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Abstract

We study the asymptotic growth rate of the labels of high-degree vertices in weighted
recursive graphs (WRGs) when the weights are independent, identically distributed,
almost surely bounded random variables, and as a result confirm a conjecture by
Lodewijks and Ortgiese (‘The maximal degree in random recursive graphs with random
weights’, preprint, 2020). WRGs are a generalisation of the random recursive tree and
directed acyclic graph models, in which vertices are assigned vertex-weights and where
new vertices attach to m € N predecessors, each selected independently with a proba-
bility proportional to the vertex-weight of the predecessor. Prior work established the
asymptotic growth rate of the maximum degree of the WRG model, and here we show
that there exists a critical exponent u,, such that the typical label size of the maximum-
degree vertex equals n#m+oW) almost surely as n, the size of the graph, tends to infinity.
These results extend results on the asymptotic behaviour of the location of the maximum
degree, formerly only known for the random recursive tree model, to the more general
weighted multigraph case of the WRG model. Moreover, for the weighted recursive
tree model, that is, the WRG model with m = 1, we prove the joint convergence of the
rescaled degree and label of high-degree vertices under additional assumptions on the
vertex-weight distribution, and also extend results on the growth rate of the maximum
degree obtained by Eslava, Lodewijks, and Ortgiese (Stoch. Process. Appl. 158, 2023).
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1. Introduction

The weighted recursive graph (WRG) model is a weighted multigraph generalisation of
the random recursive tree model in which each vertex has a (random) weight and out-degree
m € N. The graph process (G,, n € N) is initialised with a single vertex 1 with vertex-weight
W1, and at every step n > 2, vertex n is assigned vertex-weight W, and m half-edges and is
added to the graph. Conditionally on the weights, each half-edge is then independently con-
nected to a vertex 7 in {1, ..., n — 1} with probability W;/ Z}:ll W;. The case m = 1 yields the
weighted recursive tree (WRT) model, first introduced by Borovkov and Vatutin [3, 4]. In this
paper we are interested in the asymptotic behaviour of the vertex labels of vertices that attain
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Location of high-degree vertices in WRG with bounded weights 869

the maximum degree in the graph, when the vertex-weights are independent and identically
distributed (i.i.d.) bounded random variables. This was formerly only known for the random
recursive tree model [2], a special case of the WRT which is obtained when W; =1 for all
ieN.

After the introduction of the WRT model by Borovkov and Vatutin, Hiesmayr and Islak
studied the height, depth, and size of the tree branches of this model. Mailler and Uribe Bravo
[13], as well as Sénizergues [17] and Sénizergues and Pain [14, 15], study the weighted profile
and height of the WRT model. Mailler and Uribe Bravo consider random vertex-weights with
particular distributions, whereas Sénizergues and Pain allow for a more general model with
sequences of both deterministic and random weights.

Iyer [9] and the more general work by Fountoulakis and Iyer [8] study the degree distribu-
tion of a large class of evolving weighted random trees, of which the WRT model is a particular
example, and Lodewijks and Ortgiese [12] study the degree distribution of the WRG model.
In both cases, an almost sure limiting degree distribution for the empirical degree distribution
is identified. Lodewijks and Ortgiese [12] also study the maximum degree and the labels of
the maximum-degree vertices of the WRG model for a large range of vertex-weight distribu-
tions. In particular, we distinguish two main cases in the behaviour of the maximum degree:
when the vertex-weight distribution has unbounded support, and when it has bounded sup-
port. In the former case the behaviour and size of the labels of maximum-degree vertices are
mainly controlled by a balance of vertices being old (i.e. having a small label) and having a
large vertex-weight. In the latter case, because the vertex-weights are bounded, the behaviour
is instead controlled by a balance of vertices being old and having a degree which significantly
exceeds their expected degree.

Finally, Eslava, Lodewijks, and Ortgiese [7] describe the asymptotic behaviour of the maxi-
mum degree in the WRT model in more detail (compared to [12]) when the vertex-weights are
i.i.d. bounded random variables, under additional assumptions on the vertex-weight distribu-
tion. In particular, [7] outlines several classes of vertex-weight distributions for which different
higher-order behaviour is observed.

In this paper we identify the growth rate of the labels of vertices that attain the maximum
degree, assuming only that the vertex-weights are almost surely bounded. Setting

Om:=1+E[W]/m and = 1— (O —1)/(0nlogby),

we show that the labels of vertices that attain the maximum degree are almost surely of the
order n#»(1+°(D) This confirms a conjecture by Lodewijks and Ortgiese [12, Conjecture 2.11],
improves a recent result of Banerjee and Bhamidi [2] for the location of the maximum degree
in the random recursive tree model (which is obtained by setting E [W] =1, m =1, so that
n1=1-—1/(21og?2)) from convergence in probability to almost sure convergence, and extends
their result to the WRG model. Furthermore, for the WRT model, that is, the case m = 1, under
an additional assumption on the vertex-weight distribution, we are able to provide a central
limit theorem for the rescaled labels of uniform vertices vy, ..., vt with k € N, conditionally
on the event that the in-degree of vertex v; is at least d; for each i € [k], for a range of values
of the d;. Finally, for several specific cases of vertex-weight distribution, we prove the joint
convergence of the rescaled degree and label of high-degree vertices to a marked point process.
The points in this marked point process are defined in terms of a Poisson point process on R,
and the marks are Gaussian random variables. These additional assumptions on the vertex-
weight distribution are similar to the assumptions made by Eslava, Lodewijks, and Ortgiese in
[7] to provide higher-order asymptotic results for the growth rate of the maximum degree in
the WRT model, but relax a particular technical condition used in [7], and our results allow for
an extension of their results as well.

https://doi.org/10.1017/apr.2023.52 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2023.52

870 B. LODEWIJKS

Notation. Throughout the paper we use the following notation: we let N:= {1, 2, ...} denote
the natural numbers, set Ng:= {0, 1, ...} to include zero, and let [f]:= {ie N:i <1t} for
anyr>1.Forxe R, welet [x] := inf{neZ:n>x}and |x] := sup{neZ:n <x}. Forx e R,
keN, welet () := x(x—1)---(x—(k— 1)) and (x)g := 1 and use the notation d to denote
a k-tuple d =(dy, ..., dy) (the size of the tuple will be clear from the context), where the
di, ..., dy are either numbers or sets. For sequences (ay, by)nen such that b, is positive
for all n, we say that a, = o(b,), a, = w(by), ay ~ by, or a, = O(by) if lim,_,  a, /b, =0,
if limy,— o @y /by = 00, if lim,— o a,/b,, = 1, or if there exists a constant C > 0 such that

lan| < Cb,, for all neN, respectively. For random variables X, (X,),en we let X, —d> X,

X, N X, and X, =5 X respectively denote convergence in distribution, convergence in prob-
ability, and almost sure convergence of X, to X. We let ® : R — (0, 1) denote the cumulative
density function of a standard normal random variable, and for a set B C R we abuse this
notation to also define ®(B) := f g 9(x) dx, where ¢(x) := ®’(x) denotes the probability den-
sity function of a standard normal random variable. It will be clear from the context which
of the two definitions is to be applied. Finally, we use the conditional probability measure
Pw(:) := P(-|(W))ien) and conditional expectation Ew[-]:= E [-|(W));en], where the (W));en
are the i.i.d. vertex-weights of the WRG model.

2. Definitions and main results

We define the weighted recursive graph (WRG) as follows.

Definition 2.1. (Weighted recursive graph.) Let (W;);>1 be a sequence of i.i.d. copies of a
random variable W such that P(W > 0) =1, let m € N, and set

n
Spi= Y Wi
i=1

We construct the weighted recursive graph (WRG) as follows:

1. Initialise the graph with a single vertex 1, the root, and assign to the root a vertex-weight
W1. We let G; denote this graph.

2. For n > 1, introduce a new vertex n + 1 and assign to it the vertex-weight W, and m
half-edges. Conditionally on G,,, independently connect each half-edge to some vertex
i € [n] with probability W;/S,. Let G,+ denote this graph.

We treat G, as a directed graph, where edges are directed from new vertices towards old ver-
tices. Moreover, we assume throughout this paper that the vertex-weights are bounded almost
surely.

Remark 2.1.

(i) Note that the edge connection probabilities remain unchanged if we multiply each
weight by the same constant. In particular, we assume without loss of generality (in
the case of bounded vertex-weights) that xg := sup{fx e R|P(W <x) < 1} =1.

(i1) It is possible to extend the definition of the WRG to the case of random out-degree.
Specifically, we can allow that vertex n+ 1 connects to every vertex i € [n] indepen-
dently with probability W;/S,, and the results presented in this paper still hold under
this extension.
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Throughout, for any n € N and i € [n], we write
Z,(i) := in-degree of vertex i in G,,.

This paper presents the asymptotic behaviour of the labels of high-degree vertices, the
maximum-degree vertices in particular. To that end, we define

I, := inf{i € [n] : Z,(i) > Z,(j) for all j € [n]}. 2.1
We now present our first result, which confirms [12, Conjecture 2.11].

Theorem 2.1. (Labels of the maximum-degree vertices.) Consider the WRG model as in
Definition 2.1 with vertex-weights (W;)ien, which are i.i.d. copies of a positive random vari-
able W such that xo 1= sup{x > 0:P(W <x) <1} =1. Let 6, := 1 + E [W] /m and recall I,

from (2.1). Then
logl, as. O — 1

— - —— = Uy
logn O log 6,, Hom

Remark 2.2.

(i) The result also holds for 7,, = sup{i e N: Z,(i) > Z,(j) for all j € [n]}, so that all ver-
tices that attain the maximum degree have a label that is almost surely of the order
pHm+0() " Tn fact, the result holds for vertices with ‘near-maximum’ degree as
well—that is, for vertices with degree logemn — iy, where i, — oo and i,, = o(log n).

(i) As discussed in Remark 2.1(ii), the result presented in Theorem 2.1, including the
additional results discussed in Item (i) above, also holds in the case of random
out-degree.

When we consider the weighted recursive tree (WRT) model, that is, the WRG model as
in Definition 2.1 with m = 1, we can provide higher-order results for the labels of high-degree
vertices. Here, high-degree means that the degree diverges with n. These results are already
known for the random recursive tree model, as proved by the author in [11]. To extend these
higher-order results to the more general WRT model, additional assumptions on the vertex-
weight distribution are required, which are as follows.

Assumption 2.1. (Vertex-weight distribution.) The vertex-weights W, (W);eN are i.i.d. strictly
positive random variables whose distribution satisfies the following condition:

(C1) The essential supremum of the distribution is one; xo := supfx e R:P(W <x) < 1} =1.
Additionally, we may require the following conditions:

(C2) There exista,c1 >0, T €(0, 1), and xo > 1 such that P(W > 1—1/x) > ae— 1% for all
X = X0.

(C3) There exist C, p > 0 and xo € (0, 1) such that P(W < x) < Cx” for all x € [0, xo].
Finally, we may assume the vertex-weights satisfy one of the following cases:

Atom: The vertex-weights follow a distribution that has an atom at one, i.e. there
exists qo € (0, 1] such that P(W = 1) = qo. Note that qo = 1 recovers the random
recursive tree model.

https://doi.org/10.1017/apr.2023.52 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2023.52

872 B. LODEWIJKS

Beta: The vertex-weights follow a beta distribution: for some «, B > 0 and with T" the
gamma function,

1
P(sz)zf Ms“_l(l—s)ﬂ_lds, xe0, 1]. (2.2)

x T@r'(B)

Gamma: The vertex-weights follow a distribution that satisfies, for some b e R, c; >0,
and t > 1 such thatb <0ift > 1orbc; <1 whent=1,

P(W > x) = (1 — x) " be~@/(@=0)" xe[0, 1). (2.3)

Remark 2.3.

(i) Condition C1 naturally follows from the model definition, and is also stated in
Remark 2.1(i). Condition C2 provides a family of vertex-weight distributions for which
we can prove a central-limit-theorem-type result for the labels of high-degree vertices.
Informally, for vertex-weights with a tail distribution that decays at a sub-exponential
rate as it approaches one, it holds that

P (Zn(v) >d,v>nexp(—(1 — 0 d +xv/(1 — 9_1)2d)) ~P(Z,(v)>d) (1 — d(x)),

where 6 := 61 =1+ E [W], v is a vertex selected uniformly at random from [r], x € R
is fixed, and d = d(n) is an integer-valued sequence that diverges with n. This general
result can be used to prove the desired result.

Condition C3 follows from [7]. There, this condition is necessary to make it possible to
precisely determine the asymptotic behaviour of P(Z,(v) > d), where d = d(n) € N is an
integer-valued sequence and v is a vertex selected uniformly at random from [r]. It is
only needed here in a part of Theorem 2.2.

(i) The gamma case derives its name from the fact that X := (1 — W)~ ! is distributed as
a gamma random variable, conditionally on X > 1. The condition on the parameters
ensures that the probability density function is non-negative on [0,1).

(iii) We observe that both the atom and beta cases satisfy Conditions C1 and C2, whereas
the gamma case does not satisfy Condition C2. Indeed, the behaviour observed in the
latter case is different from the behaviour observed for vertex-weight distributions that
do satisfy Condition C2. More broadly speaking, from the perspective of extreme value
theory, any distribution that falls within the Weibull maximum domain of attraction
satisfies Condition C2 (e.g. the beta distribution), as do a large range of distributions with
bounded support that fall within the Gumbel maximum domain of attraction (e.g. W =
1 — 1/X, with X a log-normal random variable, conditionally on X > 1). An example
of a vertex-weight whose distribution does not satisfy Condition C2 is W=1—1/X,
where X is a standard normal random variable, conditionally on X > 1, which is similar
to the gamma case with t =2. For more details on the precise classification of these
domains, we refer to [16].

The following result identifies the rescaling of the label of high-degree vertices (where high-
degree denotes a degree that diverges to infinity with n). In particular, it outlines behaviour
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outside of the range of Theorem 2.1, both for degrees that are smaller and degrees that are
larger than the maximum degree.

Theorem 2.2. (Central limit theorem for high-degree vertex labels.) Consider the WRT model,
that is, the WRG model as in Definition 2.1 with m = 1, with vertex-weights (W;)jen which
satisfy Conditions CI and C2 in Assumption 2.1. Fix k € N, let (d)ic[x) be k integer-valued
sequences that diverge as n — oo, and define

d;

¢j:= lim sup i€ lk].

b
n—o0 log n

First, assume c; € [0, 1/ log 0) for all i € [k]. Then the tuple

(log vi —(logn — (1 — Ql)di))
ielkl

V(1 =671

conditionally on the event Z,(v;) > d; for all i € [k], converges in distribution to (M;);c(x), which
are k independent standard normal random variables. If we additionally assume that Condition
C3 of Assumption 2.1 holds, then the result holds for (¢;)iex) € [1/log 8, 0/(6 — 1))k as well.

Remark 2.4.

(i) Theorem 2.2 covers vertex-weight distributions that fall in the atom and beta cases
as well. As observed in Remark 2.3(iii), such distributions already satisfy Conditions
C1 and C2 (the other families of distributions outlined in (iii) are also covered by
Theorem 2.2).

(i) Condition C3 allows us to extend Theorem 2.2 to a wider range of degrees d;, as it
enables us to use [7, Proposition 5.1] (given as Proposition 3.1). This result provides
an asymptotic expression for P(Z,(v) > d), where v is a vertex selected uniformly at
random from [#]. This result can be avoided when the degrees d; are not too large (i.e.
< log (n)/ log ), so that Condition C3 is not required in those cases. We observe that
the beta case satisfies Condition C3.

The following corollary is an immediate result from Theorem 2.2.

Corollary 2.1. With the same definitions and assumptions as in Theorem 2.2, additionally

assume that for each i € [k],
|d; — cilog n| = o(y/log n).

Then the tuple

(log vi— (1 —ci(1 =071 log n>
Jei(l— 0N logn ikl

conditionally on the event Z,(v;) >d; for all i € [k], converges in distribution to (M,;)ic(k),

which are k independent standard normal random variables. Assuming that Condition C3 of

Assumption 2.1 holds allows us to extend the result to c; € [1/1og 0, 6 /(60 — 1)) for all i € [k]
as well.

Remark 2.5. In both Theorem 2.2 and Corollary 2.1, the same results can be obtained when
working with the conditional event {Z,(v;) =d;, i € [k]} rather than {Z,(v;) > d;, i € [k]}, with
an almost identical proof.
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Theorem 2.2 is very general, in the sense that Condition C2 is a mild condition satisfied
by a wide range of distributions. In contrast, the behaviour of the maximum degree is much
more dependent on the precise behaviour of the vertex-weight distribution (see, for example,
[7, Theorems 2.6 and 2.7]). The labels of high-degree vertices are much less influenced by
the underlying vertex-weight distribution. We provide a heuristic explanation of this fact in
Section 3.

When more precise information regarding the vertex-weight distribution is available, as in
the atom, beta, and gamma cases, even more can be proved. We state a result for the atom
case here. It shows the distributional convergence of degrees and their labels in the WRT under
proper rescaling. Let us set 6 := 01, = p; =1—(0 —1)/(0 log0), and define 0% := 1 —
0 — 1)2/(62 log 6).

Theorem 2.3. (Degrees and labels in the atom case.) Consider the WRT model, that is, the
WRG model as in Definition 2.1 with m = 1, with vertex-weights (W;)icn which satisfy the
atom case in Assumption 2.1. Let vl w2, .. V" be the vertices in the tree in decreasing order
of their in-degree (where ties are split uniformly at random), let d,’; and Zﬁl denote respectively
the in-degree and the label of V' for i € [n], and fix & € [0, 1]. Let &, := logy n — |logy nJ,
and let (nj)jen be a positive, diverging integer sequence such that e,; — € as j — o0o. Finally,
let (P))ieN be the points of the Poisson point process P on R with intensity measure L(x) =
qof " log 0 dx, in decreasing order, and let (M;);icN be a sequence of i.i.d. standard normal
random variables. Then, as j — oo,

log (e;'lj) — plogn;

(1 —0o?)logn; et
7

Remark 2.6. We can view the convergence result in Theorem 2.3 in terms of the weak conver-
gence of marked point processes. Indeed, we can order the points in the marked point process

d
— (LPi + €], My)ien.

d;, — (logy n;],

n
(n) ._
MP™ = Z B(Zn(l')— Llogg n),(log i—p log n)/+/(1—02) log n)
i=1

in decreasing order with respect to the first argument of the tuples, where § is a Dirac measure.

