c°(x, y)
oo

Let X, 1 be finite-dimensional C manifolds without boundary, X
OO

being compact. In order to show that C (X, Y) is a F-manifold of class
00

C , we first prove the F-version of the Omega Lemma [J, Corollary 3.8].

Let E, F, G be Banach spaces, X c E be compact and Y c F be
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open. Then, for any integer n ^ 0 and f i C {X, F) , define

(1) ||/|fn = sup{||/(x)|| + ||Z?/(x)|| + . . . + \\lPftx)\\ : x € X) < +~

and let (f'iX, F) denote the Banach space of all (P maps X •*• F .

Consider C°{X, F) as the intersection of all c"U, F) , n > 0 ,

and regard it as a locally convex space calibrated by the following ' •

sequence of increasing norms defined by (l):

(2) {\\'\\n : n > 0} .

Let Cn(X, Y) (respectively C°(X, Y) ) be the subset of all

/ € (P(X, F) (respectively f € C°{X, F) ) such that f(X) c Y . Then it

is clear that (P{X, Y) is open in c"(X, F) for each n > 0 , and

C°(X, Y) is open in C°(X, F) calibrated by (2).

Let d*(X, G) and C°°(X, G) be similar spaces, where c"{X, G) is

calibrated by a similar sequence of increasing norms

(3) {|HIM : n > 0} .

(2.1) (F-omega lemma). Let E, F, G be Banaoh spaces, X c E
00

compact and Y c F open. Then, for a fixed g € C {Y, G) , the map

q* : C°(X, Y) c C°(X, F) -> C°(X, G) : f - g^f) = g ° f
oo

is Cj, with respeot to the calibration

T = { ( | | - H n , I I - I IJ : n > 0}

for the pair [c^ix, F), C°{X, G)) where the first and second ||-|l are

defined by (2) and (3) respectively.

Proof. This follows easily from [72, Remark, p. 26] and [6, Theorem

6, p. 117].

oo

Now let X be a compact C manifold and TT : E •*• X , p : F ->• X be

two C (Banach) vector bundles over X . Denote by 5 (IT) and S (p)
oo

the spaces of C -sections of TT and p respectively. Endow them with

the following calibrations. Cover TF and p by a finite number of
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pseudo-compact VB-charts \U., a., a.\ and \U., a., B. , 1 S i S n ,
I is Is is J 1 is % UJ

\\U., a°.\ : 1 5 i S n\ is an atlas of X [I, p. 15]. Then eachwhere

Y € 5 (ir) has the following principal part with respect to the KS-chart

fy.,a°, cc.l :

{h) Y = a°(y.) •* E (l 5 £ < n , V. being the closure of U. )
i i %

~ oof Q t— x I 0 I— "\
with Y E C \a.[U.j, E and a.{U.j is compact.

0t» I If is Ot»J ts Is

For each r > 0 , define

(5) llY II = sup| | |Y (a;)|| + ||£>Y (a;)|| + . . . ^

i *• i i
00

and, for each Y € S (IT) , define
(6) ||Yllr = E llYa llr •

oo

Then endow 5 (IT) with the following calibration

(7) : v > 0} .
S (IT)

00

Similarly, 5 (p) is endowed with the calibration

(8) : r > 0} .
S (P)

Now, i f Q c E i s an open set such that TT|S2 : Q -* X i s sur jec t ive ,
CO 00

let S {Q) c S (TT) be the open set of sections with image contained in

00

If / : fi c E1 •+ F i s a C fibre-preserving map, l e t

fA : S°°(fi) CS°°(TT) * S°°(p)

be the induced map defined by fA(y) = / ° Y for all Y € S°°(fi) . Then

the local F-omega lemma in (2.1) can be globalised as follows.

(2.2) Let it : E + X , p : F •* X , f : Q c E ->• F be as above.

Then ft : 5°°(n) c S°°(TT) -»• S°°(p) is cl with respect to the calibration

V = J : r > 0} given by (7) and (8) /or ifte pair
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(5 (TT), S (p)) , and, for any integer r > 0 , the rth Y-derivative of

ft is given by

(9)

where 9 denotes the vertical derivative [!]•

Proof. Cover ir and p by a finite number of pseudo-compact

VB-charts as above. Apply (2.1) to the composite of the second projection

and the local representative of / , and then use the definition of the

vertical derivative.

