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Mellin Transforms of Whittaker Functions

Anton Deitmar

Abstract. In this note we show that for an arbitrary reductive Lie group and any admissible irreducible
Banach representation the Mellin transforms of Whittaker functions extend to meromorphic func-
tions. We locate the possible poles and show that they always lie along translates of walls of Weyl
chambers.

Introduction

Whittaker functions occur naturally in the theory of automorphic forms as the
Fourier coefficients of cusp forms. As a consequence, inner products of Poincaré
series with cusp forms are Mellin transforms of Whittaker functions [14, 4]. In the
case of groups of real rank one there are Poincaré series whose Mellin transforms give
the Kloosterman zeta functions [2]. Thus the results of this paper (which in the rank
one case are already in [2]) can be used to derive the meromorphicity of the Klooster-
man zeta function for rank one groups. Mellin transforms of products of Whittaker
functions are in certain cases equal to factors of Rankin-Selberg L-functions [11],
[12]. In [15], E. Stade gives explicit expressions for the Mellin transforms of class one
principal series Whittaker functions for the group GL,(R) and thus verifies a conjec-
ture of Goldfeld regarding the poles of this Mellin transform. In [8] S. Friedberg and
D. Goldfeld show the meromorphicity of the Mellin transform of Whittaker func-
tions attached to class one vectors of principal series representations in the case of a
quasi-split group.

In the present paper we show the meromorphicity of the Mellin transform of the
Whittaker function attached to an arbitrary differentiable vector of an arbitrary rep-
resentation of an arbitrary reductive group. Since the Mellin transform is taken over
the maximal split torus of the derived group it does not make a difference, for the
purposes of this paper, to assume that the group is semisimple, and we will do so.
It turns out, that the poles of the Mellin transform all lie along translates of walls of
Weyl chambers.

1  Whittaker Functions

Let G be a semisimple connected Lie group with finite center. Fix a maximal compact
subgroup K and let § denote the Cartan involution with fixed point set K. We will
write g for the real Lie algebra of G and g for its complexification. Next U(g) will
denote the universal enveloping algebra of g. We will interpret U (g) as the algebra of
all left invariant differential operators on G.
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Let P = MAN be a minimal parabolic subgroup, where we assume that A and
hence also M are §-stable. Let my, ag, 1y be the real Lie algebras of the groups M, A,
N, and let m, a, n be their complexifications. Let &+ = ®*(a, g) be the set of positive
roots of the pair (a, g) given by the choice of the parabolic P. For o € ®*(a, g) let
8o denote its root space and let m, = dimg,. Further let g9, = g4 N go. Then
My = Pocor 0,a- Let p, = % > aca+ Mac be the modular shift of P.

The Killing form on g is positive definite on ay. It induces an identification of ag
with its dual af and also a bilinear form (-, -) on ag.

Let 7 be a continuous representation of G on some Banach space. Let 7w, the
Fréchet space of differentiable vectors for 7. Fix a continuous linear functional ¢ =
)y on T, such that

Y(m(m)g) = n(n)y(e)

for every ¢ € mo,. Such a ¥ is called a Whittaker functional to the character 7. For
¢ € T set
W¢(x) = w(ﬂ-(x)(b) , XE€ G7

the corresponding Whittaker function on the group G. Since G = NMAK, it suffices,
for growth questions, to consider Wy, restricted to MA.

Proposition 1.1  Assume that 7 is admissible and of finite length. There is a finite set
{D;} C U(g) and a natural number ko, depending on , such that for all ¢ € 7o, we

have
(Wolam)| < >~ a0 > D¢

wew j

Proof The continuity of ¢ implies that there is a finite set {D}} C U(g) such that

Wo()] < |[Djgll.
j

From [16], Lemma 2.2 we derive the existence of ¢ > 0, k’ € N such that the operator
norm can be estimated:

lr(am)|| < ¢ Z ak'ver

weWw

fora € A, m € M. We thus get
Wylam) = Wramys(1)

<> |Dim(am)¢|
j

=" ||w(am) Ad(am) "' Di¢|
j

<c Z e Z | Ad(am)~'D}g||.

wew j

https://doi.org/10.4153/CMB-2002-039-5 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2002-039-5

366 Anton Deitmar

Let U(g)” be the finite dimensional space of all D € U(g) of degree < v. Let {D;’}
be a basis of U(g)"”. For v large enough we get

Ad(am)*lD]{ = Z a; j(am)D]’.

