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Abstract. Given a complete hereditary cotorsion pair (X, )), we introduce the
concept of (X, X N YV)-Gorenstein projective modules and study its stability properties.
As applications, we first get two model structures related to Gorenstein flat modules
over a right coherent ring. Secondly, for any non-negative integer n, we construct a
cofibrantly generated model structure on Mod(R) in which the class of fibrant objects
are the modules of Gorenstein injective dimension < n over a left Noetherian ring R.
Similarly, if Ris a left coherent ring in which all flat left R-modules have finite projective
dimension, then there is a cofibrantly generated model structure on Mod(R) such that
the cofibrant objects are the modules of Gorenstein projective dimension < n. These
structures have their analogous in the category of chain complexes.

2010 Mathematics Subject Classification. 18G25, 18G10.

1. Introduction. Enochs and Jenda and coauthors introduced the so-called
Gorenstein injective, Gorenstein projective and Gorenstein flat modules and developed
Gorenstein homological algebra. In [23], Hovey showed that when R is a Gorenstein
ring, the category of R-modules has two Quillen equivalent model structures which
are related to Gorenstein projective modules and Gorenstein injective modules. Their
homotopy categories are what we call the stable module category of the ring R. There
is also a third Quillen equivalent model structure called the flat model structure, as was
shown in [17]. In [16], Gillespie showed that when R is a Ding-Chen ring, the category
of R-modules has a model structure in which the cofibrant objects are the Gorenstein
flat modules.

In [25], Marco and Pérez constructed new complete cotorsion pairs in the
categories of modules and chain complexes over a Gorenstein ring R. If n is a positive
integer, it is shown that the class of modules with Gorenstein projective (or Gorenstein
flat) dimension < n forms the left half of a complete cotorsion pair. Analogous results
also hold for chain complexes over R. In any Gorenstein category, the class of objects
with Gorenstein injective dimension < n is the right half of a complete cotorsion pair.
As applications, these cotorsion pairs induce new model structures. In the recent work
of [6], it is shown that the Gorenstein injective cotorsion pair (*GZ, GT) is a complete
cotorsion pair cogenerated by a set whenever R is Noetherian. On the other hand,
it is shown that the Gorenstein projective cotorsion pair (GP, GP) is a complete
cotorsion pair cogenerated by a set whenever R is a coherent ring in which all flat
modules have finite projective dimension. So, the category of R-modules has a model
structure in which the fibrant objects are the Gorenstein injective modules when R is
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a left Noetherian ring. It is a generalisation of the model structure introduced in [23]
for Gorenstein rings. On the other hand, for the (left) coherent rings mentioned above,
the category of R-modules has a model structure in which the cofibrant objects are the
Gorenstein projective modules also generalizing one from [23].

Recently, Sather-Wagstaff et al. [29] studied modules of the form im(Gy — G°) for
some exact sequence of Gorenstein projective R-modules

G= - >5G —->G—>Gd->G— ...

such that the two complexes Homg(G, H) and Homg(H, G) are exact for each
Gorenstein projective R-module H, and they proved that these modules are nothing
but Gorenstein projective [29, Theorem A]. In [34], the authors studied the stability of
Gorenstein flat modules. In order to develop Tate and complete cohomology theories
in the pure derived category of flat modules, the authors of [1] introduced the definition
of F-Gorenstein flat R-modules (see Example 3.2).

The point of this paper is to describe how the homotopy theory on modules (or
complexes) over a Gorenstein ring generalises to a homotopy theory on modules (or
complexes) over a more general ring.

The paper is structured as follows: In Section 2, we collect definitions and results
that we need throughout the paper.

In Section 3, we first introduce the concept of (X', X N )Y)-Gorenstein projective
modules for a complete hereditary cotorsion pair (X, )). We denote by GPx xny)
the class of (X, X NY)-Gorenstein projective R-modules. If we set QP(ZX’ xny) =
GP(GP 1oy, XNY)» thenitis obvious that there is a containment GP (v, vny) QP(ZX, Xny)-
Moreover, we get the following

THEOREM A. If (X, V) is a complete hereditary cotorsion pair in Mod(R), then
GPx.xny) = gpgx,zmy)-

In Section 4, we first get a weak AB-context and a model structure which is
related to (X, X N Y)-Gorenstein projective modules (see Theorem 4.2). Second, as
applications of Theorem A, we get two model structures which are related to Gorenstein
flat modules over a right coherent ring (see Theorem 4.5). Let P,( resp. F,,, Z,,) be the
class of left R-modules with projective (resp. flat , injective) dimension < n and GP,
(resp. GFn, GZ,) be the class of left R-modules with Gorenstein projective (resp. flat ,
injective) dimension < n for any non-negative integer n. Then, we get the following.