Now, back to the space C°°{X, Y) . Let s : TY •* T2Y be a C° spray

on Y . Then there is an open neighbourhood V c TY of the zero-section
5 —

and an open neighbourhood F c Y x Y of the diagonal such that
s ~~

ExpS : V ->• F i s a C°°-diff eomorphi sm [ / ] . I f / € C°°(X, y) we have t h e
S o

diff eomorphi sm s . = /*ExpS : f*V •* V - where V „ c: X * Y is an open
T ° I ,s I >s ~

neighbourhood of the graph of / .

00

If U_p c C (X, Y) consists of maps g such that graph(^) c P ,

then the map

(10) <jy)S : uf>s - ^(x, TJ) E s°°(/*Ty)

defined by ((>„ (g1) = s „ o graph(g) is a homeomorphism of U'» onto an

open subset of CJX, TY) , the space of C vector-fields along f . We

call the pair (ll- , $„ ) a natural chart for C°°(̂ , Y) .

(2.3) Let X be a compact C manifold and Y be a finite-

dimensional C manifold. Then the family [U- ,<)>«) 0/ natural
j ,s j,s

OO OO

charts is a T-atlas of class C on C (X, Y) if, for each
f € C°(X, Y) , we take as calibration for S°(f*TY) the one defined by

CO OO

(7). Hence C (X, Y) is a T-manifold of class C modelled on the
V-family {S°(f*TY) : / € C°(X, Y)} .

Proof. Let [v'„ , §~ ) and {jJ~, ,, <!>„, ,) be natural char tsj ,s j ,s j ,s I ,s

a n d s u p p o s e t h a t U~=U~, , . I t s u f f i c e s t o show t h a t 4>~, , o $~
J 1° J ,s I ,s J ,s
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CO

is a Cp-diffeomorphism.

But it is clear that <(>,,, , ° ((>,, = F^ where

F = [/ '^Exp8']-1 o [f*ExpS] .

OO CO

Since sy s' are C sprays and /, /' are C , it is clear that F is
OO 00

a C fibre-preserving map. Thus, by (2.2), F^ is Cp . Clearly,

F~ = (F~ ) , , SO F4 is a Cp-diffeomorphism.

As an immediate consequence, the space Diff (X) of all
OO OO

C -diffeomorphisms of a compact C manifold X is a "-manifold of class

C . Similarly, the space Emb {X, Y) of all C -embeddings of X into a
00 OO

finite-dimensional C manifold Y is also a F-manifold of class C
OO

We now give some simple examples of SF-manifolds of class C . Let
00

X be a compact C manifold as always, and let I be either the

cylinder, or the cone, or the 1-sphere in IR defined in [5,

pp. 115-117]• Then we have explicit formulae for the corresponding

exponential maps [5, pp. 116-118] and, using these formulae, it can be

seen that C°(X, Y) is a Br-manifold of class C°° [10].
More generally, let us denote by C the family of all Riemannian

00 *

manifolds Y such that C (X, Y) can be given a BF-manifold structure.

Then it can be seen that

(i) every Euclidean space IK belongs to C ,

(ii) if Y € C and Z Z C , then the product Y x z € C ,

(iii) if Y d C and Z is isometric to Y , then Z (. C .

In particular, all flat manifolds belong to C . The answer to the problem

of whether C contains a non flat manifold is still not known.

3. The Smale Density Theorem

In this section, for the sake of generality and the possibility of

application, we state and prove the Smale Density Theorem [2] in its

general form which is due to Yamamuro (see [10]). The BP-version (5-l) in

[H, p. 336] then follows immediately.

https://doi.org/10.1017/S0004972700007383 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700007383


8 Truong C6ng Ngh§

Let F be a F-family, X, Y be F-manifolds of class (f (r > l )

modelled on E, F £ F respec t ive ly . Let f : X -*• Y be a mapping and

x £ X be a point . Then a pa i r of F-charts of class u , (U, a) and

(V, g) , of X and Y respect ively is said to be a pair of strong

T-aharts of class u for f at x (or for short, a pair of ScZ-charts

for f at x ) if and only if x £ U , f{x) £ V , f{U) c V and the

l o c a l r e p r e s e n t a t i v e f o : a(£/)-*• B(V) i s a Cl_ map. We say t h a t f

is strongly cL at x (for short o/ class SCI, at x ) if and only if /

i s C^ a t x , and i f in addit ion there i s a pair {(£/, a ) , (V, 8)} of

SCl-charts for / at x . f i s a strongly Cl, map (or o/1 eZass SCI ]

i f and only i f i t i s ScZ a t every x € X . Note tha t when X and 7

are BF-manifolds of c lass u then SCI, maps A" -»• Y coincide with (Tip

maps X -*• Y .