By the properties of the adjoint action it follows that there is a constant ¢; > 0 with
a; j(am) < c1 3, ey a’"?r. The lemma follows with D; being a multiple of DY. W

From the preceding lemma we will now conclude that the Whittaker function
W (am) actually is rapidly decreasing.

Proposition 1.2 Let  be admissible and of finite length. Let oy € ®*(a,g) be a
positive root such that log 1) is nontrivial on the root space §o o, C M. For every natural
number N there are Dy, ..., D,, € U(g) such that for every ¢ € T, and everya € A

we have .
Watam| < = (3 o) (3 1Dy
wew j=1
Proof Let Xj, ..., X, be a basis of the root space g o,. Since 7 is nontrivial on gg 4,

the function

f(m) = [logn(Ad(m)X;)|

J

is nowhere vanishing on M. Since M is compact there is ¢ > 0 with f(m) > ¢ for all
m € M. It follows

d
ij¢(am) = EW(Z) ( am eXp(th)) ’ t=0

_ £W¢(exp(Ad(am)th) am) ’t

dt =0

= %n(exp(tAd(am)Xj)) ’t:0W¢(am)

= logn(Ad(am)Xj) W (am)
= g™ logn(Ad(m)Xj) W (am).
So for a € A it follows

Z |Wx,g(am)| = [Wy(am)|a™ Z| logn(Ad(m)X;) |
j j

> ca®™|Wy(am)|.

Iterating this process gives for arbitrary N € N the existence of {D}} C U(n) such
that

—Na«
[Wy(am)| < a="e Z \WD]_/¢(am)|.
j
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Applying the last lemma to D;¢ gives the claim. ]

A character N — T factors over N®® = N/[N, N], where [N, N] denotes the
closed subgroup of N generated by all commutators aba~'b~! for a,b € N. Then
N2 is an abelian, simply connected Lie group with Lie algebra n® = 1/[n, n], where
in this case [, -] denotes the Lie bracket. It follows that N?" is isomorphic to its Lie
algebra and the characters of N thus identify with the linear functionals on n®". Let

Msimp = @ [ 1%

a€®"(a,9)
o simple

and Mo,simp = Msimp M Go-

Lemma 1.3 We have
My = Mo simp D [n07 TI()].

Proof This follows from Proposition 8.4d) of [10]. [ |

It follows that each linear functional on 1 smp extends to a character on N. This
implies that there are characters 7 which are nontrivial on g, for each simple root
a. In this case we call 7) a generic character. Let A C @ be the set of simple roots.

Corollary 1.4 Suppose that 7 is admissible of finite length and that the character 1) is
generic. For every natural number N there are Dy, . .., D,, € U(q) such that for every
¢ € T and every a € A we have

[W(am)| < mina= (Y avr ) (i IDjll).-
j=1

wew
Proof This is a direct consequence of the proposition. ]

Let I be an arithmetic subgroup of G for which P is cuspidal. To be able to apply
this corollary we have to make sure that there are generic characters which are trivial
on I' N N. By [13], Theorem 1.13 we infer that the image of I" in N is a lattice,
which implies that N* /T" is a torus. This implies the existence of an abundance of
generic characters that are trivial on I'.

2 The Mellin Transform, Rank One

This section rests on the method developed in [2] for the case SO(n, 1).

Let 7 be a finite dimensional unitary representation of the compact group M. Let
&; be an arbitrary matrix coefficient of the representation 7. For ¢ € 7, and A € a*
let

lorn ) = // Wy(am)é, (m)a*~"r dadm.
AJM

https://doi.org/10.4153/CMB-2002-039-5 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2002-039-5

368 Anton Deitmar

For o € af we write u > 0if (i, ) > 0foralla € ®" and o > vif p — v > 0. For
the rest of this section we assume that 7 is admissible of finite length. From the last
two lemmas we get

Proposition 2.1  Suppose 1 is generic, then the integral 14(&;, \) converges absolutely
for Re(A) > kop,, where kq is the number of Proposition 1.1. The linear functional
@ — Is(&-, A) is continuous on M.