Moreover, Theorem 2.3 extends [7, Theorem 2.5] to a wider range of vertex-weight dis-
tributions. Specifically, let us define Z* := Z U {oo} and M%XR, M%*, to be the spaces of
boundedly finite measures on Z* x R and Z*, respectively, and define T : M%*X]R — M,
for MP € M%*XR by T(M7P):= Z(x],xz)e/\/ﬂ? 8x,. T(MP) is the restriction of the marked
process MP to its first coordinate, i.e. to the ground process P := T(MP). Since T is
continuous and MP™ e M#*xR’ it follows from the continuous mapping theorem that
Theorem 2.3 implies Theorem 2.5 in [7] without the need for Condition C3.

Similar results hold in the beta case as well. In the gamma case slightly different behaviour
is observed, with additional higher-order terms required in the rescaling of the labels of high-
degree vertices. We have deferred the results regarding these two cases to Section 7, since
they are similar in nature to Theorems 2.2 and 2.3 but of independent interest. Moreover, the
results in Theorems 2.2 and 2.3, as well as the results presented in Section 7, also hold when
we consider the WRT with random out-degree, as discussed in Remark 2.1.
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Discussion, open problems, and outline of the paper

For the proof of Theorem 2.1, only the asymptotic growth-rate of the maximum degree of
the WRG model, as proved by Lodewijks and Ortgiese in [12, Theorem 2.9, bounded case]
(given as Theorem 3.1 here), is required to prove the growth rate of the location of the max-
imum degree in the WRG model. The proof uses a slightly more careful approach than the
proof of [12, Theorem 2.9, bounded case], which allows us to determine the range of vertices
which attain the maximum degree.

In recent work by Eslava, Lodewijks, and Ortgiese [7], more refined asymptotic behaviour
for the maximum degree is presented for the WRT model, that is, the WRG model with m =1,
under additional assumptions on the vertex-weight distribution. Here we refine the proofs of [7]
to allow for an extension of the results there and to obtain higher-order results for the location
of high-degree vertices. Whether any of these results can be extended to the case m > 1 is an
open problem to date.

Finally, more involved results can be proved for the random recursive tree model. There,
the joint convergence of the labels and depths of and the graph distance between high-degree
vertices can be obtained, as shown by the author in [11, Theorems 2.2 and 2.4]. The analysis of
the random recursive tree in [11] relies heavily on a different construction of the tree compared
to the WRG and WRT models, which can be viewed as a construction backward in time. This
methodology can be applied to the random recursive tree only, and allows for a simplification
of the dependence between degree, depth, and label of a vertex. Whether these results can
be extended to the weighted tree case is unclear, but such an extension would surely need a
different approach.

The paper is organised as follows. In Section 3 we provide a short, non-rigorous, and intu-
itive argument as to why the result presented in Theorem 2.1 for the WRG model holds, and
we briefly discuss the approach to proving the other results stated in Section 2. Section 4 is
devoted to proving Theorem 2.1. In Section 5 we introduce some intermediate results related
to the WRT model and use these to prove Theorems 2.2 and 2.3. We prove the intermediate
results in Section 6. We discuss the additional results (similar to Theorems 2.2 and 2.3) for the
beta and gamma cases in Section 7. Finally, the appendix contains several technical lemmas
that are used in some of the proofs.

3. Heuristic ideas behind the main results and preliminary results

In this section we present some heuristic, non-rigorous ideas that underpin the main results,
as presented in Theorems 2.1, 2.2, and 2.3 (as well as the results presented in Section 7), and
we also give some preliminary results required throughout the paper.

3.1. Heuristic ideas

To understand why the maximum degree of WRG model is attained by vertices with
labels of order n#m+°W) where 1, := 1 — (0, — 1)/(6,, log 6,,), we first state the following
observation: for m € N, define f;,, : (0, 1) > R4 by

1 (1 —x) log 6, L (1 —x)log 6,
fn(x) := og 9m< - 1 log<—9m — >> x€ (0, 1). 3.1

It is readily checked that f;,, has a unique fixed point x}, in (0,1), namely x}}, = w,,, and that
fn(x) > xforallx € (0, 1), x # iy, Then, using a Chernoff bound on Z,,(7) (i.e. using a Markov
bound on exp(¢2,(i)) for t > 0 and determining the value of ¢ that minimises the upper bound)
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yields
Pw (Za(i) = logg, n) < exp(—logy n(u; — 1 —logu;)), (3.2)
where
mW; ) 1
loggm S]

Here we use the quantity log, n, as this (asymptotlcally) is the size of the maximum degree.
Let us now assume that i ~ nf for some B € (0, 1). By Lemma 3.3, almost surely

n—1
> 1/8j=(1+o(1) log (n/i)/E[W] = (1 + o(1)(1 - B) log (w)/E [W]
j=i

so that (1— B)log (1— B)log
m(l — og Oy, - 08 Um
< —="(1 ))=—"——0+o0(1 1
Ui < E W] (I+o(1)) 6, 1 (I+o(1)) <
almost surely, where the final inequality holds for all n sufficiently large, as log (1 + x) < x for
all x > —1. Moreover, the o(1) term is independent of i. As x — x — 1 — log x is decreasing on

(0,1), we can use the almost sure upper bound on »; in (3.2), combined with (3.1), to obtain
Pw (Z4(i) > logg, 1) < exp(—fm(B)log n(1 4 o(1))).

Note that this upper bound depends on i only via i ~nf. We perform a union bound over
{ie[n]:i<n*m¢ori>n*"*¢}. As the sum obtained from the union bound can be well
approximated by an integral, we arrive at

P( _ max Z,(i) = 1039,,,’?) = f exp((B — fm(B)) log n(1 + o(1))) dB.
ig[n]\[n#m=¢ prm+e] O, D\(ttm—E, fim—+€)
It follows from the properties of the function f;, (as stated below (3.1)) that this integral
converges to zero with n.

To obtain the more precise behaviour of the labels of high-degree vertices, as in (among oth-
ers) Theorem 2.2, the precise evaluation of the union bound in the approach sketched above no
longer suffices. Instead, for any k € N, we derive in Proposition 5.1 the asymptotic expression

K W\ w
P (Z,(vj) = dy, vi > £, i € [k]) ~ HE[<9 1 W) IP’W< (1 + 0—) log (n/¢; )) ]

i=1

l (3.3)
where vy, ..., v are k vertices selected uniformly at random from [n] without replacement,
0:= 601 =1+E[W], and X; ~ Gamma(d; + 1, 1) for each i € [k], under certain assumptions
on the d; and ¢;. Heuristically, this follows from the fact that S; ~ jIE [W] and

n n

. W; . W; A W .
Z,() = Z Ber(Si—jl> %Pm(i:]z;l T [{)V]> ’«8P01<0 —jl log(n/])).

i=j+1

By conditioning on the value of v, we thus have (with k = 1 for simplicity and dropping indices)

PZ,W0)>d,v>L)~P (Poi(gv_vl log(n/v)) >d, v>€> ,
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where we can remove the index of the vertex-weight because it does not influence the probabil-

ity, since the weights are i.i.d. We first observe that v/n —d> U, where U is a uniform random
variable on (0,1). Second, we have that T := log (1/U) is a rate-one exponential random vari-
able, independent of everything else. Finally, the duality between Poisson and gamma random
variables via Poisson processes yields that we can approximate the right-hand side by

P <x < T T.T<log (n/@) —p (X <Tw. Ty < log (n/m) ,

0—1

where X ~ Gamma(d, 1) and Ty := WT /(6 — 1). Note that Ty is exponential with rate (6 —
1)/W, conditionally on W. Setting x := W log (n/€)/(@ — 1) and conditioning on both W and
X, we obtain

e —1
PyX<Tw<x|X)=1x<y f Te—(e—l)z/w dr = 1x<y (e_(e_l)X/W - e_(e_l)x/w)~
X

Taking the expected value with respect to X then yields
—d
Pw(X <Tw <x) = <1 + —> Py (X' <x) —e O"DYWp(x <),

where X' ~ Gamma(d, 1+ (6 — 1)/W), conditionally on W. As x4 (1+@—-1DH/W)X ~
Gamma(d, 1), by substituting the definition of x we obtain

W d]P’ X=<|(1 W 1 l ZIE” X< Wl £
(m) W( _< +m) og(n/ ))—; W( =01 og (n/ ))-

Conditions on d and ¢ will allow us to show that the second term is negligible with respect
to the first term and hence is an error term. Taking the expected value with respect to W then
approximately yields (3.3). This result can be used to obtain more precise statements regarding
the label of high-degree vertices, as well as the size of the maximum degree in the tree.

We finally comment on Condition C2 and Theorem 2.2. For vertex-weight distributions
that satisfy this condition, we can show (as in Lemma A.l in the appendix) that the main

contribution to
w d
P (Z >dy~E|| ——
(220 > d) (9—1+W>

comes from values of W close to one, namely at W =1 — Cd~—P for some constant C > 0 and
B > 1/2 (or even closer to one). Consequently, one would expect this to be the same for the
right-hand side of (3.3). Substituting this value of W roughly yields (again dropping indices
and setting C = 1 for simplicity)

d
W 0 1
(m) P<X5 (9—1 +dﬁ(9—1)>1°g(”/£))'

When we set, for z € R,

€:= nexp(—(1 — 67 YE [X] — z¢/Var(X))) ~ nexp(—(1 — 07 (d — z/d)),
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this simplifies to

e W\ p(X=EXI___ EXId+o()

(9 1+ W) < Va2 ThaB e ) ‘
Now, the probability tends to 1 — ®(z) by the central limit theorem when d diverges with n,
since E [X]=d + 1 and df \/Var(X) ~d'/?>*# > d as B > 1/2. This thus shows that log v is
approximately normal and provides the asymptotic mean and variance.

For tail distributions that decay at a faster rate near one, the main contribution to the
expected value is made for W =1—d~# with g <1/2, for which this argument does not
hold. Here, we require additional higher-order terms in the rescaling of the labels of high-
degree vertices. An example of such a family of distributions is presented in the gamma case
of Assumption 2.1. Theorem 7.2 provides, to some extent, the behaviour of the labels in this
case.

3.2. Preliminaries

Here we present some known results that are needed throughout the paper. The first result
states the almost sure convergence of the maximum degree in the WRG model, as in [12,
Theorem 2.9].

Theorem 3.1. (Maximum degree in WRGs with bounded random weights [12].) Consider the
WRG model as in Definition 2.1 with almost surely bounded vertex-weights and m € N. Then

Zn(D)  as,
max —
ieln] logy n

1.

The following result concerns the asymptotic behaviour of the limiting (tail) degree
distribution p>4 and pg, defined as

" w a g| ] 14 d
bzd- m—1+w) | T g, i w g, —1+w) |

of the weighted recursive graph as d diverges, which combines (parts of) Theorem 2.7 from
[12] and Lemmas 5.5, 7.1, and 7.3 from [7]. For the purposes of this paper, we state the result
for the case m =1 only.

Theorem 3.2. (Asymptotic behaviour of p~4 [7, 12]). Consider the WRT with vertex-weights
(Wiien, i.i.d. copies of a non-negative random variable W which satisfies Condition CI. Recall
that 6 := 61 = 1 + E [W]. Then, for any & > 0 and d sufficiently large,

O 48 <paspsa=6’.
Moreover, consider the different cases in Assumption 2.1:
o [f W satisfies the atom case for some qo € (0, 1],
p=a=q00~ (1 +o(1)).
o If W satisfies the beta case for some o, > 0,

_T@+p)

—9~ Yy BgPy—d
@ (1—0"H"PaPo~?(1+00/k)).

P=>d
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o If W satisfies the gamma case for some b € R, ¢1 > 0, and © = 1 such that bcy < 1, then

_ —l_p-1
pea = CdP/PH1 AT =00 g=d (1 4 0(1//d)),
with C := ecl_l(1_071)/2ﬁ6171/4+b/2(1 — g~ hHl/a+b/2,

Remark 3.1. The final results which consider the different cases of Assumption 2.1 also hold
for py instead of p>4 when one adds a multiplicative constant 1 — 6 ~! to the right-hand side.

The following proposition provides an asymptotic expression for the tail degree distribution
of k typical vertices under certain conditions [7, Proposition 5.1].

Proposition 3.1. (Distribution of typical vertex degrees [7]). Consider the WRT model, that is,
the WRG as in Definition 2.1 with m = 1, with vertex-weights (W;);c[n) which are i.i.d. copies
of a positive random variable W that satisfies Conditions C1 and C3 of Assumption 2.1. Fix
keN, ce(0,0/(0 —1)), and let (vi)icx) be k vertices selected uniformly at random without
replacement from [n]. Then, uniformly over d; < clogn, i € [k],

k d;
W i
PZ,wv)=dicelkD=||E|| =—/—— 1 ).
(Za(vi) 2 dy, i € [K) 1} {(E[WHW) }( +o(1))
Finally, we have the following three technical lemmas. The first deals with concentration of
sums of i.i.d. random variables and the second with particular multiple integrals that we use in
one of the proofs.

Lemma 3.1. (Bounds on partial sums of vertex-weights [7, Lemma A.2].) Let (W));eN be i.i.d.
copies of a random variable W with mean E[W] € (0, 1]. Let n € (0, 1),5 € (0, 1/2), ke N,
and set ¢, 1= n"sn/E [W]. Consider the events

J
E,) = { Y Wee (1 = GE[WI), (1+G)E[W])), foralln” <j< n}
=1

J
ED: { > Wee (= GIE[Wj, (1+GE [W1)), f0ra11n8§j§n}.

L=k+1

Then, for any y > 0 and any i € {1, 2}, for all n large,

P((EY)) =n7.

Lemma 3.2. ([7, Lemma A.4].) For any k e Nand any 0 <a < b < oo,

b pb bk k
log (b

// .../ xjfldxk‘.'dxlzm.
a X1 xk—ljzl k!

Similarly, for any ke Nand any 0 <a<b —k < oo,

b b b k k
log (b k

/ f / ||Xj_1d’fk-.-(bC1Z—(og(/((1+ )))-

a+1 Jx;+1 Xp—1+1 j=1 k!
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Lemma 3.3. ([12, Lemma 5.1].) Let (W;)ien be a sequence of strictly positive i.i.d. random
variables which are almost surely bounded. Then there exists an almost surely finite random
variable Y such that

This lemma implies, in particular, that for any i = i(n) such that i diverges with n and i = o(n)
as n — oo, almost surely,

”_ll_ : log (n/i)(1 1) ”_ll_ : log (n)(1 + o(1)) 34
;SI_E[W] og (n/i)(1 4+ o(1)), FZISI_]E[W] og (n)(1 + o(1)). (3.4)

4. Location of the maximum-degree vertices

For ease of writing, let us set w,, := 1 — (6, — 1)/(6,, log 8,,), where we recall that 6,, :=
1 +E[W] /m. To make the intuitive idea presented in Section 3 precise, we use a careful
union bound on the events {max<;<uum—e Z,(i) > (1 —n)logy n} and {max,um+e <j<, Zn(i) >
(1 —n)logy, n} for arbitrary and fixed ¢ > 0 and some sufficiently small n > 0.

Proof of Theorem 2.1. As in the proofs of [12, Theorem 2.9] and [6, Theorem 1], we first
prove the convergence holds in probability, and then discuss how to improve it to almost sure
convergence.

We take n € (0, 1 — log (6,,)/(6,, — 1)) and write

> e> < Pw({ln <n'mErN {mfv]( Zp() = (1 —n) loge,,ln}>
le\n
+ Py ({In >n el N {mfv]i Zy() = (1 —n) 1080,,,”})
1eln

+ Py (mfl)]( Z,()<(1—n) loggmn) . 4.1
len

We start by dealing with the first two terms on the right-hand side, and then use Theorem 3.1
to deal with the final term. The first two probabilities can be bounded from above by

Pw< max Z,()>{1—n) loggmn> + IPW< max Z,())>{1—-n) loggmn> . “4.2)

i€[ntm=¢e] ntmte <j<p

The aim is thus to show that vertices with a label ‘far away’ from n*” are unlikely to have a
high degree. With I, := n#n~¢ [t := n/n*¢ we first apply a union bound to obtain the upper
bound
> Pw(ZaG)= (1 —n)logg,n).
i€ln\Uy I ]

With the same approach that leads to the upper bound in (3.2), that is, using a Chernoff bound
with £ =log ((1 — n) logy, n) — log(mWi Zj”:_ll l/S/), we arrive at the upper bound

n—1 m
W;
} :e—t(l—n)logemnl | (1 +(et_ 1)#) < 2 : e—(l—r])loggmn(u,-—l—logu,-)’ 4.3)

i€ln\ly 1 ] J=i / i€ln\[y 1 ]
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where
—1
W; — 1
e Wi 1
Sj

(1= n)logy,n

We now set

) { 1—n ( log 6, ( log 6, ))
8 := min —1—-log| ——— ] ),
210g O \ (O — D)(1 — 1) (Om — DL —n)

On— DA —
. (O ) n)Wo(—G,;l/ain)e*l) ’
2log 6,,

with Wy the (main branch of the) W Lambert function, the inverse of f:[—1, c0) —
[—1/e, 00), f(x) := xe*. Note that, when ¢ is sufficiently small, § € (0, min{u,, — &, 1 — w;, —
€}). We use this § to split the union bound in (4.3) into three parts,

]
Ry := Z e—(l—n)logomn(u,-—l—logui)’

i=1

n
Ry = Z e—(l—n) logg, n(ui—1-log u[)’

i=[n1=5]

Ry := Z e—(l—n) logg, n(ui—1—log u,~)’ 4.4)

ie[nd =S\ [L, L ]

and we aim to show that each of these terms converges to zero with n almost surely. For Ry we
use that, uniformly in i < n®, almost surely
n—1
m 1 log 6,,

—=——([140(1)), 4.5)

U < ————— =
(I =m)logg n = S; (1 =n)On—1)

1

where the final step follows from Lemma 3.3. Using the fact that the upper bound is at most 1
by the choice of 1 and that x — x — 1 — log x is decreasing on (0,1), and applying this in R} in
(4.4), we bound R; from above by