Now consider a SCl-map f : X •*• Y between F-manifolds of class u

(r 2 1) . We say tha t f has the BT-Fredholm property at x € X i f ,

w i t h r e s p e c t t o a p a i r o f S C ^ - c h a r t s {(£ / , a ) , (V, g ) } , t h e F - d e r i v a t i v e

/ ' ( a ( x ) ) : £ -»• F i s a S F - F r e d h o l m l i n e a r map [ I / ] , [ 7 2 ] . I n t h i s c a s e ,

we define tfce index of f at x with respect to the pair of SvL-charts

{(U, ex), (V, 3)} by

(11) i n d ( / ; x, (U, a), {V, &)) = ind / ^ ( o d ) ) .

We say tha t f : X + Y has the BT-Fredholm property i f and only i f i t has

the BF-Fredholm property a t every x £ X .

(3.1) Let X, Y be T-manifolds of class (f (r > l ) modelled on

E, F £ F j E1 being sequentially complete, and let f : X -*• Y be a

ScZ,-map having the BT-Fredholm property at a point x £ X . Then we can

always find admissible T-charts of class (f , {U, a) and (V, 3) at x
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and fix) respectively with the following properties:

(i) E = E gLp £ where E and E~ are closed subspaces of

E , dim B = n < + o o
J £/c domain of f ; a maps U

Vy-diffeomorphically onto B + Bo with B. closed,

convex, circled neighbourhoods of 0 in E. (i = 1, 2) ;

(ii) F = F. @Lp F- where F. and Fp are closed subspaces of

F , dim F± = p < +°° , f{U)<=_V, B maps V

UY-diffeomorphically onto an open subset of F ®_p F^ ;

(Hi) the local representative f „ : a{u) c_ E •+ 3(K) C F has

the form f~ = H + $ o p^ } where n : a(y) c E •*• F± is

C^p with n ' ( 0 ) = 0 J $ is a BY-isomorphism of E2

onto F2 and P^ is the second projection

E = E

Proof. Start with a pair of SCp-charts and proceed as in the proof

of [Z, Theorem (1.7)] with the use of the Inverse Mapping Theorem [72,

Theorem (5-2), p. U5].

(3.2) Let X, Y be as in (3.1) and f : X •* Y be a SC^-map

(r 2 l ) having the BV-Fredholm property. Then f is locally closed.

Proof. This follows quickly from (3.1).

Let f : X -*• Y be a Cp-map (r > l) between T-manifolds of class

tf . We say that x i X is a regular point of f if and only if the

T-tangent map T^f : T^X •* T„, J is surjective; x is a critical point

of f if and only if i t is not regular [2]. If C is the set of critical

points of / , then f{C) c Y is the set of critical values of / and

Y - f{C) is the set of regular values of f .

(3.3) Let X, Y be as in ( 3 . 1 ) and ( 3 . 2 ) and let f : X -* Y be a

https://doi.org/10.1017/S0004972700007383 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700007383


10 Truong Cong Nghe

SC^-map having the BT-Fredholm property. Then the set of regular points

of f is open in X , hence the set of critical points of f is closed in

X .

Proof. This follows from the fact that the set SL „(£, F) of

Sr-splitting surjections E + F is open in L
B^E, F) H2].

(3.4) (F-version of Smale Density Theorem). Let F be a T-family,

E, F € F being sequentially complete. Let X, Y be Y-manifolds of class

(f ( r £ l ) modelled on E, F respectively with X Lindelof. Let

f : X -*• Y be a SCy-map having the BT-Fredholm property and suppose that,

for each x € X , we can find a pair of SC^-charts {(£/, a ) , (V, 3)} for

f at x such that r > maxfo, i nd ( / ; x, (U, a), (V, &))}. Then the set

of regular values of f is residual in Y .

Proof. Similar t o the proof in [2 , p . i»3] with the use of (3 .1 ) ,

(3 .2) and (3 .3 ) .

REMARK. The r e s u l t s in t h i s section s t i l l hold i f we define the

c r i t i c a l points as in [?2, p. 6 l ] .
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