Let (X;) be a basis of n such that each X; € g4, for some root «;. Write Z(g) for
the center of U(g).

Lemma 2.2 Let D € Z(g), then D can be written as

D=Dau+»_X;D;
j

with Dayy € Z(a ® m) and D; € U(g). Moreover we have Dy € Z(a @ m)M the
subalgebra of M-invariants.

Proof Write n™ = 6(n), then we have the decomposition
g=n"dadmon
and hence, by the Poincaré-Birkhoff-Witt Theorem:
U(g)=Uladm) @ (nU(g) +U(gn™).
So D € Z(g) can be written as Day + f with f € nU(g) + U(g)n~. Since G is
connected we get Z(g) = U(g)%, so for m € M and D € Z(g) we have Ad(m)D = D.
The decomposition above is stable under M, so it follows that Ad(m)Day = Dap,

which implies
Z(g) C (a@m)M @& (nU(g) + U(g)n).

Writing X~ = 6(X;) we see by the Poincaré-Birkhoff-Witt Theorem that f is a sum
of monomials of the form
X'Di(X7),
where for a, b € 74 with d = dim N:
X0 =X X9 (X)) = (Xl_)hl -~(Xd_)hd,
and D; € U(a @ m). For H € a we compute that
[H, XDy (X7)"]

equals

(arou(H) + - -+ + agog(H) — b16(ay)(H) — - - — byb(ag)(H)) X*D1 (X )"
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Since f lies in nU(g) + U(g)n~ it follows that only monomials occur with a and b
not both zero. Next, since f commutes with each H € a it follows that for each
monomial both a and b are nonzero, which implies the lemma. ]

Assume now that the representation 7 is quasi-simple, which means that the center
Z(g) acts by scalars. Let A : Z(g) — C denote the infinitesimal character of 7, i.e.

(D) = Ax(D)¢
holds for every ¢ € 7o, D € Z(g). For 0 € M and v € a* the representation
Toy = Indg(a @ W+p,)® 1)
is known to be quasi-simple. Let A, ,, denote its infinitesimal character.

Proposition 2.3 ForD € Z(g) writeD = DAM+Z?:1 X;Dj as in the last lemma. Let

r; denote the matrix coefficient rj(m) = n( — Ad(m)Xj). Then, for (Re(A\), p,) > 0
we have ;
2imi Ipe(ri&e, A+ )

/\’TI‘(D) - /\T,pl,—)\(D)

Is(&r, A) =

Proof For D € Z(g) we have on the one hand

Iqu(gTa >\) = /\ﬂ(D)Lp(fm A)v

and on the other

d
Ipg(&r, N) = Ingo(&r ) + > Ixpo(ér, A).
j=1

We compute

I (€r, ) = / / Wy o(am)& (ma~* dm da
AJM

= / / a%i logn(Ad(m)Xj) W¢(am)§T(m)a>‘_pP dmda
AJM
= I¢(T']'§T, A+ O[])
To prove the proposition it remains to show
Ips(&ry A) = Az pa(D)(&rs A).

Fix A € a* with Re(\) large. Let 7 denote the contragredient representation to 7 and
consider the representation v of AM given by

y=A—p,) 7.
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Note that the function am > &, (m)a*~*» is a matrix coefficient of v, we denote it by

& (am).
On U(g) we have a unique C-linear involuntary anti-automorphism given by
X' = —Xfor X € g. For D € U(g) we have

/Df(x)g(x) dx:/f(x)D'g(x) dx.
G G

We compute
ool ) = [ [ Woolam€ Gnia o dm do
AJM
:// DayWy(am)&, (am) dmda
AJM
:// W s(am)D}y & (am) dm da
AJM
= /\T,pp—/\(D)I<Z>(§T7 >\)
The proposition follows. ]

Let b C m be a Cartan subalgebra and let W = W (a & b, g) be the big Weyl
group. Via the Harish-Chandra homomorphism the infinitesimal character A, can
be viewed as (a Weyl group orbit of) an element of the dual space of a & b.