[n°]
(1—mn)logn log 6, log 6,,
2 exp<_ log by, ((1 T _1°g<(1 — O — 1)>>(1 +0(1))>
_ _ 1—n log 6, L log 6,
- exp<1°g"<8 1026, <(1 =D k’g((l - 1)))(1 +0(1”()4’6)

which converges to zero by the choice of 8. In a similar way, uniformly in n! =% <i < n, almost
surely

n—1 1

m
"= (=) logg,n 5= a-me —pd e 4.7
u; < 1—n) logemnjz(n]_s] Si (1—1)6m — 1)( o(1)) 4.7
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so that we can bound R, from above by

- | | §log 6, Lo 81og 6,, Lt ol
Zexp<_( - Ogem"(a—n)(em—l)_ - Og(a—n)(em—l)))( ol ))>

i=[nl=9]

_ B 1—n 8 log 6y, L 5 log 6,
B exp<l°g"<1 Tog 0 ((1 SR 1°g<<1 16— 1)))(1 +ow)).
(4.8)

Again, by the choice of §, the exponent is strictly negative, so that the upper bound converges
to zero with n. It remains to bound R3. We aim to approximate the sum by an integral, using the
same approach as in the proof of [12, Theorem 2.9, bounded case]. We first bound u; < m(H,, —
H;)/((1 —n)log, n) =:1; almost surely for any i € [n], where H, := Zj’:]l 1/S;. Then we
define u : (0, oc0) - R and ¢ : (0, co) — R by

log x log 6,,
ux):=[1-— and ¢(x):=x—1—logx, x> 0.
logn /(1 =m)(@n — 1)

For i in [n®, n' = |\[I,, I] such that i = n*°() for some B €[8, 1 — 8] (where the o(1) is

independent of 8) and x € [i, i + 1),
(i) — P (u(x))| < [u; — u(x)| + | log (u; /u(x))]

log 6, (1 10gx> log 6, HX_E 1
(1 - 77)(9m - 1) logn (1 - 77)(9m - 1)10gn j=i

n—1
E[W] 1
log(—log " Togx Z E,) ‘ (4.9)

5j

+

J=i

By (3.4) and since i diverges with n, we have Zjn:_ll 1/8; —log (n/i)/E[W]=o(1) almost

surely as n — oco. Applying this to the right-hand side of (4.9) yields

logx —logi—+ o(1)
logn —logx '

log 6,,
mMEn — 1)
Since x> i > n® and |x — i] <1, we thus obtain that, uniformly in [n‘s, nl"s]\[ln’, In*] and x €
[i, i + 1), we have |¢(@;) — ¢(u(x))| = o(1/(n® log n)) almost surely as n — oco. Applying this
to R3 in (4.4) yields the upper bound

Z e—(l—n)tﬁ(ﬁi)logem"

ie[n® W' =S\ [y L ]

logx —logi

9@ — $ul)] = =

—i—)log(l +
logn

i+1
< / (1= logg, NGO+ BN ~PWND 4,
i

iend ! =S\ [y 1]

<(1+o(1)) e~ (I=meux) logg,m g (4.10)
(3, =Ny ¥
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Using the variable transformation w = log x/ log n and setting U := [, 1 — §]\[um — &, i +

] yields
1—n (1 —w)logé, w
1+ o0(1)) /U exp(—log nlog 9m¢<(1 - 1)>>n log ndw
. _ 1—n (1 —w)logé, _
=1 +o(l))/Uexp( 10gn(10g9m¢<(1 v 1)) w) +10g10gn) dw. (4.11)

We now observe that the mapping

1—n ( (1 —w)log b6y, )
10g Qm (1 - ’7)(9m - 1)

has two fixed points, namely

1= 1) — 1) /) —
W L0 =D pon-n-1
W gy o=,
1 =)l —1) /() —
@ LW Dy pomaome 412
w + T _1(-6,, e ), (4.12)

where we recall that Wy is the inverse of f : [—1, o0) — [—1/e, 00), f(x) = xe*, also known as
the main branch of the Lambert W function, and where W_ is the inverse of g : (—oo, —1] —
(—o0, —1/e], g(x) =xe", also known as the negative branch of the Lambert W function.
Moreover, we also have the inequalities

1—n ((1—w)log9m

), we (0,w?), wemD, 1),

w<
log 6, (I=n)On—1)
(4.13)
I—n ([ (1—=w)logby @ (D
W>1og9m¢<<1—n><9m—1>>’ we ()

and we claim that the following statements hold:

Vv 5 > 0 sufficiently small, w® < u,, <w',  and HF(} wh = liﬂ)l w® = . (4.14)
n n

We defer the proof of these inequalities and claims to the end. For now, let us use these
properties and set n sufficiently small so that u,, —& < w® < <w) <, + ¢, so that
Ucs,w®)uwh, 1 —s].If we define

o T1=n ((d=wloghy \
¢u = inf, |:10g 9,,,¢<(1 =6 — 1)) W}’

then it follows from the choice of 1, from (4.13), and from the definition of U that ¢y > 0, so
that the integral in (4.11) can be bounded from above by

(1+o0(1)) exp(—q&b log n + log log n), (4.15)

which converges to zero with n. We have thus established that Ry, Ry, R3 converge to zero
almost surely as n tends to infinity. Combined, this yields that the upper bound in (4.3)
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converges to zero almost surely, so that, using (4.2), we find that
By ({2 <) 0 {max 2,0 2 (1 = ) logy,n} )
e\n

+ ]P’W<{In > nintel n {mfl)]( Z,(i) > (1 — ) log, n}) 250, (4.16)
e\n

We now return to (4.1). Taking the mean yields

log I,
lim sup ]P’(‘ IOg L um‘ > 8) < lim sup IE|:IP’W ({In <n*m~fIN {m[El>J< Zy() =1 - 77)10g9mn}>
1S

n— 00 ogn n— 00

+ IP’w({In >n YN max Z,()) = (1 1) logemn})}

+ lim sup P(max Zy(i) < (1 —n)logg n) .
ieln) "

n—oo

Using the uniform integrability of the conditional probability (this is clearly the case as the
conditional probability is bounded from above by one) combined with (4.16) implies that
the first limsup on the right-hand side equals zero. The second limsup also equals zero by

Theorem 3.1. Since ¢ > 0 is arbitrary, this proves that log I,/ log n LN W

Now that we have obtained the convergence in probability of logl,/logn to w,,, we
strengthen it to almost sure convergence. We obtain this by constructing the following inequal-
ities: first, for any ¢ € (0, ), using the monotonicity of max;c(,um—c Z,(i) and logy, n,

sup max;e[pum—e] Zn(0) — sup sup maXx;e[pum—e] Zn (i)
2N<n logg, n keN oN+k=1) < <ON+k logy n

max;eet+um—e)] Zyn1 (D)

< sup
N<n n lOgém 2

With only a minor modification, we can obtain a similar result for max,um+ <j<,, Zx(i), where
now ¢ € (0, 1 — w,,). Here, we can no longer use that this maximum is monotone. Rather, we
write
maxyum+e <j<p Zn(l) maX,um+e <j<p Zn(l)
sup == = sup sup ==
W<p logy, n keN aN+Hk—1) <y <ON-+k logy n

MAX YN+ k1)) <j<oN+k ZoN+k (D)

<sup

ek (Nt (k= 1D)log,, 2
maXZn(;L;;l+£)<i<2n+l Zzn-H (l)
= sup —
N<n nlogy, 2

It thus follows that for any n > 0, the inequalities

maxeppum—e] Zn(i) max,um+e <j<p Zn(i)

<1, Py-as, (4.17)

lim sup <1, limsup

n—soo (1 —m)logy n n—00 (1—mn)logy n

m
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are implied by
. maxie[z(n+l)(/tm—s)] Zzn+l (l)
lim sup , Pw — a.s.,
n—00 (I —mnlogy 2
MaAXyn(pm+e) <;<ont1 Zont1 (i
lim sup 2o sizant Zo B _ Py —as., 4.18)
n—00 (I—=mnn 10g9m2

respectively. We start by proving the first inequality in (4.18). Define

ie[20+D(um—e)]

5"1 = { max Zonr1 (@) > (1 —mn 10g0m2}’

211(//.m+s)5i52n+l

53 = { max Zzn+l(i) > (l - ’7)” Ing)mz}-

Let us abuse notation to write [, = 2T Dn=8) [+ — 2n(m+8) By a union bound, we again
find

[2(”+l)5j
P(61UE) = D P(Zpn()>(1-nnlog,?)

i=1

on+1
+ ) P(Zpa(>(1—nnlog,2)
i:|'2(n+l)(l—6)'|
+ > P (211 () > (1 — pinlogy, 2) , (4.19)

ie[20 18 2@+ DA-ON\[[7 ]

and these three sums are the equivalents of R, Ry, R3 in (4.4). We again take 1 small enough
so that w,,, — & < w® < U < wd) < WUm + &, where we recall w W@ from (4.12). With the
same steps as in (4.3), (4.5), and (4.6), we obtain that we can almost surely bound the first
sum on the right-hand side from above by

[20m+D3 |

(1 —mnnlog?2 log 6, log 6,,
2 exp(_ 10g O ((1—77)(9m—1)_1_10g<(1—n)(9m—1)>>(1+0(1))>

i=1

- Sl (R T R (LT
_exp(”1°g2(5 1og9m(<1—n><9m—1> 1 log(a—n)(em—1)))(1“(1)))’

which is summable by the choice of §. Similarly, using the same steps as in (4.7) and (4.8),
we can almost surely bound the second sum on the right-hand side of (4.19) from above by

on

(1 —n)nlog?2 5 log 6, 8 log 6y,
2 exp(_ log 0 <<1—n)(em—1>_1_1°g<<1—n)(em—n))(l“(l”)

i= [2(n+1)(178>]

_ _ 1—n 6log 6y, L 6log 6,
= enn{nton2(1 ~ oot (e~ ot )t o)

which again is summable by the choice of §. Finally, the last sum on the right-hand side of
(4.19) can be approximated by an integral, as in (4.10). By the choice of 1, we can then use
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the same steps as in (4.11)—(4.15) to obtain the almost sure upper bound
(1 +o(1)) exp(—nqbb log 2(1 + o(1)) + log n + 0(1)),

which again is summable. As a result, Py-almost surely, £! U 5,% occurs only finitely often by
the Borel-Cantelli lemma. This implies that both bounds in (4.18) hold, and these imply the
bounds in (4.17). Defining the events

C;i = {llog 1,/ logn — pm| = €}, C,% = {Infnu”’_s}, Cs = {Inznﬂm—&-a}’
C;‘ = { max Z,(i) > (1 —n)logy n},
ie[n] m

we can use the same approach as in (4.1) to bound

o0 o0
Y Loy <D Ieznet + Leynes + Licyy-
n=1

n=1

By the proof of Theorem 3.1 given in [12], (C’ﬁ)" occurs for finitely many n Py -almost surely
(not just P-almost surely, as follows directly from Theorem 3.1). The bounds in (4.17) imply
that, Py-almost surely, the events C2 N C# and C} NC? occur for only finitely many 7, via
similar reasoning as in (4.2). Combining these statements, we obtain that C,i occurs only
finitely many times Py-almost surely. As a final step we write

PVe>03INeN:Vn>N|logl,/logn — puy,| <e)

=E[Pw(Ve>03INeN:Vn>N|logl,/logn— puu|l <e&)]=1,

P-a.s.
so that log I,/ log n —— y,.
It remains to prove the inequalities in (4.13) and the claims in (4.14). Let us start with the
inequalities in (4.13). We compute

d< 1—n ((1—w)10g9m>> 1 1-n 1
—w- ¢ =1+ — ,
dw log6,, " \ (1 — )6y —1) Op—1 logb,1—w
which equals zero when w=w*:=1— (1 — ), — 1)/(6,, log 0,,), is positive when w €
(0, w*), and is negative when w € (w*, 1). Moreover, as Wy(x) > —1 for all x € [—1/e, 0co0) and
W_i(x) < —1 for all x € [—1/e, 0), it follows from the definition of w!) and w® in (4.12) that
w® < w* < w for any choice of 5 > 0. This implies both inequalities in (4.13).

We now prove the claims in (4.14). Again using that Wy(x) > —1 for all x e [—1/e, 00)
directly yields w) > p,,. The inequality w'® < p,, is implied by

1

Wi (=6,,"1"Me ) < e

or, equivalently,
1

—g—n/=mea=1_ _

e 1/=n).

Setting 8 := 1/(1 — n) yields
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This inequality is then satisfied when 8 € (1, W_1(log (6,,/€)6,,/e)/ log (6,,/¢)), or, equiva-
lently, when n € (0, 1 — log (6,,/e)/W_1(log (6,,/€)0/¢€)), as required. By the definition of
w) and w® in (4.12) and since py = 1 — (O — 1)/(0n log 6,,), the second claim in (4.14)
directly follows from the continuity of Wy and W_; and since Wy(—1/e) = W_1(—1/e) = —1,
which concludes the proof. O

5. Higher-order behaviour of the location of high-degree vertices

In this section we provide more detailed insight into the behaviour of the degree and location
of high-degree vertices in the WRT model, that is, the WRG model with out-degree m = 1.
Under additional assumptions on the vertex-weights, as in Assumption 2.1, we are able to
extend the result of Theorem 2.1 to higher-order results for the location, as well as to all
high-degree vertices, rather than just the maximum-degree vertices.

The approach taken here is an improvement of the methodology used by Eslava, Lodewijks,
and Ortgiese in [7] to study the maximum degree of the WRT model with bounded vertex-
weights. In this section we improve and extend the results of [7].

The approach used in [7] is to obtain a precise asymptotic estimate for the probability that k
vertices vy, . . ., Vg, selected uniformly at random without replacement from [n], have degrees
at least dy, . .., di, respectively, for any k£ € N. One of the difficulties in proving this estimate
is to show that the probability of this event, conditionally on &, := Ule{vi <n'} for some
arbitrarily small 7 > 0, is sufficiently small. On &, it is harder to control sums of the first
v; vertex-weights, as one cannot apply the law of large numbers easily, as opposed to when
conditioning on &¢. This is eventually overcome by assuming that the vertex-weight distribu-
tion satisfies Condition C3, which limits the range of vertex-weight distributions for which the
results discussed in [7] hold.

Here, we compute an asymptotic estimate for the probability that the degree of v; is at least
d; and that v; is at least ¢; for all i € [k], where the ({;);c[x) satisty £; > n"! for all i € [k] and some
n € (0, 1). The two main advantages of considering this event are that the issues described in
the previous paragraph are circumvented, and that for a correct parametrisation of the ¢; we
obtain some precise results on the location of high-degree vertices.

5.1. Convergence of marked point processes via finite-dimensional distributions

We first discuss some theoretical preparations for proving Theorem 2.3, after which we state
the intermediate results that we need to use in the proofs of Theorems 2.2 and 2.3. Recall the
following notation: d,’; and Eﬁ, denote the degree and label, respectively, of the vertex with the
ith-largest degree, i € [n], where ties are split uniformly at random. Let us write 0 =61 := 1 +
E[W], p=pu:=1—( —1)/(01ogh), and define 62 := 1 — (0 — 1)2/(6% log ). To prove
Theorem 2.3, we view the tuples

‘ log & — 1
<d;,—uog9nj, 08T T 1 Og”)
ie[n]

V(A —o%)logn

as a marked point process, where the rescaled degrees form the points and the rescaled labels
form the marks of the points. Let Z* := Z U {00}, and endow Z* with the metric d(i, j) =
|2_i — 2_j| and d(i, o0) = 2~ for i, j € Z. We work with Z* rather than Z, as the sets [i, 0]
for i € Z are then compact, which provides an advantage later on. Let PP be a Poisson point
process on R with intensity A(x) := gof " log 6 dx, and let (&;),cp be independent standard
normal random variables. For ¢ € [0, 1], we define the ground process P¢ on Z* and the marked
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processes MP® on Z* x R by

PEi= > Syl MPTi= ) Satel b (.1
xeP xeP

where § is a Dirac measure. Similarly, we can define

n n
(n) .__ . (n) .__
Pi= Z‘Szn(l)—tloge nj MP = Za(z,,(i)fuoge n|,(log i—u logn)/~/(1—c2)logn)"
i=1 i=1

We then let ./\/l%* and M%*XR, respectively, be the spaces of boundedly finite measures on
Z* and Z* x R (which, in this case, corresponds to locally finite measures) equipped with the
vague topology. We observe that P and P¢ are random elements of M%, and MP™ and
MP?¢ are random elements of M%*XR. Theorem 2.3 is then equivalent to the weak conver-
gence of MP™) to MP? in M%*XR along suitable subsequences (nj);en, as we can order the
points in the definition of MP™ (and MP?) in decreasing order of their degrees (of the points
x € P). We remark that the weak convergence of P to P* in M%* along subsequences when
the vertex-weights of the WRT belong to the atom case is established in [7] (and it is estab-
lished for the particular case of the random recursive tree by Addario-Berry and Eslava in [1]).
We extend these results, among others, to the tuple of degree and label.

The approach we shall use to prove the weak convergence of MP) is to show that its
finite-dimensional distributions (FDDs) converge along subsequences. The FDDs of a ran-
dom measure P are defined as the joint distributions, for all finite families of bounded Borel
sets (Bj, ..., By), of the random variables (P(By), ..., P(By)); see [5, Definition 9.2.1I].
Moreover, by [5, Proposition 9.2.1I1], the distribution of a random measure P on X is com-
pletely determined by the FDDs for all finite families (B, ..., Bx) of disjoint sets from a
semiring A that generates B(X). In our case, we consider the marked point process MP™ on
X := Z* x R; see (5.1). Hence, we let

A= {{j} x (@, bl:je€Z, a,beR}U{[j, ool x (a, bl:j€Z, a,beR)

be the semiring that generates B(Z* x R). The choice of the metric on Z* is convenient, since
now weak convergence in Z* x R is equivalent to the convergence of the FDDs by [5, Theorem
11.1.VII]. So the weak convergence of the measure MP") to MP¢ in M%, o is equivalent
to the convergence of the FDDs of MP") to the FDDs of MP¢. It thus suffices to prove
the joint convergence of the counting measures of finite collections of disjoint subsets of A. In
particular, the weak convergence of MP" implies the distributional convergence of X(znl’ )(B) =
MPEI([], 00)) for any {j} x B € A.