Let r = dim A. If r = 1 there are at most two positive roots in ®*(a, g). Let a be
the short positive root in this case. Let R denote the adjoint representation of M on
1. Let A, € b* be the infinitesimal character of 7.

Theorem 2.4  Ifr = 1 then the function 14,(&;, A) has a meromorphic continuation
to a*. There is a possible pole at X only if the following conditions are satisfied: There
are integers 0 < I < k and an irreducible subrepresentation y of T ® R®* sych that, Ay
denoting its infinitesimal character we have that

M +p, — (A+ (k+ Do)
lies in the Weyl group orbit of A\.

Proof The function I4(&-, A) is holomorphic in the region Re(A) > kop,. Let oy
be the short positive root. Now Proposition 2.3 shows that I4(&-, A) extends to a
meromorphic function on {Re(X) > kop, — a; } with possible poles where

/\ﬂ'(D) = /\T7ﬂp—)\(D)

for every D € Z(g). This can only be when the two infinitesimal characters A, and
Ar.p,—» are in the same Weyl group orbit. We iterate this replacing &, by r;&; which
is a matrix coefficient of 7 @ R. Further iteration gives the claim in the case r = 1.

|
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3 The Higher Rank Case

For every simple root & € A let G, be the connected Lie subgroup of G with Lie
algebra generated by g9 _o @ 8o, Then G, is semisimple of real rank one with split
torus

Ap={acA|d’ =1forallgc A B +#al.

Let a, o be the Lie algebra of A, and qa, its complexification. Let M, = M N G, and
To = T|mM, -

The set A is a basis of a*, hence every A € a* can uniquely be written as A =
Zae A Aa» Where A\, € aj. Let m, be the multiplicity of the root « and let pPA =
1

2 ZaENA Ma Q.

Theorem 3.1 Let w be an irreducible admissible Banach representation of G. Let ¢ €
7w, then the function X\ — 14(&;, \) extends to a meromorphic function on a* with
possible poles along the sets (A — ZpPA)a = Cq Where a € A and ¢, € af, is such
that there is an irreducible G,-subquotient 7, of ™ and there are integers 0 < I < k
and an irreducible subrepresentation y of T, ® (Ad [n,)®* such that, A, denoting its
infinitesimal character we have that

Ay + Pl — (ca+(k+l)a)

lies in the Weyl orbit of A, .

The proof of this theorem will occupy the rest of the section. We start by consider-
ing a special case. So let (o, V,;) be an irreducible unitary representation of M. Since
M is compact it follows that o is finite dimensional. Let v € a* and let 7, , be the cor-
responding principal series representation induced from the parabolic P = MAN op-
posite to P. The representation is defined to be the right regular representation on the
Hilbert space H,,,, of all functions f: G — V,, satisfying f(marix) = a” = ro(m) f(x)
for maii € MAN and [ | f(k)||*dk < oo, modulo nullfunctions. The space of
smooth vectors 7S, coincides with the set of f which are smooth on G. We espe-
cially consider f of the form

f(mann) = a"~rp(n)

for n € N, where ¢ € C2°(N, V,). This function, defined on the open Bruhat cell
PP, extends by zero to a smooth function on G. Let UZ%, C HZS, denote the subset of
all f of this form. ' '

Let H° be the space of all smooth f: K — V, with f(mk) = o(m)f(k) for
m € M, k € K. Forv € a* the function

fu(mank) = a”"~Pro(m) f (k)
defines an element of HY, and this attachment sets up an isomorphism of Frechét
spaces Hy° — HPS, for any v. Let Ug® C Hp® be the inverse image of U, then this
space does not depend on v, which justifies the notation.

From [17], Theorem 15.4.1 and Theorem 15.6.1 we take
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Theorem 3.2 Let n) be generic and let v € a* with Re(v) < 0. Then for any f € HX®
the integral

Jou(f) = / n(n)~ £, () di
N

converges and extends to a holomorphic map on a*.
Let ) be any Whittaker functional on 735, then 1 (UgS,) = 0 implies ¢ = 0. Fur-

o

ther, for any Whittaker functional 1 there is a functional y on V, such that

Y(f) = p(Jow(f)).
Fix v with Re(v) < 0. Let f € UZ° and let ¢ € C>(N,V,) be the function

such that f, (mann) = a”~Pro(m)p(n). Let 1» be a Whittaker functional and p be the
corresponding functional on V,,. Then we have

Wy (am) = M(/ n(n)_lf,,(nam)dn)
N
:/n(n)‘la”“’l’u(G(m)so(n“’")) dn.
N

Thus for A € a* with Re(\) > kop, we get that I, (&, A) equals

Ieaen = [ / / ()@ (o (m)ip(r®™)) & () dm di da.
AJNJIM

Recall that A C ®* denotes the set of simple roots. Let Ny = exp(@a@, A M) and
N, = exp(1y, @ My,) for a € A. For n € N define

P = @) = [ u(ompl™) &G .
M
We have a canonical identification C°(N,V,) = CX(N) ® V,. We equip C>°(N)
with the usual inductive limit topology, then the space CZ°(IN) contains as a dense
subspace the algebraic tensor product

7= (@ CEN.)) @R,
acA

Let T,, C U,, be the subspace of all f as above with ¢ = f,|y in T ® V,. Now

suppose ¢ lies in T ® V,,, then @ lies in T, since the spaces goo, @ € ®7 are stable
under M. So suppose that @ is a finite sum
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where @; , € C°(N,) and @; o € C2°(Ny). Then

I (&, M) = //n(n) LaMY 3(n") dn da

—Z/ a2, H/ Ny i )dna/ Bio(n") dn da

acA

A1
Let p2* = 3 ZQGNA myo, then

/ Bio(n®) dn = a®#r =77 / Bio(n) dn.
No No

We may assume that

/ @Gio(n)dn =1
No

for any i. Then we get

aEA

We can write A = []
Then we get

weaAas where Ay, ={a € A|a’ =1forall B € A, B # a}.

#r ) ZH / ey / 01y )@ia(ng) dng da.

i=1 a€A

Fix an index 7 and a simple root a.. Let G, be the connected subgroup of G corre-
sponding to the Lie subalgebra generated by

M_g B Ng.
Then G is a real rank one semisimple group with split torus A,. Let P, = PN G,
and M, = M N G, then P, = M,A,N, is a minimal parabolic of G,. Mapping a

function h on M to my — fM h(mom)&,(m) dm is an L*-projection onto the part of
L*(M) spanned by ;. Therefore it follows that for any n € N,:

/ i (W"E () dim = i ().
M,

Writing &, also for & |, we get

Lemma 3.3 We have

k
If,,(fv’v A) = Z H Igiﬂ(gﬂ A — Zpl)A),

i=1 a€A
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where Iga (&A= 2pPA) denotes the Mellin transform with respect to the group G,, and
fiaw € Indgg(a ® v ® 1) is given by

_ v+pl)
ﬁ,a,l/(maaanana) = da U(ma)(pi,a(na%

and

@i,a(”a):/ U(m)w(ng)é}(m)dm
M

Note that I?i:y(&, A — 2pPA) only depends on the restriction of A to A,. By the

results of Section 2 it follows that If(,;i (&N — 2pPA) extends to a meromorphic func-
tion and so then does I, (&7, A). The position of possible poles can be read off from
Theorem 2.4

We next want to show that I, ({;, A) extends to a meromorphic function for any
fv € H,. We need the

Lemma3.4 Let f € HJ, then for every d € N there is a sequence f; € TgS, such
that Ips,(§;, A) converges to Ips(&-, A) locally uniformly on Re(\) > kop, for every
D € U(g) of degree < d.