Recall the Poisson point process P used in the definition of P? in (5.1) and enumerate
its points in decreasing order. That is, let P; denote the ith-largest point of P (with ties broken
uniformly at random). We observe that this is well-defined, since P([x, 00)) < oo almost surely

for any x € R. Let (M,);cr be a sequence of i.i.d. standard normal random variables. For {j} x
B € A, we then define
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X](.”)(B):z i ln]: Zu(0) = Llogg nl +J, logi—(ogn— (1 —607")(llogy n] +)) eB}

VA =6-12(llog, n] +))

logi — (logn — (1 —6~")(|log, n] + /) eB}
V(1 —6-12(llogg n] +))

logi — ulogn EB}

VA —a2)logn

logi — ulogn EB}

V(A —o?)logn

Xj(B):= [{ieN: |P;+¢] =j,M,-eBH,

’

X8 (B):= |{i€nl: Z,() > llogs n] +}.

’

X" (B):= |{i€nl: Z,()=logy n] +J.

’

XU (B):= |{i€n]: Z,() > llog n) +}.

’

X>i(B):= [{ieN:|P;+¢] zj,M,-eBH.

(5.2)
Using these random variables is justified, as )?;")(B) = MPW{j} x B), )NK(Z”/.)(B) =
MPO([j, 00l x B), and X;j(B)=MP:({j} x B) and Xs;(B) = MP([j, 00l x B).
Furthermore, when j = o(y/logn), we have X](n)(B) %)?;")(B), Xg']-)(B) A )Nf(;i)(B). For any
K €N, take any (fixed) increasing integer sequence (jx)ke[x] With 0 < K’ := minfk : jx+1 = jk}
and any sequence (Bi)iex] With By = (ax, bx] € B(R) for some ax, by € R and such that
Bir N By = & when ji =j, and k # £. The conditions on the sets By ensure that the elements
U1} x Bi, ..., {jk} x By, Ugprs - 3 XBryyo oo Uik -} X By of A are disjoint. We are
thus required to prove the joint distributional convergence of the random variables

Fn) F(n) e, F(n)
(le By), ..., XjK/ (By)- XZjK/ (Bx/iy)s - ,ijK(BK)>, (5.3)

+1

to prove Theorem 2.3.

5.2. Intermediate results

We first state some intermediate results which are required to prove Theorems 2.2
and 2.3; afterwards, we prove these theorems. We defer the proof of the intermediate results to
Section 6.

The first result provides precise and general asymptotic bounds for the joint distribution of
the degree and label of vertices selected uniformly at random from [n]. We recall § =6, :=
1 + E [W]. We then formulate the following result.

Proposition 5.1. (Degree and label of typical vertices.) Consider the WRT model, that is, the
WRG as in Definition 2.1 with m =1, with vertex-weights (W;)ic[,) which are i.i.d. copies
of a positive random variable W that satisfies Condition CI1 of Assumption 2.1. Fix ke N,
ce€(0,0/(0 —1)), n€(0, 1), and let (v;)ic[x) be k vertices selected uniformly at random with-
out replacement from [n]. For non-negative integers (d;)icix) such that d; <clogn, i€ [k],
let (£)ic[k) € Rl_i be such that they satisfy £; <nexp(—(1 —¢)(1 — 0~Y(d; + 1)) and €¢; > n"
for all n large, for any ¢ > 0 and each i € [k], and let X; ~ Gamma(d; + 1, 1), i € [k]. Then,
uniformly over d; < clogn, i € [k],
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P(Z,(vi) =d;, vi > £;, i € [k])

k d:
0—1 w ! w
=<1+0<1)>HE[9_1+W(9_1+W) PW<Xi<<1+m>1og(n/ei>)]
i=1

5.4)
I+ 1, 1), i€k,

1/4

i

Moreover, when d; = di(n) diverges with n and with }?,- ~ Gamma(d; + |d
P(Z,(vi) = d;, vi > £;, i € [k])

k d;
w ! w
<(+o()[]E [(—> Pw<x,~ < (1 + —) log (n/m)] :
1_11 0—1+W 60—1

P(Z,(vi)) = d;, vi > £;, i € [k])

> (1 +o(1))ﬁE [(L)di]?w(ii - (1 + i) log (n/e,-))] .
il 6—-14+W 0—1

Remark 5.1.

(5.5)

(i) We conjecture that the additional condition that d; diverges with n for all i € [k] is suf-
ficient but not necessary for the result in (5.5) to hold, and that a sharper lower bound,
using X; instead of X;, can be achieved. These minor differences arise only because of
the nature of our proof. However, the results in Proposition 5.1 are sufficiently strong
for the purposes of this paper.

(ii)) Lemma A.1 and Corollary A.1 in the appendix provide asymptotic estimates for the
probability in (5.5) when the vertex-weight distribution satisfies Condition C2, or satis-
fies the atom, beta, or gamma case from Assumption 2.1, for a particular parametrisation
of d,‘, E,‘, i€ [k]

(iii) Proposition 5.1 also holds when we consider the definition of the WRT model with
random out-degree, as discussed in Remark 2.1(ii). For the interested reader, we refer to
the discussion after the proof of [7, Lemma 5.10] for the (minor) adaptations required,
which also suffice for the proof of Proposition 5.1.

With Proposition 5.1 we can make rigorous the heuristic that the maximum degree is of the
order d, when p>4, ~ 1/n, where

W d
=E|({—m , d € N, 5.6
P>d ( P W) 0 (5.6)
is the limiting tail degree distribution of the WRT model. This is a consequence of the following

lemma.

Lemma 5.1. Consider the WRT model, that is, the WRG as in Definition 2.1 with m = 1, with
vertex-weights (W;)ie[n) which are i.i.d. copies of a positive random variable W that satisfies
Condition C1 of Assumption 2.1, and recall =61 =1 +E [W]. Fixc e (0,0/(0 — 1)) and let
(dn)nen be a positive integer sequence that diverges with n such that d, < clogn. Then

. wo\" . .
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Similarly,

. w n . .

Remark 5.2. Lemma 5.1 can be used to provide precise asymptotic values for the maximum
degree in the WRT model. Under assumptions on the distribution of the vertex-weights, it is
possible to determine values of d,, for which either lim;,_, o np>4, = 0 or lim,,—, oo Bp>4, = 00
is met. In particular, Lemma 5.1 can be used to extend Theorems 2.6-2.7 in [7], as well
as Equation (4.6) in Theorem 4.6 of [7], to a wider range of vertex-weight distributions.
Specifically, in [7], Condition C3 is required for a result equivalent to Lemma 5.1 to hold. This
result is used to prove the aforementioned theorems. Here, however, we do not need Condition
C3 for Lemma 5.1, so that these theorems can be extended to a wider range of vertex-weight
distributions.

We now present a proposition which asymptotically determines the joint factorial moments
of the random variables XJ(") (B) and X(znj)(B), as in (5.2), when the vertex-weight distribution
satisfies the atom case. It is instrumental for the proof of Theorem 2.3.

Proposition 5.2. Consider the WRT model, that is, the WRG model as in Definition 2.1 with
m =1, with vertex-weights (W;)ic[n] that satisfy the atom case in Assumption 2.1 for some
qo0 € (0, 1]. Recall that 6 := 1+ E [W] and that (X)) := x(x—1)---(x —(k— 1)) for xe R,
keN, and (x)o:= 1. Fixce€(0,0/(0 — 1)) and K € N; let (ji)re[k] e a non-decreasing inte-
ger sequence with 0 < K’ := minfk : jx+1 =jk} such that j| + logy n= w(1) and jx + logy n <
clogn; let (Bi)ie[x) be a sequence of sets By € B(R) such that By N\ By = & when ji, = jo and
k # £; and let (cy)ke[k] € NOK . Recall the random variables X;") (B), X(Zr;) (B) and 3(;")(3), )N((Z';)(B)
from (5.2), and define ¢, := logy n — |logy n]. Then

/ /

K K K
EITT(xP@o)  TT (X0@0) |[=a+om[] (a0t =6~ ho o o(m)™
k=1 Y +1 “ k=1
K . o
x 1_[ <q09_1K+8’1q>(3k)> .
k=K'+1

Moreover, when ji, . . ., jxk = o(y/logn),

E| T (% @) 1£[ (® o) =(1+o<1>>ﬁ(qo(l—9—1>9—f'k+8n<1><3k))”‘

1 k=K'+1 k=1

/

a\

=~
Il

% ﬁ (C]09 —jk+en CD(Bk)) ck )

k=K'+1

We can interpret the results in Proposition 5.2 as follows. Fix some (ji)rex] and (Br)ke[k]
as in the proposition (we note that the j; are allowed to be functions of n, but for simplicity
we do not discuss this case here). Then the result of the proposition tells us that the joint

https://doi.org/10.1017/apr.2023.52 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2023.52

892 B. LODEWIJKS

factorial moments of the random variables Xj(:) (By) and Xg)k (By) are asymptotically equal to

a product of terms (go(1 — 8~1)0 k+eng(By))* and (qof X ten0(By))°*, respectively. Since &,
is bounded, it converges along subsequences to some value ¢ € [0, 1]. Hence, the method of
moments yields that the random variables of interest are asymptotically independent and that
their limits, along certain subsequences, are Poisson random variables. Thus, the number of
vertices with a degree equal to, or at least, ji 4 logy n and a label i such that

logi — (logn — (1 =0~ N)(llogy 1 +jx) _
V(1 —6=12([logg n] +ji)
is asymptotically Poisson distributed. A similar statement can be made for the random variables

X((By) and X7 (By).
A similar result can be proved for the beta and gamma cases, which we defer to Section 7.

By,

5.3. Proofs of main results
With the intermediate results in hand, we can prove Theorems 2.2 and 2.3.
Proof of Theorem 2.2 subject to Proposition 5.1. We recall that d; diverges as n — oo for

all i € [k] such that ¢; := lim sup,_, ., d;/ log n is strictly smaller than /(6 — 1) for all i € [k],
and for (x;);c[k] € R* fixed, we define

6= nexp(—(1 — 07 Nd; +xi/(1 —0-1)2dy), i€kl
We first observe that by this definition,

{log vi —(logn — (1 —6~Hdy)
VA —6-1)2d;
Furthermore, we note that there exists an n > 0 such that, for all i € [k], we have ¢; > n"

and ¢; <nexp(—(1 —¢)(1 — 0~ d; + 1)) for all ¢ >0 and all n sufficiently large. Hence,
the conditions in Proposition 5.1 are satisfied. We then write

P Z,v)>di,vi=¥;,ielk
P (i i€ ] 2000 > diy i€ [k = o) = i = b T I
P (Z,(vi) = d;, i € [k])
We now combine Proposition 5.1 with Lemma A.1 in the appendix. As we assume that the
vertex-weight distribution satisfies Conditions C1 and C2 of Assumption 2.1, it follows that

>xi, I € [k]} ={v;>¥{;,ie[k]}.

k
P (Z,(vi) = di, vi > i i € [k]) = (1 + o) [ [ pa,(1 = @(x). (5.7
i=1

where we recall p>4 from (5.6). It thus remains to show that

k

P(Z,(vi) = d;,ie[k])=( +0(1))1_[Pzd,-- (5.8)
i=1
We first assume that ¢; < 1/1og 6 for all i € [k]. We can then take any ¢ € (0, ), and for all n

sufficiently large, n*~¢ < nexp(—(1 — 6~ 1)(d; + 1)) holds for all i € [k]. It then follows from
Proposition 5.1 (with £; = n*~¢ for all i € [k]) and Lemma A.2 that

k
P (Z,(vi) = dj, i € [k]) = P (Z,(vi) = di, vi = 0"~ i€ [k]) = (1 +0(1))1_[Pzd,-- (5.9
i=1
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It remains to prove a matching upper bound, for which we use that for any » > 0 small,

P (Z.(vi)) = di, i € [k]) <P (Z,(vi) = dj, vi = n", i € [k])
(5.10)
4P (( N (Zai) > di}) n (u{;l (i < n”})) .

The first term on the right-hand side can be dealt with in the same manner as (5.9) by setting
n = u — ¢ with ¢ sufficiently close to . We write the second term as

k
Z Z P(Zn(vi) >d,ielkl,vi<n’,jeS, vm>n", meS")
j=1

SC[k]
ISI=/

k
<Y D P(Zuv)zdivi>n"ieS)P(y<n',jeS) 5.11)

k
<> U 4o(pn P T p2as

j=1 SCIk) ieSe

where we use that the uniform vertices (v;);cs are independent of everything else, and where
we take care of the other probability in the second line in the same manner as the first
term on the right-hand side of (5.10). We now use Theorem 3.2 to bound p>4 > (60 + & )y 4=
exp(—dlog (8 + &)) for any £ > 0 and d sufficiently large. Since ¢; < 1/log6 for all i € [k],
it thus follows that for & and »n sufficiently small, n~U=m = o(p=>g;) for all i € [k]. Hence, the
final line of (5.11) is o( ]_[le P>q;)- In (5.10), we thus find that

k
P (Z,(vi) = di. i € [k]) < (1 + o) [ [ p2a-

i=1

Combined with (5.9), this proves (5.8) and thus the desired result.

To extend the proof to ¢; € [1/1log6, 8/(0 — 1)), we observe that the lower bound in (5.9)
is still valid when we choose ¢ sufficiently close to p so that n*~¢ <nexp(—(1 — 0~N(d; +
1)) still holds for all i € [k]—to be more precise, when we let & € (c(1 —6~1) — (1 — ), w),
where ¢ € (max;ek) ¢;, 0/(0 — 1)). The upper bound, however, no longer suffices, since the
error terms on the right-hand side of (5.11) no longer decay sufficiently fast. Instead, we require
Condition C3 of Assumption 2.1. With this condition and since ¢; < 6/(0 — 1) for all i € [k],
we can apply Proposition 3.1. This yields

k
P (Z2,(v) = di. i € (k) = (1 + o) [ [ p2a:

i=1

Combined with (5.7), this implies the same result.

Using Remark A.1(i)—(ii) (together with Proposition 3.1 for the case c¢; € [1/log 6, 6/(6 —
1)) for all i € [k]), a similar result can be proved when conditioning on the event {Z,(v;) =
d;, i € [k]}, as claimed in Remark 2.5. O

https://doi.org/10.1017/apr.2023.52 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2023.52

894 B. LODEWIJKS

Proof of Theorem 2.3 subject to Proposition 5.2. As discussed before (5.2), it suffices to
prove the weak convergence of MP") to MP¢ along subsequences (n;);en such that Enj =
e €[0, 1] as j — oo. In turn, this is implied by the convergence of the FDDs, i.e., by the joint
convergence of the counting measures in (5.3).

We recall that the points P; in the definition of the variables X;(B), X>;(B) in (5.2) are
the points of the Poisson point process P with intensity measure A(x):= gof *log6 dx in
decreasing order. As a result, as the random variables (M;);cn are i.i.d. and also independent
of P, we have X;(B) ~ Poi(;(B)), X>;(B) ~ Poi((1 — 6~1)~11;(B)), where

2i(B) =qo(1 =0~ 7T ®(B) = go(1 — 0~ o7 P (M € B) .

We also recall that (n¢)¢en is a subsequence such that ¢,, — ¢ as £ — oo. We now take
ce(1/logh, 0/ — 1)) and for any K € N consider any fixed non-decreasing integer sequence
(okerk)- It follows from the choice of ¢ and the fact that the j; are fixed with respect to
n that j; +logy n=w(1) and that jx + logy n < clogn for all large n. Moreover, let K’ :=
min{k : jx+1 = jx} and let (Bp)ie[x] be a sequence of sets in B(R) such that By N B, = & when
Jr=Jjeand k # £.

We obtain from Proposition 5.2 that, for any (ci)ie[k] € Ng, and since ji,...,jx are
fixed,

/

K K K K
LH;OE[ (%i@o), TI (??iji)@k))cj:ﬂk}f [T @—o= e

=1 k=K'+1 k=1 =k'41

>~

/

-2 1 (sam0),, T (o), |

k= K
=1 k=K'+1

where the last step follows from the independence property of (marked) Poisson point pro-
cesses and the choice of the sequences (jk, B )ke[k]. The method of moments [10, Section 6.1]
then concludes the proof. O

6. Proof of intermediate results

In this section we prove the intermediate results introduced in Section 5 that were used to
prove some of the main results presented in Section 2. We start by proving Lemmas 5.1 and 5.2
(subject to Proposition 5.1) and finally prove Proposition 5.1, which requires the most work
and hence is deferred to the end of the section.

Proof of Lemma 5.1 subject to Proposition 5.1. Fix e € 0V (c(1—07") — (1 — ), p).
We note that such an ¢ exists, since ¢ <6/(6 —1). We start with the first implication. By
Theorem 2.1 and a union bound we have

P (max Zn (i) > d,,) <P (I_Il[a)]( Zu()>dy, I, > n"_‘g) +P (In < n"_g)
eln

i€[n]

5[?( max Zn(i)zdn)—l-o(l) 6.1)

nt—¢<i<n
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< Y PEud)=dy)+o(l)

i=[nt—¢]
=nP (Z,(v1) = dp, vi >n""°) +o(1),

where vy is a vertex selected uniformly at random from [n]. We now apply Proposition 5.1 with
k=1,d| =d,, £; =n"¢ (we observe that, since ¢ < u and by the bound on d,,, the conditions
in Proposition 5.1 for £; and d; are satisfied) to obtain the upper bound

dy
w w
P Z)>dy ) <nE | [ ———— ) Pylx<(1+-—"—)log@!~#*e
({16131)]( (i) > n)_n (G—I—i—W) W( _( +0_1) og(n ))

(I+o(1)) + o(1),

where X ~ Gamma(d + 1, 1). We can simply bound the conditional probability from above by
one, so that the assumption yields the desired implication.

For the second implication, we use the Chung-Erdos inequality. If we let vq, v» be two
vertices selected uniformly at random without replacement from [n] and set A; ,, := {Z,(i) >
d,}, then

2
) - (Z?=[n/‘—€] P (Ai,n) )
= Z?,j:f"”fﬂ P (Ai,n ﬂAj,n)
(6.2)
As in (6.1), we can write the numerator as (nP(Z,(v1) > d,,, vi > n*~%))2. The denominator
can be written as

P ({2&7]( Zn(l) z dn) =P (U?:lAi,n) >P (U?:[nuqui,n

n n
Yo PAnNAL)+ D Pl =nmn— DP (2,00 = dy, vi = 0" i€ (1,2))
ij=[n"=* i=[nH=e]
i#]
+ nlP (Zn(Vl) >dy,v1 = nu—g) .