Proof Fix d € N. We show the lemma in two steps. First assume that f € UgS,
ie. f(mann) = a’~Pro(m)p(n), where ¢ € C2°(N,V,). Then there is a sequence
(¢j)jen in T ® V,; such that ¢; converges to ¢ in the inductive limit topology. Let
f; be defined by f;(mann) = a”~Pro(m)p;(n). Let N € N, then by Corollary 1.4 we

know we know that there are Dy, ..., D,, € U(g) with

W (am)| < f{gﬂ‘l_m( Z akowpp) (Z ||Dkfj||).
k=1

weWw

Since ¢; converges to ¢ we conclude that ||Dyf;j|| converges to || Dy f|| for every k,
which implies that there is a constant C > 0 such that

Wy (am)| < C mina=N® akover ) |
Ji A
aE

weWw

for all j € N. The claim follows by dominated convergence.
To prove the general case let now f € HYS, and d € N. By the first part of this
proof it now suffices to show that there is a sequence f; € U, such that Ipg, (&, A)

converges to Ips(&;, A) for every D € U(g) of degree < d. For this let (0;); bea
sequence of functions N — [0, 1] such that

e §; € C°(N) forevery j € N, and
e §j.1 > forevery j € N, and
e foreveryn € N thereisa j € Nwith §;(n) = 1.
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Now set fj(mafin) = a”~Fro(m)f(n)d;(n), then f; € UgS, and f; converges point-
wise on PN to f.
For f € HY, let

S(f) = / | F(m)| dn.
N

On p. 382 of [17] it is shown that this integral converges. Then S defines a norm on
HZS, and
s ()] < SCF).

We compute
[ amy = a2 [ s dn,
N N

so that
Wilam) < a®@*s(f).

The proof of Proposition 1.2 now gives

Lemma 3.5 ThereareD,,...,D,, € U) such that

m
|ij (am)| < ggg a—NagRe@)+pp Z S(lej)-
I=1

Finally the sequence J; can be chosen so that their U(n)-derivatives remain
bounded, so there is a constant C > 0 so that S(D;f;) < C for all / and all j. This
implies Lemma 3.4. ]

We want to apply the preceding lemma to derive the meromorphic continuation
of I (¢, A) for general f,. In order to do this we need

Lemma 3.6 Let f, € T;’)OV and write as in Lemma 3.3:

k
If,,(fv‘v A) = Z H Iﬁ‘;’y(&'a A— Zpl)A)

i=1 a€A

Foraa€ AletD, € U(Lie(Ga)) , then there is D € U(g) such that

k
Ing (&, N) =Y [ 15, (& A —200).

i=1 a€A

Proof It suffices to consider the case D, = Id if @ # «q for some fixed o and
D,, = X € Lie(G,,). For this it suffices to assume that X lies in a generating set of
Lie(G,,), so, one may take X inside n_,, or inside 1,,. In both cases we take D = X
and the claim follows since the factors associated to & # « are annihilated by X.

|
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The fact that Iy, (£-, A) admits a meromorphic continuation now follows from
Lemma 3.4, Lemma 3.3 and Proposition 2.3. This all works for Re(r) > 0. But since

va(fT? A) = ff(fT? A+ V)a

we automatically get the meromorphicity for all v.
We intend to generalize this result to an arbitrary Banach representation 7. For
this we need

Lemma 3.7 Let w be an admissible irreducible Banach representation of G, then there
arec € M and v € a* such that the Frechét representation m°° is a quotient of w75,

Proof Let g denote the admissible irreducible (g, K)-module of K-finite vectors in
7. The dual (g, K)-module 7g also is admissible and irreducible. By the subrepre-
sentation theorem there exist o € M and v € a* such that #x injects into 75, k.
Dualizing we get a nontrivial and hence surjective (g, K)-map from 7, , x to 7k,
which proves the claim for the underlying (g, K)-modules. By Corollary 10.5 of [6]
the claim follows. [ |

So let finally 7 be an arbitrary admissible irreducible Banach representation of

G. Let ¢ € m*° and let F: 25, — 7 be a surjective homomorphism. Pick some

f € 73, such that F(f) = ¢. "Then % o F is a Whittaker functional on 775,. It then
follows

Iqb(g‘rv >\) = If(£T7 A)?

so the meromorphic continuation of I(&;, A) is established. Theorem 3.1 is proven.
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