By applying Proposition 5.1 to the right-hand side, we find that it equals
(WP (Z,(01) = ds v1 = 7)) (1 + 0(1)) + 1P (Z,(v1) = dy, v1 > ") .
It follows that the right-hand side of (6.2) equals

7P (Z,(v1) = dy, v = nh*)
P (Z,(v1) = dy, vi = nb=2) (1 + (1) + 1

It thus suffices to prove that the implication

dn
. w . _
g, B (m) =00 = lim nP (Z,0) 2 dp v 20" ) =00 (63)

holds to conclude the proof. Again using Proposition 5.1, we have that
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P (Zn(vl) >dy, vi > nu_g)

dy
w v w 1—p+e
>E <—9—1+W> PW<X§<1+—9_1>log(n )) (1+o(1)),

where X ~ Gamma(d + [d'/*] + 1, 1). Hence, it follows from Lemma A.2 in the appendix and
the choice of ¢ that

dy
w
P(Z, >dy,vi>n* ) >nE | | ———— 1 —o(1)),
nP (Z,(v1) = dy, vi =n*"%) >n (9—1+W> (I —o(1))

which implies (6.3) as desired and concludes the proof. U

Proof of Proposition 5.2 subject to Proposition 5.1. Recall that c € (0, 8/(6 — 1)); that u =
1 - —1)/(0logH), o2=1—(0—1)%/(6> log 0); and that we have a non-decreasing inte-
ger sequence (i)kerx] With K’ = min{k : jx11 =jk} such that j; + logg n = (1), jx +logg n <
clogn, as well as a sequence (By)re[x] such that By € B(R) and Bx N By = @ when ji = j, and
k # €. Then let (cx)re[k] € N(I)( and set M := Zszl cyand M’ := ZkK;l Ck.

We define d = (d;)icim) € ZM and A = (A))ieppr) € BR)M as follows. For each i € [M], find
the unique k € [K] such that le;% cp<i< Z’gzl ce,and setd; := [logy n] + ji, A := Bi. We
note that this construction implies that the first c;-many d; and A; equal |logy n] +j; and By,
respectively, that the next c;-many d; and A; equal |logy n] 4 j> and B;, respectively, etc.
Moreover, we let (v;)ic[m) be M vertices selected uniformly at random without replacement
from [n]. We then define the events

logvi — (logn—(1—6"")d;
L= | vz logn—( ))eAi,ie[M]},

V(1 =671,

DyM', M) := (Z,(vi)=d;, i € [M'], Z,(vj) = dj, M' <j <M},

E4(8) := {Z,(vi) = di + Lyjesy, i € [M]).

We know from [1, Lemma 5.1] that by the inclusion—exclusion principle,

M/
P (DM M) =D D (~D/P(£(9),
J=0 scm’y:
ISI=/
so that intersecting the event £ ; in the probabilities on both sides yields

M/

P(DyM' . M)NLiz =Y > (“IYP(ExHNL;;) (6.4)
=0 S%[‘M{]:
=J

We define £4:R— (0, 00) by £4(x):= exp(logn— (1 —0~d +x/(1 —0-1)2d), xeR,
abuse this notation to also write £4(A) := {£4(x) : x € A} for A C R, and note that L'A, a={vie
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£4.(A}), i € [M]}. We also observe, since d; diverges with n for all i € [M], that Zdi+]1(ies} x) =
£4,(x(1 4+ o(1))) for any i € [M] and x € R. This can be extended to the sets (A;);cy] rather than
x € R as well. As a result, we can use Corollary A.1 in the appendix (with the observations
made in Remark A.1) to then obtain

M
P(E4(5) N L 2(5)) = (1 +o(1) [ [ qob~“F i d(Ay)

i=1
, M
= (1+o())gy 0~ 2= 4 [T o).
i=1
Using this in (6.4) we arrive at

/

M M
P (Dy(M', M)N L 7) = (1 + o(1)q}'0~ T di [Tew@nd > (-1ye
=l 7=0 scim'):

Sl=j (6.5)

M
= (1 +o(D)ghfo~ T4 — o~ )M [T @,
i=1
where the 1 4 o(1) and the product on the right-hand side are independent of S and j and can
therefore be taken out of the double sum. Now, recall the definition of the variables X;")(B),
X;’?(B) as in (5.2). Combining (6.4) and (6.5), we arrive at

<

K
E[ (X},f’)(Bk))Ck I1 (Xgli(Bk))Cki|=(n)MIP (Dy(M', M) L;5)
k=1 k=K'+1

M
~ gitoM oz n-Sidiy o=y TT o4,
i=1
(6.6)
since My :=nn—1)---(n—M —1)) =1+ o(1))nM, and where we recall that a, ~ b,
denotes lim,,_, o @, /b, = 1. We now recall that there are exactly cx-many d; and A; that equal
[log, n] + jx and By, respectively, for each k € [K], and that j Kl == Jk, so that

M K
[Je@n=]] B
i=1 k=1

M /

K K
Mloggn—M' =Y di=— Gi+1—edex— Y (jx —ene,

i=1 k=1 k=K'+1

which, combined with (6.6), finally yields
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K K i d
E[]‘[ (X};’)<Bk>> I1 (X;’j?k(Bk)) }= (14 o() [ ] (qo(1 =0~ HoFetend(B)) ™
k=1 Ck k=K'+1 Ck k=1
K
<[] (q007%* 0(B)™
k=K'+1
To prove the second result, we observe that for ji, . .., jx = o(y/logn),

logvi —(logn— (1 —6""d;) _ logv; — pulogn

JA =612 S —od)logn

Hence, the same steps as above can be applied to the random variables )?;n)(B), )?(Z';.)(B) to
obtain the desired result. O

(14 o(1)) + o(1).

Finally, we prove Proposition 5.1. This result extends and improves Proposition 3.1 and [7,
Lemma 5.10], which one could think of as an analogous result with ¢; = n® for all i € [k] and
some ¢ > () small. We split the proof of the proposition into three main parts. We first prove
an upper bound for (5.4), then prove a matching lower bound for (5.4) (up to error terms), and
finally prove (5.5).

Proof of Proposition 5.1, Equation (5.4), upper bound. We assume without loss of general-

ity that £1, . . ., ¢ are integer-valued. (If they are not, we can use [£17, ..., [£x], which yields
the same result.) By first conditioning on the value of vy, ..., v, we obtain
n
B (Zu(v) =divvi> i i€ k) = Z Z Y PZGy=d.iclk]).
]1 =01+1 jo=lr+1 Je=tl+1
J2#N JkFETk=150-4J1

If we let Py be the set of all permutations on [k], we can write the sums on the right-hand
side as

n n

(n) > Z > > P (Z,Gi)=diic[k]). (6.7)

7 €Py jr()y=Lx(1) Jn2)=Urx2)Viz(1)+1 Jro=Wa (k) Vir—1))+1

To prove an upper bound for this expression, we first consider the identity permutation, i.e.
(i) =i for all i € [k], and take

n

()kZ S Y PEr=diicl). (6.8)

J1=L1 j2=(l2Vj1)+1 Je=Vjk—1)+1

One can think of this as all realisations v; =jj, i € [k], where j; <j» < ... < and j; > ¢; for
all i € [k]. (Later on we will discuss what changes when one uses other choices of = € P in
(6.7).) Let us introduce the event

J
E) = { Y Wee(@ - GEIWL. (1 +GE W), Yo" <j<nt.  (69)
=1
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where ¢, = n_‘s"/E [W] for some & € (0, 1/2) and where we recall that n" is a lower bound
for all ¢;, i € [k], with n € (0, 1). It follows from Lemma 3.1 that ]P’((E;ll))") =o(n~Y) for any
y > 0. We can hence bound (6.8) from above, for any y > 0, by

- Z Z E[Pw (Zu(e) =me, € € [k]) 1]+ o). (6.10)

=l jr=CVjk-1+1

()

Now, to express the first term in (6.10) we introduce the ordered indices j; <mj; <... <
mg; i < n, i € [k], which denote the steps at which vertex j; increases its degree by one. Note
that for every i € [k] these indices are distinct by definition, but we also require that m; ; # m;
for any distinct i, h € [k], s € [d;], t € [d}] (equality is allowed only when i =k and s = ). We
denote this constraint by adding an asterisk * to the summation symbol. If we also define
Jk+1 := n, we can write the first term in (6.10) as

k

TP D M 1) o

=ty je=Vijk-D+1 ji<myi<..<mg;i<n, t=1s5= IZ
ielk]

Jut1 u
Ze:l sz
X 1_[ H (1 T el W ]lE,(,”
u=1 s=ju+1 =1 "¢
s#Em; ;,teld;],ielk]

We then include the terms where s =m; ; for i € [d;], t € [k] in the second double product. To
do this, we need to change the first double product to

k d; k d;

Wi
l_[l_[ m”—l ]kt <Hl_[ mJ, ljt

=1 s= 12 @_ZZ=] WieLim, >jey =1 5= 12

that is, we subtract the vertex-weight W, in the numerator when the vertex j; has already been
introduced by step m; ;. In the upper bound we use that the weights are bounded from above
by one. We thus arrive at the upper bound

PRI M 1

1=ty k= Vjk—1)+1 ji<myi<..<mg;i<n, L =1 s=1 Z
i€lk]

k’

—k
6.11)

Jut1
Xl_[ 1_[ < ZZ IWE>1E7(1]):|.

u=1 s=j,+1 Z 1

For ease of writing, for now we consider only the inner sum, until we actually intend to sum

over the indices ji, . . ., ji later on in (6.16). We use the bounds from the event Eﬁ,l) defined in
(6.9) to bound

m.v,lfl s—1
Y WezOmy = DEIWIA =&, ) We<sEIWI(+).
=1 =1
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For n sufficiently large, we observe that (ms, — DE [W] (1 — &) — k> mg E [W] (1 —2¢&),
which yields the upper bound

! ¥ o~ e ?:1 Wj/z 1
() . 2 Hl—[m [E[W](I—Zg“)l_[ H( sIE[W](1+§n)> ED |

Ji<my <. -<mg; i<n, =1 s=j,+1

i€[k]

We can now bound the indicator from above by one. Moreover, relabelling the vertex-weights
W;, to W, for ¢ € [k] does not change the distribution of the terms within the expected value, so
that the expected value remains unchanged. We thus arrive at the upper bound

S D1l 11 (- 50|
D e mE[W](l—zm AT SsEwIaE
i€lk]

(6.12)
We bound the final product from above by

Ju+1 u Jut1 u
l_[ (1 - M) < exp(— 1 Z =1 WE)
SE[WI(+ &) E[WI(+¢,) s=nt 1 s

s=jutl
1 . ju+l
b NS Wtoef e (6.13)
Sexp( SIETAP I °g<ju+1>>

i1\~ Zi=t We/BIWIA+G))
B (ju ¥ 1) :

As the weights are almost surely bounded by one, we thus find

’ﬁ (1_ Yo Wi ) <<ju+1>—2e=. We/EIWI(1+E0) <1+ l>k/(IE[WJ<1+¢n)>
SE[W](1+§n) - Ju Ju

s=jut+l
; = Xl We/(BIWI(1+20))
=<J”.+l) (1+o(1)).
Ju
Using this upper bound in (6.12) and setting
4
t ! t e [k],

TEWIA+4)

we obtain

o, 2, A

],<m1,< <mg; i<n,L t=1

; - Z?:l az
(’”.“) }(1+O(1))
Ju
i€[k]

_ vk k d
1 * 1+¢, D=1 d o F
~ 2 (1_2;,) E[H(%"Wn) Hm )}(1+o(1)),

Ji<myj<..<mgi<n, =1 s=1 "%t
iclk]

d,
1d; 1+ Cn
o 2zn)>

s=1

(6.14)
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where in the last step we recall that ji4| = n. Since d; < clogn for all t € [k], j; > £, > n"! for
all t € [k], and ¢, = n=on /E [W], it readily follows that

k /
1+Cn _Zl=1 dt_ d, jt ar_ W[ d; jt W[/E[W]
(1—2¢n> —lreh.and e (5) _(E[W]> (2) (1o
(6.15)

We can thus omit the first term from (6.14) as well as use a, := W,/E [W] instead of g; at the
cost of an additional 1 + o(1) term. So we obtain

k d;
1 * . 1
= > E[ [1 (af"(/t/m“f I1 —)}(1 +o(1)).
n kj;<m1.,-<..‘<md,.,,-§n, =1 s=1 Ms.1

i€lk]

We then bound this from above even further by no longer constraining the indices m; ; to
be distinct (so that the * in the sum is omitted). That is, for different ¢1, #; € [k], we allow
My, 1, = Mg, 1, to hold for any s1 € [dy, ], s2 € [dy,]. This also allows us to interchange the sum
and the first product. We bound the sums from above by multiple integrals, which yields

gt [t [ [ T

t]tsl

,,1 dxg, ;. . .dxl,,] (1 + o(1)).

Applying Lemma 3.2 with a = j;, b = n, we then obtain

[l_[( / )—a,(al‘log( /]t)) }(1_}_0(1))

Reintroducing the sums over the indices ji, ..., jr (which were omitted after (6.11)), we
arrive at

()k Yoy [l_[< oo i8I ’log("/]’)) }(H o). (616)

=t jr=kVjk-1)+1 =1

We observe that switching the order of the indices ji, ..., ji (and their respective bounds
L1, ..., L) achieves the same result as permuting the dy, . .., dy and ay, . . ., ar. Hence, if we
take any 7 € Py, then as in (6.7) and (6.10),

n n n
1

w2 > Y E[Pw@EGn=diici) ]

Jr()=Lx(1) Jr@)=Ux@)Viz()+]1 jry=Crk)Viz@-1))+1

n n

dr

Jr)y=Cr 1) Jxy=Cr k) Vizk-1))+1 t=1

As a result, reintroducing the sum over all & € Py, we arrive at
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n n

(n) » Z > Y E[Pw@EGn=diiclkD 1]

7 €Pk jn()y=Lx(1) Jn2)=Uz@)Viz()+1 jry=Crni) Vizk-1))+1

n

1 " (a; 1o (n ))d
GEX X X [ Tongior @B @l | o
L ePriry=tatirtr=Cao Ving-1)H 1=1

= E Z > Z ]_[(/)“’(a’log(!/]’))' (1+o(1).

J1=01+1 jo=tr+1 Jk—ek+1 t=1
RAE JkFk-1,.

We now bound these sums from above by allowing each index j; to take any value in {¢; +
., n} for all i € [k], independent of the values of the other indices. Moreover, since the

weights Wp, ..., W, and hence ay, . . ., ai, are independent, this yields the upper bound
: (ar 1o (n/ )%
[1E Z (/)= =S (14 o(1), (6.17)
=1 ={+1

so that we can now deal with each sum independently instead of k sums at the same time.
First, we note that (n/j;)%(log (n/jt))df is increasing on (0, nexp(—d;/a;)), maximised at
nexp(—d;/a;), and decreasing on (nexp(—d;/a;), n] for all ¢ € [k]. To provide the optimal
bound, we want to know whether this maximum is attained in [¢; + 1, n] or not—that is,
whether n exp(—d;/a;) € [£; 4+ 1, n] or not. To this end, we let

¢y := lim sup t e [k],

oo logn’
and consider two cases:
(1) ¢ €[0,1/(0 — D], t € [X].
@) cre1/@ = 1), ). te[K].

Clearly, when ¢ < 1/(0 — 1) the second case can be omitted, so that without loss of gener-
ality we can assume ¢ > 1/(8 — 1). In the second case, it directly follows that the maximum is
almost surely attained at

nexp(—dy/ay) < nexp(—c;logn(® — (1 + o(1))) =n' @D+ = (1),

so that the summand (n/j;)~% (a; log (n/j;))* is almost surely decreasing in j, when ¢; < j, < n.
In the first case, such a conclusion cannot be made in general and depends on the precise value
of W;. Therefore, the first case requires a more involved approach. We first assume Case (1)
holds and discuss what simplifications can be made when Case 2 holds afterwards. In Case (1),
we use Lemma A.4 to bound each sum from above by

d, n d
Z - (ar log (n/],)) ( Ty (as log ;T/xf)) dx, + % .
t-

={,+1
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Here, we use that the summand is at most one, since

o\ Gt lo i)

<J_t) (a; gd("l/./t)) — Py (Poi(as, j,) = dy) < 1, (6.18)
n 1.

irrespective of a; € (0, 0o) and j; € N, and where Poi(a;, j;) is a Poisson random variable with
rate a;log (n/j;), conditionally on W;. In Case (2), the summand on the left-hand side is
decreasing in j;, so that we arrive at an upper bound without the additional error term 1/n.
Using a substitution y; := log (n/x;), we obtain

d
| A @l gy, o )
(1 +apdtl [y d;! Y : "

(6.19)
dy
a;

1
(1 + at)dt_'_l W( < Og (n/gt)) + n7

where, conditionally on W;, Y; ~ Gamma(d; + 1, 1 + a;). We recall that we redefined a; :=
W:/E [W] = W;/(@ — 1). Since X; := (1 + W;/(@ — 1))Y; ~ Gamma(d; + 1, 1), we obtain

-1 Wi dt]P X< (142 )1 (n/t,) + 1 (6.20)
< (0] n —. .
b—1+wl\o—1+w, /) "\ O—1) BV )T

Using this in (6.17), we arrive at an upper bound of the form

fs[ o= W N Bt < (14— Viogaen) + L | d 4oy
o—1+wlo—1+w) "% (CE) ") ’

=1

where we recall that in each term of the product, the additive term 1/n is present only when
d, satisfies Case (1) and can be omitted when d; satisfies Case (2). Moreover, we have omitted
the indices of the weights, as they are all i.i.d. By Lemma A.3 in the appendix, the term 1/n
can be included in the o(1) in the square brackets when d; satisfies Case (1). Thus, we finally
obtain

k d,
0—1 w ! w
EE[9—1+W<9—1+W> Pw(xt<(1+m> log<n/zt>>}(1+o(1», (6:21)

as desired. This concludes the upper bound for the first term in (6.10). Since we can choose
y arbitrarily large in the second term in (6.10), we can use the same argument as in
Lemma A.3 ((A.33) through (A.36) in particular), but now using that d; <clogn <6/(6 —
1) log n, to obtain that the second term in (6.10) can be included in the o(1) term of the final
expression of the upper bound, as well in both Case (1) and Case (2), which concludes the
proof of the upper bound. (|

We now provide a lower bound for (5.4), which uses many of the definitions and steps
provided in the proof for the upper bound.

Proof of Proposition 5.1, Equation (5.4), lower bound. We define the event

J
EY = { Y Wee@IWI( = &), EIWI A+ g)), ¥ n" fjfn}.
£=k+1
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We then again have (6.7) and start by considering the identity permutation, (i) =i for all
i € [k], as in (6.8), by omitting the second term in (6.10), and using the event Eﬁ,z) instead of
Ef,l). This yields the lower bound

n n

1
— > .. ) EPw(Z(o)=me LKD) L]

(2 =+l k=l Vjk-1)+1

n n k d;

e ADINEDS N

k =+l k= Vjg—1)+1 ji<mii<..<mg; i<n, t=1 s=1 Z
i€[k]

Jut1 Zu W
=1 ""Je
x H l_[ <1 T el W )]IE,(P
s=ju+1 =1 "¢
S#mz: teld;],ie[k]

We omit the constraint s # my ;, £ € [d;], i € [k] in the final product. As this introduces more
multiplicative terms smaller than one, we obtain a lower bound. Then, in the two denominators,
we bound the vertex-weights Wj,, ..., W, from above by one and below by zero, respectively,
to obtain a lower bound

Ji=b+1 =k Vjk-1)+1 ji<m|,,~<...<md[,,,§n t=1 s=1 Z WfI]‘ (€A telkl} +k

ielk]
Ju+t1 u
Ze:l Vij
10

w=1 s=jy+1 =1 Weliez, rein)

As a result, we can now swap the labels of W, and W, for each ¢ € [k], which again does not
change the expected value, but changes the value of the two denominators to ZZL’( aWet+
k and ZZZ,’( +1 W, respectively. After this we use the bounds in Efzz) on these sums in the
expected value to obtain a lower bound. Finally, we note that the (relabelled) weights W;,

t € [k], are independent of Eﬁ,z), so that we can take the indicator out of the expected value.
Combining all of the above steps, we arrive at the lower bound

n n k

1 . W, \di 1
w2 2 2 E[H(E[W]) gms,t(wzm

A=+l k= NVje—1)+1 ji<mii<..<mg; ;<n, =1

i€lk]
(6.22)
xl_[ ]ﬁ ( =1 We ) P(ED),
AL UT =R a =) [

The 1+ 2¢, in the fraction on the first line arises from the fact that, for n sufficiently large,
(ms.s — D1+ £4) + k < myg (1 + 2Z,). Tt follows from Lemma 3.1 that P(ES) =1 — o(n™7)
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for any y > 0. Similarly to the calculations in (6.13) and using log (I —x) > —x — x? for x
small, we obtain an almost sure lower bound for the final product, for n sufficiently large, of

the form

Jut1 u . = D021 We/EIWI(1—2a))

I <1 - EEH Wf ) > (’“.“) (1 —o(1)).
it (s—DE[WIA —¢,) Ju

Using this in (6.22) yields the lower bound

1 " —&n K d k (] dy 1
TR S ST ¢ =) e D EC R 1P

J1=b+1 jr=kVjk-1)+1 J,<m1,< <mg; i<n, =1 s=1
i€lk]

where @, := W;/(E[W] (1 — ¢,)). Since d; <clogn and j; > £; > n" for all t € [k], and ¢, =
n~"% /E [W] for some § € (0, 1/2), we have as in (6.15) that

<11;2§;n>2f1d’=1—o(1), and a,’(Jl;) = d'(]’) (1= o(1)),

where a; := W;/IE [W]. This yields

* k ] d

1

DI SR W ) ETON

/1 =641 je=CeVjk-+1 Ji<myi<...<mgi<nL =1 5=
i€[k]

myg ¢

}(1 —o(1)).

We now bound the sum over the indices m; ; from below. We note that the expression in the
expected value is decreasing in m ;, and we restrict the range of the indices to j; + ZI; 14 <
my,; <...<lIg,; <nforallie [k], but no longer constrain the indices to be distinct (so that we

can drop the * in the sum). In the distinct sums and the suggested lower bound, the numbers of
values the m ; take on equal

ﬁ(n—(fi—l)_ i;idz) nd l_[< —Gi—-1- Zledt)
d; ’

i=1

respectively. It is straightforward to see that the former allows for more possibilities than the
latter, as (°) > (%) when b > a > c. As we omit the largest values of the expected value (since
it decreases in my ; and we omit the smallest values of m; ;), we thus arrive at the lower bound

* dy (Jr\* amyy

X X > el [1a ()" 15,

8,1

11—51+1Jk (CkVjk-1)+1 ],+Z | di<myi<..<mg; ;i<n, ’
ie[k]

nZtldfnZtld’ k
|: i|(1 —o(1)),

t=1 s=1

where we also restrict the upper range of the indices of the outer sums, as otherwise there would
be a contribution of zero from these values of ji, ..., jx. We now use techniques similar to
those used for the proof of the upper bound to switch from summation to integration. However,
because of the altered bounds on the range of the indices over which we sum and the fact that
we require lower bounds rather than upper bounds, we face some more technicalities.
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For now, we omit the expected value and focus on the terms

"—Zr vdi n=Y di k . ds
d; (Jt\%
IR > [Ta(3) T1
n
]1—51+1jk CVi=DFL ji b 5K dwmy <. <mg, i<n, =1 s=1
i€[k]

(6.23)

Mgt

We start by restricting the upper bound on the k outer sums to n — 22?:1 d;. This will

prove useful later. We set iy := Zi‘:l d; and bound the inner sum over the indices m; ; from
below by

2

Jithe<myi<.. .<mg; i<n, 1= 1s5=1
i€[k]

k d;

f / / Hx” dxdt dxl,t.
Jit1+he Jxp +1 Xgp—1,+1 ¢

Applying Lemma 3.2 with a =j; + 1 + hy and b = n, and using that j, <n — 2h (recall that
we restricted the upper bound on the outer sums in (6.23) to n — 2hy), yields the lower bound

45 (o))

Substituting this in (6.23) with the restriction on the outer sum discussed after (6.23) yields

n— 22  din— ZZ 1di &

X 2 H(”) ( g(%))d (6.24)

K =41 = e+ 1=1 Je+ 23 i di

To simplify the summation over j, . . ., jk, we write the summand as

k k ar dr d, a

"a n ! 2 g d; !
| |<<jt+2 E di)/n) —t'(log<—. & )) (1 =1 > .
t=1 i=1 dr: Jt"‘ZZi_—ldi Jz+22, 1d

Using that d; < clogn, j; > £; > n", and x* > xV/EWI for x € (0, 1) almost surely, we can write
the last term as (1 — o(1)) almost surely. We then shift the bounds on the range of the sums in
(6.24) by 2 Zl 1 di and let Gii= ;42 Zt_l d, for all i € [k], to obtain the lower bound

Ly oy El—oa))]"[(f;) S tog @i,

11—€1+1J2 GViD+! ji=Crvjk—1)+1

We recall that this lower bound is achieved for the permutation 7 such that 7 (i) =i for all
i € [k]. As the product is invariant to permuting the indices ¢ € [k], we can use this in (6.7) to
obtain
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n n

(n)k Z Z Z o Z P (Z2,Gi)=d;, i € [k])

T €Pk jr()y=Lx(1) Jn2)=Ux2)Viz(1))+1 Jr=WLx (k) Vir—1)+1

1 n n k a1 (6.25)
Jt\ % . wd
= 2 Z - Y a-a[]E [(;) J@rog (i) ]
Ji=0+1 jp=0r+1 Je=t+1 =1
RF#N JEFT s eesk=1
We now want to allow for the indices ji, . . . , jx to have the same value. This way, we can more
easily evaluate the sums. To do this, we distinguish between two cases in terms of the sizes of
di, ..., dy,namely Case (1) and Case (2). In Case (1), we subtract all terms where two or more
indices have the same value to avoid creating an upper bound. That is, we write the multiple

sums as

Z Z Z (1—o<1>>]_[ﬂ<:[({;) —!(atlog(n/jf»df}

/1 =01+1 jp=lr+1 Je=te+1

au (ay log (n/j;)) Jis\ds (ag log (n/js))*
()kZZZ > OYE [ (%) e R T (2" e

m=2 SC[k] ieS ji= g +1]Y_g +1 ues selk]\S
[S]=m se[k]\S

Here, the * in the final sum on the second line indicates that the indices j; with s € [k]\S
are not allowed to have the same value, nor to be equal to j; for any i € S. The error term
on the second line can be bounded from below by bounding the multiple sums from above,
following an approach equivalent to that used in the proof of the upper bound. By (6.18) we
can omit all terms u # i in the product over u € S, as they can be bounded from above by one.
Furthermore, we can omit the * in the final sum to obtain an upper bound, so that all indices
Jji and jg, s € [k]\S, can be equal in value. Finally, let us write S; := S\{i}. It then follows from
(6.17)—(6.21) that the error term is at least

Z1+o(1)ZZ e [ HW(e_YVJrW)drpW(X,s<1+9‘f1)1og(n/2,)>}

SClk] ieS te[k]\S;
|Sl=m

61 W\ W _
_Can 121_[ |: 1+W(9—1+W> IP’W(Xti(1-1—9_1)log(n/ﬂz)>],

m=2 s'clklees’
|S|=k—(m—1)

for some large constant C > 0. It remains to take care of the main term,

Ly vy (1—o<1>>1_[1E[( )%(a,log(n/jz))"f]

]1 =01+1 jo=Cr+1 Je=lk+1
(6.26)

n

k \a
1 AN NV

={;+1

We bound each sum from below by an integral, similarly to the proof of the upper bound. We
again consider the two cases used in the upper bound, Case (1) and Case (2). In Case (2), the
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summand is decreasing in j; and hence we can replace the sum by an integral from ¢, to n. In
Case (1), we use Lemma A.4 and (6.18) to obtain the lower bound

1 & (i \“1 o T\ 1 4 1
= Y 7)) H@logmin® = | (=) —(arlog(n/x)® dy — —.
A~ n/) d! 7, \n dy! n

Ji=41

The same steps as in (6.19) and (6.20) yield that this equals

o1 Wi d[IP’ X, <1+ Wi ), 7)
9—1+WZ<9—1+W,> W<’<< = ))Og("/’>

Using this in (6.26) and combining it with the bound for the error term, we arrive at the final
lower bound

k d,
0—1 W, ! W,
IJE|:9—1+WI<0—1+WI> Pw<xt<(1+( 1))log(n/e,)) }(1—0(1»

koo 01 W d; W
_CZ = 121_[ [9—1+W(9—1+W> ]P’W<Xz5<1+9—)log(n/€t))].

m=2 s clkes’
[S|=k—(m—1)

We can replace Z, with ¢; at the cost of a 1 — o(1) term, since log (n/z,) =log (n/€;) —o(1). It
then follows from Lemma A.3 that both the 1/n term on the first line and that of the second
line can be incorporated into the 1 — o(1) term.

In Case (2), we know that the summand in (6.25) is decreasing in j; for all ¢ € [k]. Hence,
we can omit the smallest values of jj, . . ., ji to obtain a lower bound. This yields

Z Z Z a —o(l))l"[E [(n) i 1og<n/j,)>df]

jl =0+1jp=0+2  ji=letk

which can be evaluated in the same manner as in Case (1) to yield the lower bound

ﬁE o1 < Wi )dtpw<x<<1+ il >log(n/(€ —I—(t—l)))> (I=o(1))
O—1+W,\0—1+W, t ©-1 t .

t=1

Again, since log (n/(¢; + (t — 1)) = log (n/£;) — o(1) for each t € [k], we can replace ¥y + (1 —
1) with ¢; for each t € [k] at the cost of a 1 — o(1) term. We thus conclude that

P(Z,(v)) =d;, vi > £, i € [k])

w g w
> (1 —0(1))]_[ [ 1+W<9 — w> IP’W(Xt < (1 + m) 1og(n/z,)) ,

which concludes the proof of the lower bound. U

We observe that the combination of the upper and lower bounds proves (5.4). What remains
is to prove (5.5).

Proof of Proposition 5.1, Equation (5.5). We prove the two bounds in (5.5) by using (5.4).
We assume that d; diverges with n, and we note that if

di<clogn and ¢ <nexp(—(1—&)(1—6"")d;+ 1))
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for any & € (0, 1) and for all sufficiently large n, then for any j € [Ldil/ 4]], it also holds that
di+j<c'logn, and ¢ <nexp(—(1—&)1—0""d;+j+ 1)),

for any & € (0, 1) and for all sufficiently large n as well, where we can choose ¢’ € (¢, /(0 —
1)) arbitrarily close to c. As a result, we can write

P(Z,(v;)) > d;, vi > £;, i € [k])

a+ld)t) derlg))
< Y e Y P(Za)=jivi> b i €[K])
J1=dy Jrk=dx

k
+ Y P (20 zdi+ (4, Za0) 2 dy i £, v > i€ [K]).
t=1

We first provide an upper bound for the multiple sums on the first line. By (5.4), this equals

di+ld)t) drld)t)

_ W Ji w
> Z(l—}-o(l))nE[ 1+W<0—1+W> IP’W< (1+9>10g(n/€)>:|

J1=d, Jk=dx

where we write X, ~ Gamma(j; + 1, 1) instead of X; to explicitly state the dependence on j;. If
Xj, ~ Gammag(j; + 1, 1) and Xj/_ ~ Gamma(j; + 1, 1), then Xj; stochastically dominates Xj/_ when

Jji > ji. Hence, we obtain the upper bound

Ji
Z Z(1+0(1))H [ 1+W(9_YV+W>IF’W<X,.<<1+%>log(n/£i)>:|

J1=dy jx=dy

k d;
w ! w
=(1+0(1))HE [(m) ]PW<X1'< <1+9—) log (n/¢; )>:|
= (6.27)

where we note that X; = X, by the definition of X; and Xy;. It thus remains to show that

k
P (z ) =d+[d™M, Z,0) > di i £t vi> i € [k]) (6.28)
1

=

is negligible compared to (6.27). We show this holds for each term in the sum, and since all d;,
i € [k], diverge, it suffices to show this holds for # = 1. The in-degrees in the WRT model are
negative quadrant dependent under the conditional probability measure Py . That is, by [12,
Lemma 7.1], for any indices r1, . .., ry € [n], r; #r; when i #,

k
P (Zu(ri) > diy i € [K]) < [ [ Pw(Za(ri) = i) .
i=1

We can thus bound the term with t = 1 in (6.28) from above by
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n n k
T Y ) E[Pw(znm)>d1+rd”“)HPW(Zn(mzdi)}

ji=ti+1 jp=t+1 k=l i=2
2 JkFETk=15 -1

k
<E [Pw(znm) > di+ 1> ) [ Pw(Zav) = di vi > eo} :
i=2

where the last step follows by allowing the indices j; to take on any value between ¢; + 1 and
n, i € [k]. We can now deal with each of these probabilities individually instead of with all the
events at the same time, which makes obtaining an explicit bound for the probability of the
event {Z,(v;) > d;, vi > £;} easier. We claim that, with a very similar approach to that in the
proof of the upper bound for (5.4) (see also the steps (5.47)—(5.51) in the proof of [7, Lemma
5.11] for the case £; =. .. ¢ =n!=¢ for some ¢ € (0, 1)), it can be shown that this expected
value is bounded from above by

w d1+|'d}/4] w
(1 +o(1)E (m) IEDW(XI = (1 + m) log (n/£1)>

di
x HE [(9 0 w) ]P’W(Xi < <1 + %) log (n/ﬁi)>:|

k d:
w ! w
< +o(ne 4 []E [(—) PW( <1+_> log (n/ts )ﬂ
il:! 0—1+W 0

This upper bound can be achieved for each term in (6.28) (with (d]l / 4] changed accordingly),
so that (6.28) is indeed negligible compared to (6.27) and hence can be included in the o(1)
term in (6.27). This proves the upper bound in (5.5).

For a lower bound we directly obtain

a+ld)t] A1)

P(Z,0) = di,vi> b i€l = Y -0 Y P(Z0)=ji,vi> i, i€ [K]).
Ji=di Je=dx

With an approach similar to that used for the upper bound, we can use (5.4) and now bound

the probability from below by replacing X, with X; = X 1/4) instead of Xy, to arrive at the

+1d;
lower bound

di+ld)*] derla)

| .
6—1 W\ 4
> Z(1+0(1))HE|: 1+W<0—1+W> Pw<xj,-<<1+9_1)log<n/ei>>}

J1=di Je=dk

k d; 14}
> (1 +o(1))ﬂE|:<9_K_W) (1 _ (%) )PW(X» - (1 + %) log (n/Ki)):|
(4o [ [(Wﬂbw@ < (14 5 ) oe (n/eo)} ,

i 0—1+W 0—1
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1/4 1/4
where in the last step we use that 1 — (W/(0 — 1 + W))Ldi I>s1-0-ld" 1 =1 o(1) almost
surely, since d; diverges for any i € [k]. This concludes the proof of the lower bound in (5.5)
and hence of Proposition 5.1. (|

7. Extended results for the beta and gamma cases

In this section we discuss two examples of vertex-weight distributions as provided
in Assumption 2.1, for which results similar to those of Theorems 2.2 and 2.3 and
Proposition 5.2 (where the latter two hold for the atom case) can be proved.

Example 7.1. (Beta case.) We consider a random variable W with a beta distribution, i.e. with
a tail distribution as in (2.2) for some «, 8 > 0. We define, for j € Z, B € B(R),

- logi— i1

X"B) = {ie[n]:Zn(i)z llogy 1 — B logy logg n] +j, —or K081 GB} ,
V(1 —0o%)logn

~ logi—plo

XB) = {ie[n]:zn(i)zLloggn—ﬂlogglogeni e EBH
(1—0?%)logn (7.1

en:= (logy n — B log, logy n) — |logy n — B logy logy 1],

L ['(a+B) =18
Ca,B,0 ' = —F(ol) (1—-0"")".

Then we can formulate the following results.

Theorem 7.1. Consider the WRT model, that is, the WRG model as in Definition 2.1 with
m = 1, with vertex-weights (W;)icN which are distributed according to (2.2) for some o, B > 0,
and recall =1+ E [W]. Let vl V2, ... V" be the vertices in the tree in decreasing order of
their in-degree (where ties are split uniformly at random); let d,’; and Efl denote the in-degree
and label of V', respectively; and fix € € [0, 1]. Recall &, from (7.1) and let (nj)jen be a positive,
diverging integer sequence such that e,; — € as j — 0. Finally, let (P;)ieN be the points of the
Poisson point process P on R with intensity measure M(x) = cq,p,00 "~ log6 dx, ordered in
decreasing order; let (M;)icN be a sequence of i.i.d. standard normal random variables, and
define p:=1—(0 —1)/(0log0), 62 := 1 — (0 — 1)>/(6* log 0). Then, as j — o0,

log (ﬁ;;j) — wlogn;
V(1 —0?)logn;

Proposition 7.1. Consider the WRT model, that is, the WRG model as in Definition 2.1
with m =1, with vertex-weights (W;)ic[n) which are distributed according to (2.2) for some
o, B> 0. Recall that 0 := 14+ E[W] and that (x);:= x(x—1)---(x—(k—1)) for xeR,
keN, and (x)o:= 1. Fix K e N; let (jp)ke[k] be a fixed non-decreasing sequence with 0 <
K':= min{k : ji+1 =jk}; let (Bireik] be a sequence of sets By € B(R) such that By N\ By = &
when ji =jo and k # £; and let (ci)ke(k] € N(])( . Recall the random variables )?;")(B), f((;].)(B)
and &y, Co 8,0 from (7.1). Then

i . d .
(d;lj — |logy nj — B logy logy n;], S [nj]> —> (|Pi+¢],M;,ieN).
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- ) K capo(1—07") . *
11 (Xﬂkwk)) =<1+o(1))ﬂ<we "®<Bk>)
Ck k=1

Coa.B.0 k k
| | ——0 8”@ Bk .

k=K'+1

Remark 7.1. A more general result as in Proposition 5.2 holds in this particular exam-
ple as well. However, as only the factorial moments of )N(;")(B), )~((>_”].)(B) are of interest for
Theorem 7.1, these more general results are omitted here.

We note that the beta distribution satisfies Conditions C1, C2, and C3 of Assumption 2.1,
so that this case is already captured by Theorem 2.2. Therefore, we do not need to state an
analogue of this theorem here.

Theorem 7.1 and Proposition 7.1 are the analogues of Theorem 2.3 and Proposition 5.2. As
the proof of the theorem presented here is very similar to the proof of Theorem 2.3 (namely,
using Proposition 7.1 with a subsequence 7; such that Enjs A8 in (7.1), converges to some ¢ €
[0, 1], combined with the method of moments), we omit it here. The proof of the proposition
is very similar to the proof of Proposition 5.2 when using (A.6) from Corollary A.l in the
appendix, and is also omitted.

Example 7.2. (Gamma case.) We consider a random variable W with a tail distribution as in
(2.3) for some be R, c¢; >0, T > 1 such that b <0 when 7 > 1 and bc; <1 when 7 =1 (this
condition is to ensure that the probability density function is non-negative on [0,1)). We define

_p-—1
Cpoyi= —— 1207 Ci= e U002 T HPI( _g=1yl /b2,
’ log 6 cl
(7.2)
c2 1 T Y
Co,c, 1= CO 0T, Koc,,0 = ‘<—> ’
“l AT

and, for j € Z, B € B(R),

X" (B):= {i € [nl: Z,(i) = | logg n — Co.c,/logg n+ (b/2 + 1/4) log, logy n | + .
logi— 1
ogi—plogn BH
V(1 —0o?)logn
X" B):= {ie [n]: Z4()) > | logy n — Co.c,y/logy n+ (b/2 + 1/4) logy logy n| +J, (73)

logi—pul
ogi—pulogn GB}"

V(A —o%)logn
en:= (logg n — Co,c;y/1ogg n+ (b/2 + 1/4) logg log, n)

- |_10g9 n— Cq.¢+/loggn—+(b/2+1/4)log, log, nJ

Then we can formulate the following results.
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Theorem 7.2. Consider the WRT model, that is, the WRG model as in Definition 2.1 with
m =1, with vertex-weights (W;);cny which are distributed according to (2.3) for some b € R,
c1>0, > 1suchthatb <Owhent > 1andbcy <1whent=1,andlety:= 1/(t + 1). Fix
keN, ce(0,0/(0 — 1)), let (d)icx) be k integer-valued sequences that diverge as n — 0o,
such that d; < clogn for all i € [k]; and let (v;)ic[k) be k distinct vertices selected uniformly at
random without replacement from [n]. For t € [1, 2), the tuple

<1og vi — (logn— (1 —0~1)(d; + Ke,q,fd}‘y»>
le[k]’

V(1 =071

conditionally on the event Z,(v;) > d; for all i € [k], converges in distribution to (M;)ie[k],
where the M; are i.i.d. standard normal random variables, and with Ky ¢, ¢ as in (7.2).

Remark 7.2.

(i) We see here that the behaviour of the labels of high-degree vertices is different compared
to Theorem 2.2, where the second-order term Ky ., ’fdl.lfy is not present. This is due to
the exponential decay of the vertex-weight tail distribution near one, which does not
satisfy Condition C2, as discussed in Items (i) and (iii) of Remark 2.3, as well as in the
heuristic arguments in Section 3.

(i1) The statement of the theorem is different from that of Theorem 2.2, as there is no need
to distinguish between two cases. This is due to the fact that the distribution in (2.3)
satisfies Condition C3 and so the two cases can be presented as one.

(iii) When 7 =1, we observe that d[1 7 = /d, so that the tuples contain a constant term.
Hence, the statement in Theorem 7.2 for t = 1 is equivalent to saying that the tuple

(log vi—(logn — (1 — 91)071'))
ie[k],

V(1 =071

conditionally on the event Z,,(v;) > d; for all i € [k], converges in distribution to (M, {)ie[k] s
where the M; are i.i.d. N(—Kg ¢,.1, 1) random variables.

(iv) When t > 2 we expect more higher-order terms to appear, which require a proof with
even more precise and technical estimates and hence are not included here.

In the case that T = 1, we have a precise asymptotic expression for p>4 from Theorem 3.2.
This enables us to derive the following more detailed results.

Theorem 7.3. Consider the WRT model, that is, the WRG model in Definition 2.1 with m =
1, with vertex-weights (W;)ic[n) which are distributed according to (2.3) for v =1 and some
beR, ¢y >0 such that bey < 1. Recall 8 =1+ E [W] and Cq ¢,, co,c;» Ko,¢,,1 from (7.2). Let
vl V2, ..,V be the vertices in the tree in decreasing order of their in-degree (where ties are
split uniformly at random), let d; and Efl denote the in-degree and label of V', respectively, and
fix e € [0, 1]. Recall g, from (7.3) and let (n))jen be a positive, diverging integer sequence such
that &,; — ¢ as j — 00. Finally, let (P;)ien be the points of the Poisson point process P on R
with intensity measure M(x) = cg,¢,0 " log 6 dx, ordered in decreasing order, let (M; g ¢, )icN be
a sequence of i.i.d. N(_KG,cl,l’ 1) random variables, and define pu:= 1 — (0 — 1)/(6 log 9),

https://doi.org/10.1017/apr.2023.52 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2023.52

914 B. LODEWIJKS

o2:=1—(0—1)2/(6log ). Then, as j — oo,

log (Eil.) — plogn;
d Ji€ [nj])

. b 1
d, — | logg nj — Co ¢ +/loggn+ | = + — ) logy logg n; |,
! 2 4 J(1 =02 logn;

d .
—> (l_Pl +SJ7 Mi,e,cl, [AS N)

Proposition 7.2. Consider the WRT model, that is, the WRG model as in Definition 2.1 with
m =1, with vertex-weights (W;)ic[n) which are distributed according to (2.3) for some b e R,
c1 > 0such that bey < 1. Recall that 6 := 1+ E [W] and that (x); :== x(x—1) - - - (x — (k— 1))
forxeR, keN, and (x)o := 1. Fix K € N; let (ji)re[k] be a fixed non-decreasing sequence with
0 <K’ := minf{k: jx+1 =Jjk}; let (Br)kek] be a sequence of sets By € B(R) such that By N By =
& when jx = j¢ and k # £; and let (ci)ke[k] € N(I)(. Recall the random variables )?;")(B), )?(Z"J.)(B)
and the sequence &, from (71.3), as well as cg ¢, and Cq ¢, from (7.2), and let ®y ., denote the

cumulative distribution function of N(—=1/4/c16(6 — 1), 1). Then

E[ (J?},j”(Bk))
k=1

<

K K %
I (X;';?kwk)) } =(1+o(1) 1_[<Ce,c,(1 — 0 e e, (B@)
Ck

F=k'+1 k=1

K Ck
< 1 (Ce,c19_k+5"¢9,c1(3k)> :

k=K'+1

Remark 7.3. A more general result as in Proposition 5.2 holds in this particular exam-
ple as well. However, as only the factorial moments of )A(';")(B), )?(2"].)(8) are of interest for
Theorem 7.3, these more general results are omitted here.

We observe that the behaviour of the labels of high-degree vertices in the above results is
different from e.g. Theorem 2.2. Since the higher-order terms of the asymptotic expression for
the degree are of the same order as the second-order rescaling of the label of the high-degree
vertices, this causes a correlation between the higher-order behaviour of the degree and the
location, so that more complex behaviour is observed.

Theorems 7.2 and 7.3 and Proposition 7.2 are the analogues of Theorems 2.2 and 2.3 and
Proposition 5.2, respectively. As the proofs of the theorems presented here are very similar to
the proofs of Theorems 2.2 and 2.3 (namely, one uses (A.4) rather than (A.2) in the proof of
Theorem 2.2 to prove Theorem 7.2, and one uses Proposition 7.2 with a subsequence n; such
that Enj, @S in (7.3), converges to some ¢ € [0, 1], combined with the method of moments to
prove Theorem 7.3), we omit them here. The proof of the proposition is very similar to the
proof of Proposition 5.2 using (A.4) from Lemma A.1 in the appendix, and is also omitted.

Appendix A
Lemma A.1. Consider the same definitions and assumptions as in Proposition 5.1. We provide
the asymptotic value of P(Z,(v1) > d, vi > £) under several assumptions on the distribution of
W and a parametrisation of £ in terms of d. In all cases we let d diverge as n — oo. We first

set, for x e R,
€:= nexp(—(1 — 60~ "Hd +xy/(1 — 6=1)24). (A.1)

We now distinguish between the different cases.
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When W has a distribution that satisfies Conditions C1 and C2 of Assumption 2.1,

P(Z,(v1)=d,vi = £) =E[< )d} (I = @)1+ o(1)) =p=a(l = P(x))(1 + o(1)).

6—1+W
(A.2)

Furthermore, let W satisfy the gamma case of Assumption 2.1 for someb € R, c1 >0, T €[1, 2)
such that b <0 when t© > 1 and bcy <1 when t =1; set y := 1/(t + 1); and for x e R and
with Kg ¢, ¢ as in (7.2), define

€:=nexp(—(1 =0~ )d+Kg e, d" )+ x/(1 —0-1)24d). (A.3)
Then

7% d
P(Z,(v1)=d,vi =) = E[(m) }(1 = P01+ o(1)) = p=a(l = P(0))(1 + o(1)).
(A4)
Remark A.1.

(i) For k> 1 and with (d;, £;)ic[x] satisfying the assumptions of Proposition 5.1, it follows
that

k
P (Z,(v0) = dj, vi > Li, i € [k]) = (1 + o) [ [P (Za(vi) = di, vi > £3) ,
i=1
so that the result of Lemma A.l can immediately be extended to the case k> 1 as

well with ¢; = nexp(—(1 — 0~Nd; 4+ xir/(1 —0~1)2d;) and (Xi)ic[k) € R¥ (and a similar
adaptation for (A.3)).

(i) With only minor modifications to the proof, we can show that in all cases of
Lemma A.1,

P(Z,v1)=d, v > £)=(1 =07 HP(Z,(v1) =d, v1 > £) (1 + o(1))
is satisfied. This holds in the case of k vertices, as in Item (i), as well.

A direct corollary of Lemma A.1 is that we can obtain several precise asymptotic expres-
sions for P(Z,(vi) >d, vi > ¥{) for particular choices of the random variable W, whose
distribution satisfies either Conditions C1 and C2 or the gamma case, and for which we have
a precise asymptotic expression for p>,4. The asymptotics follow from combining Lemma A.1
with Theorem 3.2.

Corollary A.1. When W satisfies the atom case for some qq € (0, 1], and with £ as in (A.1),

P (Z,(v1) = d, vi > £) = qof (1 — d))(1 + o(1)). (A.5)
When W satisfies the beta case for some o, B > 0, and with € as in (A.1),
_ I'(o + ) —Bp—d
When W satisfies the gamma case for t = 1 and some b € R, ¢1 > 0 such that bcy < 1, and with

£ asin (A.3),

l1—p-!

P (Z,(v1) > d, v > £) = Cd?/>+1 /42 Mo=d(1 — dx))(1 + o(1)),

where C is as in (7.2).
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Remark A.2. By the parametrisation of ¢, the event {v| > £} is equivalent to

{log vi —(logn — (1 —60"Hd;)
V(1 —6-124;

As a result, we can rewrite e.g. (A.5) as

€ (x, oo)}.

ogvi — (logn — (1 — 0~ 1d;)
V(A —60-124;

and it can, in fact, be generalised to any set A € B(IR) rather than just (x, co) with x e R. A
similar notational change can be made in (A.6), (A.4), and (A.2).

P (Zn(vl) >d, ! € (x, 00)) = qo6 @ ((x, 00))(1 + o(1)),

Proof of Lemma A.1. We first observe that for our choice of £ (as in both (A.1) and (A.3)),
the conditions on £ in Proposition 5.1 are met (for n sufficiently large) since d diverges with n.
By Proposition 5.1, we thus have the bounds

P(Z,(vi)>d,vi >€)>(1+0(1))E L dIP’W<)~(< l—i—i) log (n/¢)
= - 6—14+W 6—1 ’

where X ~ Gamma(d + 1, 1), X~ Gamma(d + |_d1/ 4J + 1, 1). To prove the desired results, it
suffices to provide an asymptotic expression for the expected values on the right-hand side.
We do this for the expected value in the upper bound; the proof for the other expected value
follows similarly.

We use the following approach to prove (A.2). To obtain an upper bound, we use that W < 1
almost surely in the conditional probability, which yields

W\ 0
P(Z,(vi)=d,vi > <(1+o(1)E [(m) ] P <X< -1 10g(”/£)> ,

so that it remains to prove that the probability converges to 1 — ®(x). By the parametrisation
of £, it follows that

0 B _(X-E[X] d—xJ/d—E[X]
IP’(X<9_1log(n/£)>_P(X<d—x«/2)—IP’< = 0

(A7)
As X can be viewed as a sum of d + 1 i.i.d. rate-one exponential random variables, the central
limit theorem can be applied to the left-hand side in the final probability. Moreover, as E [X] =
d+ 1 and Var(X) =d + 1, it follows that the limit equals 1 — ®(x), as desired.
To obtain a lower bound, we take some sequence t; > 1 that tends to infinity with d (and
hence with n). We then bound

P(Z,(vi)=d,vi > )

S +opE | (— Y dJl p(x< 2 (1- 1 log (n/)
= o—1+w) U-lu=w=h 61 01, '
(A.8)
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We can write the probability as
P (x <d—xVd—(d— xx/c_l')/(th)) .

Hence, with the same steps as in (A.7), we arrive at the same limit 1 — ®(x) whenever Jd ta =
o(1). So, let us set t; = dP for some Be(1/2,1/(1+ t)). We observe that this interval is non-
empty since T € (0, 1). It remains to show that for this choice of 7,4, the expected value on the
right-hand side of (A.8) with the indicator is asymptotically equal to the same expected value
when the indicator is omitted. Equivalently, we require that

o LA PR NV [

To prove this, we bound the expected value on the left-hand side from above and the one on the
right-hand side from below. We start with the former. Since x — x/(6 — 1 + x) is increasing on
(0,11, we directly have that

W d 1—1/t

To bound the other expected value from below, we let7; := P for some E >B. Asx+—>x/(0 —
1 4 x) is increasing on (0,1), we obtain the lower bound

o[ (= tew) o2 [(tw) i 2 (=5 w00

(A.11)
Now, using Condition C2 from Assumption 2.1 yields for n sufficiently large the lower bound

L— 1@\
<m> a exp(—cft;).

We then bound

1-1/i\* 4 o-1\'_ -1
<m> =0 <1—?d0_1> =04 exp(—(1 — 0~ Hd /iy + OW@/[B)).

Combining these results, we obtain the lower bound

woo\ _ _
E [(M) } > aexp(—(1 — 0~ Nd/ty — 1Ty + OWd/[53))6 ™. (A.12)

The upper bound in (A.10) is negligible compared to this lower bound when d [ty =o(d/tg)
and 75 t; = o(d/14). That is, we require that 8 < ,3 and ,3 T<1l—p8.Sucha ,3 can be found since
B < 1/(1+ ). As aresult, the claim in (A.9) follows, which results in the desired lower bound
and finishes the proof of (A.2).

Finally, we prove (A.4), that is, the case when W satisfies (2.3) for some b€ R, c; >0
and t €[1,2)suchthat b <0if r > 1 and bc; <1l if t =1. Set y := 1/(tr + 1). Note that this
distribution does not satisfy Condition C2 in Assumption 2.1. The behaviour here is different,
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since the main contribution to the expected value E [(W/ @—-1+ W))d] comes from W =
1 — Kd™Y for K a positive constant. At the same time, for W =1 — Kd ™7,

P <X< (1 + L) log (n/ﬁ)) =P (X< i(1 K ) log (n/Z))
WA = 0—1 ~9-1 v

no longer converges to the tail of a standard normal distribution when ¢ is as in (A.1), as the
log (n/€)/d" term is of the same order as the variance of X when t =1 and of higher order
when 7 > 1. As a result, we need £ to be as in (A.3).

To be able to obtain the desired result, we first need a lower bound for p>4 when 7 > 1 (for
T = 1 thisis already provided in Theorem 3.2). With similar r steps as in (A.11)-(A.12) and with
tg=(ci(1 - 6~1d /1), we obtain, for some constants K, K >0,

[( 4 ﬂ L O . )
El{——— >0 %exp(—(1 =07 )d/tg — (ta/c1)" — Kd/t))

6—1+W
y ]_971 d 1-y -
=0dexp<— ’ <( ) ) —Kdlzy),
1—)/ C1

We now aim to find an upper and lower bound for

W\ W

We start with an upper bound. We let € € (0, 1) be fixed (when 7 = 1) orset ¢ = ¢(d) = K d-r/?
for some large constant K; (when 7 > 1). We then bound

d
Bl (7= ) Po(x= (1 52 ) oo |

W d
<E (m) Ti—(1—e)/ty<w<1) (A.14)

woo\ 0 -

We then show that the first expected value on the right-hand side is negligible compared to the
second, and that the probability has a non-zero limit. We start with the expected value. By the
distribution of W as in (2.3), we find

w d 1 x-1
E (—) Iy, 1. - / A0 — 1) (] — ) be @@= g
o—1+w) {1-<w=i} =)ty (O —14+x)d!

0 1—-1/\* ,, DeyT
5(1+0(1))d/ <—) Y2 (O D/en” gy,
ta/(1—s) \O — 1/

In the last step, we used the fact that xt=140) for xe(1—(1— &)/ta, 1), the fact
that (@ —1)/(6 — 1 +x) <1, and a variable transformation x=1 — 1/y. We now introduce

(A.13)
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the function f: (0, 1) — (0, 1), with f(e) =1/2+ (1/2)(1 + t&)(1 — &)". Since, for all € >0
sufficiently small, (1 4+te)(1 — )" =1— e21(t + 1)/2 + o(¢?) < 1, this function satisfies

fe) >0 +T1e)(l—¢) >(1— &)t and fle) <1, for all € € (0, 1). (A.15)

We then observe that, for any b € R, we can bound y?e~(0—D/e1)" < o=f(EXG—D/e)" for a]]
y>tg4/(1 —¢) when n is sufficiently large, since f(¢) < 1 holds (note that this upper bound
holds for & > 0 fixed and also for ¢ = K;d~7/? and any constant K| > 0 when 7 > 1). A bound
similar to (A.10) also yields

1—1\¢ . d 1, d

Combining both bounds and using that (1 — 6~ 1)?d/(y — 1)?> < Cd' 2" for y > t4/(1 — &) and
some constant C > 0 yields the upper bound

VN -2 -1, d y—1\' 1-2y
Kdo yeexpl -(1—-0"")———f(e)l—— ) +Cd dy, (A.17)
1a/(1—¢) y—1 c1

where K > 0 is a large constant. The exponential is decreasing in y for all y > 1 4 #4f(¢)™". By
the first inequality in (A.15), it thus follows that the exponential in the integral is maximised
fory=ty/(1 —e) > 1 +14f(e)~7. As a result, we obtain the upper bound

Kdo™ exp<—(1 -6~ hHa - a)ﬁ —f(s)(t—d) + c’dHV)
tq ci(l1—¢)

_p-1 1—y
:Kde_dexp<—<l —&c+ f(g) )-L'V((l 4 )d) +C/d1_27>,

T(l—¢)* c1

(A.18)

Here we change the constant C to a constant C' > C, since

_d w/—e)—1\"_ . d ot Y 1-2y
rd/<1—s>—1+f(8)< o ) == +f(8)<c1(1—e>) O,
(A.19)

We have that 1 —e +f(e)/(zr(1 —¢&)")>14+1/t=1/(1 — y) for all ¢ € (0, 1) by the first
inequality in (A.15). Thus, the lower bound in (A.13) yields that for any ¢ > 0 fixed,

W\ W
E [<m> ]l{l(lg)/td<W<1}:| =0<E [(m) :| > (AZO)

Whilst this holds for all T €[1, 2), we need a stronger statement for t € (1, 2), namely that
(A.20) is true with &€ = K;d~"/? (which does not hold for T = 1). We stress that all of the
above steps also hold with this choice of ¢. Additionally, a Taylor expansion yields that

f(©) 1 T+1 , 1
1 _ 1 +o(l) > ——
S B e vl

T+1
8

82, ase | 0.

Using this in (A.18), we obtain
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W d
E 1w Ti—(1—e)/ty<W<1)

Yo/ —0"hHa\' Dr? [(1—6-H\'7
§K0_dexp _t ( )d + C’—Kf(r+ T ) d' =2
1—vy cl 8 C1

v —6~Ha\'7r -
:QdexP(—lr_ ((1 691 )d> —Kld”y(wo(l))),

where the constant K is positive for all large K and grows polynomially in K. Again using
the lower bound in (A.13) implies that we need to choose K sufficiently large so that K >K.
This then implies that (A.20) holds for t > 1 with ¢ = K;d~ /2 as well.

We now determine the limit of the probability on the right-hand side of (A.14). We again
distinguish between the two cases T = 1 and 7 > 1 and start with the former. First, observe that
d'=7 = /d when © = 1. Then, since E [X] = Var(X) =d + 1 and ¢ is as in (A.3), for a fixed
e >0,

(x=p (-5 ()

(A.21)
_p(XEX _ (Koep —)Vd—1 (1 —e)d+ (Ko, 1 —0)Vd)
Var(X) — Jd+1 Oty d+1
As tg=+/ci(1 —6~1)d when T = 1 and with Z ~ N(0, 1), this equals
P (Z <Kpe1—x—(1— E)Kgyclyl) +o(l)=1—P(x—eKpc 1)+ o(1). (A.22)
Combining this with (A.20) in (A.14) yields, for t = 1 and any ¢ > 0 fixed,
w d w
El{—— ) Pyl X 1+ ——)1 14
[(7=iew) ol (1575 oeorm)
(A.23)

1% d
= E[(M) }(1 — ®(x — £Kp e, 1)1 +o(1)).

When 7 € (1, 2), we adapt (A.21) and (A.22) with ¢ = K1d~"/? to obtain

p(x= 5 (- ) eel(f)

(X —E[X] _Kpead' Y —x/d—1  (1—Kid V) + (Koot —)Vd)

SVarX) ~ NZES - Otav/d + 1
(A.24)
We observe that d/(014) = Kp ¢, .1d =¥ so that the right-hand side can be simplified as
X —E[X] 1/2-3y/2 )
P e < —x+o0(1)+ Od"/*73/2) ) =1 — d(x) + o(1). A25
( Va0, x+o(1) + O( ) (x) +o(1) (A.25)

Here, the last step follows from the fact that O(@d'/?737/2) = (1) when t <2 since 1/2 —
3y /2 < 0. We also stress that this is possible only when ¢ tends to zero with d. If ¢ were fixed,
this would yield a limit of one rather than 1 — ®(x).
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Combining this with (A.20) when t > 1 and ¢ = K{d™7 yields

d
Bl (7o) Po(x< (14 50 ) e |

w d
=< E[(m) ](1 — O(x)(1 +o(1)).

(A.26)

In a similar way, we construct a matching lower bound (up to error terms). Namely, for ¢ €
0, D,

LARS W
(A27)

d

14 0 I+¢
>E[| ——— ) 1u- P{X<——(1-——)1 £)].
> [(9—1 W) 1 (1+£)/td<W<1}:| ( <9_1< oty ) og (n/ ))

Again, we let & be fixed when 7 =1 and set ¢ = K1d~"/? for some large constant K| when
7> 1. Asin (A.21) and (A.22), for the probability on the right-hand side we have

P (X < i(1 - lj) log (n/ﬁ)) =1—-®(x+¢eKg1)+o(l) (A.28)
0—1 Otg

when t =1 and ¢ > 0 is fixed, and similarly to (A.24) and (A.25),

—y/2
P (X < i (1 ! t+Kid7 ) log (n/@)) =1—-®x)+o(1) (A.29)
0—1 0ty

when 7 € (1, 2) and ¢ = K;d~"/2. It remains to bound the expected value on the right-hand
side of (A.27). We instead consider the expected value

d 1—(1+e)/1, _ 1yyd—1
Bl(—Y )1 o | = / Trone d@ —Dx et gy,
0—14+W {O<W<]—7} 0 6 — 1+ x)d+1

We first bound (1 —x)~? < tZVO and (0 —1)/(6 — 1 +x) <1, and split the integral into two
parts by dividing the integration range into (0, 1 —2(1 +¢)/tz) and (1 —2(1 +¢)/tg, 1 — (1 +
&)/tq). This yields the upper bound

bv0 1-2(14¢)/t, d—1 1—(1+e)/t, d
Y Y g [ (5 Yoo,
0—1Jy 0—1+x 1-2(1+e)/ta 0—14+x

Using the fact that x — x/(6 — 1 + x) is increasing on (0,1) and applying a variable transfor-
mation x = 1 — 1/y in the second integral, we obtain the upper bound

bVv0 d 1+ d
d (9+0(1))<1—2(1+8)/td> +2dz§v0/td/( 0] 2<1_1/y> oG-/ gy,
1,

6—1 0 —2(1+¢)/ta 1/(2(14£)) 6—1/y
We now use (A.16) and steps similar to those that yielded (A.17). We can then bound this from
above by

https://doi.org/10.1017/apr.2023.52 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2023.52

922 B. LODEWIJKS
2(1 +e&)d
Kdtgvoedexp<—(1—9‘)—( :r ) )
d
ta/(1+¢)

d y—1\" d
+dz’”°9—d/ y~2 exp(—(l —hH— — ( ) +(1— 9—1)2—> dy,
¢ ta/(2(14¢)) y—1 c1 (y—1)?

for some constant K > 0. As 2(1 +¢) > 1/(1 — y) for all T > 1 and any ¢ > 0, it follows from
the choice of #; and the lower bound in (A.13) that the first term is negligible compared to
E [(W/(9 -1+ W)d], both when 7 > 1 and & = K;d~"/2, and when 7 = | and ¢ is fixed.

We thus focus on the integral only from now on. We bound the final term in the second
integral from above by C2d'~2” for some constant C, > 0. The remainder in the exponent is
increasing for y < 1 + t4. With the same reasoning as in (A.19), we can bound the integral from
above by

_p-1 1-y
9ddexr><—<(1+e)+T(lig),)ry((l ’ )d> +Céd12”) (A.30)

C1

for some C5 > C». Since (1 + &)+ 771 (1 +&)~ 7 > 1/(1 — y) for any € > 0, it follows from the
lower bound in (A.13) that this upper bound is negligible compared to E [(W/ @—-1+ W)d]
for any 7 > 1 when ¢ is fixed. Combined with (A.28) this yields, for t = 1 and ¢ fixed,

W\ W

w d
- E[(M) }(1 — ®(x+eKp,e, 1)) +o(1)).

Combining this with (A.23), since € can be taken arbitrarily small and by the continuity of @,

we finally arrive at
E W dP X 1+ W log (n/¢)
_ < —— 1o
o—1+w) " g_1) 8"

14 d
=E|:<m) :|(1 — ®(x))(1+o(1)),

which proves (A.4) when 7 = 1.
To obtain the same result for 7 > 1 with ¢ = K1d~"/?, we use a Taylor expansion to find

that

T+1 ,

(1+e)+f1(1+e)*=L+T+152(1+o(1))> P
1—y 2 1—y 4

ase | 0.
Using this in (A.30) yields, for some constant K 1 > 0, the upper bound

Y /(1 —6"Ha\' 1 1—o=H\'"7
B_dexp<—lr y<( . ) > —(T: K%TV( - )> —C§>d1_2y>.
- 1 1

As in the proof of the upper bound, we conclude that (A.13) implies that choosing K large
enough yields, for T > 1 and ¢ = K d-v/?,
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(=) st~ ==w) ])

Combining this with (A.29) in (A.27), we thus arrive at

woo\ w woo\¢
E[(Q—I—G—W) IEDW<X < (1 + m) log (”/0) i| ZE[(Q—I—}—W) i|(1 — O(x)(1 4+ o(1)).

Together with (A.26), this establishes (A.4) for T > 1 and concludes the proof. U

Lemma A.2. Consider the same conditions as in Lemma 5.1, and let € € (O V (c(1 —0~) —
(1 — ), w) and X ~ Gamma(d, + |d/*| + 1, 1). Then

WY (o W ks W\
EKm) }P’W<X§<l+m>log(n z ))}z]E[(m> }(1—0(1».

We observe that this result is similar in nature to (A.2) in Lemma A.1. However, as we now
have £ = n*~¢, rather than a precise parametrisation in terms of d,, as in Lemma A.1, we can
make a more general statement here (though not as precise and useful) that does not require
Condition C2 of Assumption 2.1.

Proof. Fix § € (0, (1 — (@ — 1)(c/(1 —u+¢€)—1)A1)). It is readily checked that by the
choice of ¢, such a § exists. We bound the expected value from below by writing

E W dnﬂ p(i<(1+122); (n!—Hte) (A31)
D — _ —— ) log(n , .
9—1+W {1-8<W<1} = 0_1 g

where X ~ Gamma(c log n + [ (clogn)'/*| + 1, 1), which stochastically dominates X as d,, <
c log n. It thus remains to prove two things: the probability converges to one, and the expected
value is asymptotically equal to E [(W/ @—-1+ W))d"]. Together, these statements prove the
lemma. We start with the former. By the choice of §, it follows that

1-6\1-—
C50.¢ .= 14 —— ﬂ>1
o 0 —1 c

Thus, as X /(clogn) £ 1, the probability in (A.31) equals 1 — o(1). It remains to prove that

woo\" W\
E [(m) ]1{1—8<W<1}:| =E [(m) :| (1 —o(1)),

which is equivalent to showing that

w dy w dy
E [(m) ﬂ{wfl_g}} =0<E [(m) ] ) (A32)

By Theorem 3.2, for any £ > 0 and n sufficiently large,

W\
E [(m) } =pzd, = (0 +5) .
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So, take & € (0, 5(6 — 1)/(1 — §)). Then, as x +— x/(60 — 1 4 x) is increasing in x,

w hn 1—8\% 80 — 1)\ % »
E[(m) 1{W518}]§(m> =(9+ 1—8> =0((9+§) ),

so that (A.32) follows. Combined with the lower bound on the probability in (A.31), it yields
the desired lower bound. O

Lemma A.3. Consider the same definitions and assumptions as in Proposition 5.1 (but without
indices). Let ¢ := limsup,,_, ., d/ log n and assume that c € [0, 0 /(0 — 1)). Then

1 0—1 w d w
n_V:0<E[9—1+W<9—1+W> IPW<X<<1+(9—1)>10g("/£)>]>

holds for y =1 when c€[0,1/(0 —1)], and for y sufficiently large when c e (1/(6 —
1),6/(6 —1)).
Proof. We first consider the case c € [0, 1/(6 — 1)], for which we can set y = 1. We con-

sider two sub-cases: (i) d is bounded from above, and (ii) d diverges (but d is at most
(1/(@ — 1)) log n(1 + o(1)) for all n large). For (i) we immediately have that

PW<X < <1 + (9—%) log (n/ﬁ)) >P(X <log(n/f))>P (X <(1-810-60"YHd+ 1)) ,

when 7 is sufficiently large and & small, since ¢ <nexp(—(1 —&)(1 — 6~ (d + 1)) for any
& > 0. Since X is finite almost surely for all n € N as d is bounded, the probability on the right-
hand side is strictly positive. The expected value that remains is again bounded from below by
a positive constant, since d is bounded from above. It thus follows that 1/n negligible compared
to the expected value.

For (ii), we obtain a lower bound by restricting the weight W in the expected value to
(1 — 48, 1] for some small § > 0. This yields the lower bound

6—1 w d w
E|:9 T W(@ T W) PW(X < (1 + m) log (l’l/z)) ]l{We(l(;’l]}iI

d
> (1 —91)<ﬂ> P (X< ) log (n/Z)) P(We(l-3s,1]).

(A.33)

6—4 0—1

Note that P(W € (1 — 8, 1]) is strictly positive for any § € (0, 1) by Condition C1. Furthermore,
since £ < nexp(—(1 —&)(1 — 0~ ") (d + 1)) for any & > 0,

0—1

log (n/6)= (1 =8/0)(1 =&)(d+ 1) =:(1 —¢)d+ D).

Applying this inequality to the probability on the right-hand side of (A.33) together with the
equivalence between sums of exponential random variables and Poisson random variables via
Poisson processes, we conclude that

IP’(X< z:f log(%)) 2PX<(I-e)d+1)=PP1zd+HzPP1=d+1),
(A.34)
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where Py ~ Poi((1 — €)(d + 1)). With Stirling’s formula this yields

—&)(d+ 1))4t!

1
P(Pi=d+1)= —(1—eya+1) (
1 h=e d+ 1)

= (1 4 o(1))e®@HD(1 — g)d*! \/% (A.35)

(1—e)e’ d(log (1—¢)+¢)
=14 o(1)) ——==—e sl 78)78)
W 2md

where we observe that the exponent is strictly negative for any ¢ € (0, 1). Finally, combining
(A.35) with (A.34) in (A.33), and since (1 —§)/(6 —6) > (1 — §)/0, we arrive at the lower
bound

—1 £
(1 4oyt =0 FWe (21 d‘s’ A=) odlog (1 — &)+ & +log (1 — 8)/6))).
g (A.36)
By choosing § and & (used in the definition of ¢) sufficiently small, log (1 — €) + € can be set
arbitrarily close to zero (though negative), and log ((1 — §)/0) =1log (1 — &) — log 6 can be set
arbitrarily close to (though smaller than) — log 8. Since —logf > —( — 1) and c € [0, 1/(6 —
1)], it follows that for some small ¥ > 0 and &, & sufficiently small, for all n sufficiently large,

%d exp(d(log (1 — ) + ¢ +log (1 - 8)/6))) = exp(—(1 — ) log n) = n~ =),

which, together with (A.33), yields the desired result.
For the case c € (1/(0 — 1), 0/(6 — 1)), we follow the same approach but now use the fact
thatd < (0/(60 — 1)) log n for all n large. We thus obtain the lower bound

01 W\ 4
E Pwl X 1 1 ¢ > o—Cd o —ce/(9_1)’
|:9—1+W(9—1+W> W( << +(9—1)> og(n/ ))}—e ="

for some large constant C > (. The desired result holds for y > C8/(6 — 1), which concludes
the proof. (]

Lemma A 4. Fix £, n € N such that £ < n. Suppose f : R — R is a positive integrable function,
increasing on [€, x*] and decreasing on [x*, n], where x* € (£, n) is not necessarily an integer.
Then

/Z fdr—fa < Y fG) < /e " 00 dr £,

j=l+1

Proof. As f is increasing on [£, |x*|] and decreasing on [[x*], n], we directly have that
n Lx*] n Lx* | n

Y FH=FAED+ D fD+ Y O <fE)+ | Jdit | fode

j=t+1 j=t+1 j=Mx1+1 E

The final two terms can be combined into a single integral from £ to n to yield an upper bound,
since f(x) is positive for all x € R.
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For the lower bound, we use an equivalent approach and the fact that

[x*]
L, T =6

to obtain the desired lower bound. O
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