THEOREM B. Let R be a ring and n a non-negative integer. Then, the following hold:

(1) If R is left Noetherian, then there is a cofibrantly generated model structure on
Mod(R) in which the cofibrant objects are the R-modules in “'I,, the fibrant
objects are the R-modules in GT,, and the trivial objects are the R-modules in the
class

{N|3 an exact sequence 0 - C — F — N — Q with F et GZ,, Ce Tn}.

(2) If R is a left coherent ring in which all flat left R-modules have finite projective
dimension, then there is a cofibrantly generated model structure on Mod(R) in
which the cofibrant objects are the R-modules in GP,, the fibrant objects are the
R-modules in P+ and the trivial objects are the R-modules in the class

{N|3 an exact sequence 0 - C - F —- N — OwithF € P,, C € Q’P,f}.
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(3) If Risright coherent, there is a cofibrantly generated model structure on Mod(R)
in which the cofibrant objects are the R-modules in GF,, the fibrant objects are
the R-modules in F;- and the trivial objects are the R-modules in the class

{N|3 an exact sequence 0 - C - F - N — OwithF € F,, C € g]—",f}.

In Section 5, we study the Gorenstein model structures on Ch(R). As applications
of Theorem B, we get some similar model structures on Ch(R).

2. Preliminaries. We start this section by collecting all the background material
that will be necessary in the sequel. For unexplained concepts and notations, we refer
the reader to [12, 14, 20, 27, 35].

NoTATION 2.1. Throughout this paper, R is an associative ring. Mod(R) is the
class of left R-modules and Ch(R) is the class of complexes of left R-modules. In what
follows “R-modules" and “complexes" mean “left R-modules" and “complexes of left
R-modules", respectively. We use the term “subcategory” to mean a “full and additive
subcategory that is closed under isomorphisms". Let P, F and Z be the classes of
projective, flat and injective R-modules, respectively. For an R-module M, M+ denotes
the character module Homz (M, Q/Z).

2.1. Cotorsion pairs. Let D be an abelian category with enough projective and
injective objects and X a subcategory of D. Any complex L in D is Homp(—, &)-
exact if the sequence Homp(L, X) is exact for each X € X'. For an object M € D, we
write M € LX (resp. M € 11 .X) if ExtZ' (M, X) = 0 (resp. Exth(M, X) = 0) for each
X € X. Dually, we can define M € X+ and M € X*'. Recall that a subcategory X
is resolving if it contains all projective objects such that for any short exact sequence
0> X—>Y—>Z— 0inDwith Z € X, it follows that X € X ifand only if ¥ € X
Dually, we have the notion of co-resolving subcategory.

2.2.1. Following Enochs [12], Hovey [24] and Salce [28], a cotorsion pair is a pair
of classes (X, ) in D such that X' =Y and 'Y = X. A cotorsion pair (X, )) is
said to be hereditary [17] if Extiy(X, Y) =0 foralli > landall X € X and Y € ), or
equivalently, X is resolving()) is co-resolving).

2.2.2. Let M be an object in D. A monomorphism ¢ : M — B with B € X is said
to be a special X-preenvelope of M if coker(¢) € +' X. Dually, we have the definition
of a special X'-precover. A cotorsion pair (X, )) is called complete if every object M
of D has a special Y-preenvelope and a special X'-precover. A cotorsion pair (X, )) is
said to be cogenerated by a set S € D if Y = S*. Every cotorsion pair in Mod(R) or
Ch(R) cogenerated by a set is complete. Perhaps the most useful complete hereditary
cotorsion pair is the flat cotorsion pair (F, C). Here, C is the collection of all modules
C such that C € F*'. Such modules are called cotorsion modules.

2.2. Model structures. Recall that a model category is a bicomplete category D
equipped with three classes of morphisms called cofibrations, fibrations and weak
equivalences, satisfying certain conditions. We leave the details of the definition to the
reader (for example, see [23]). Let D be a bicomplete abelian category with enough
projective and injective objects, equipped with a model structure. An object X € D
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is cofibrant if 0 — X is a cofibration; fibrant if X — 0 is a fibration; and trivial
if 0 — X is a weak equivalence. A model category D is said to be abelian if it
satisfies the following conditions: (1) f is a (trivial) cofibration if, and only if, f is a
monomorphism with (trivial) cofibrant cokernel. (2) f is a (trivial) fibration if, and
only if, /" is an epimorphism with (trivial) fibrant kernel. Given two cotorsion pairs
(C, F')and (C’, F) in an abelian category, we shall say that they are compatible if there
exists a class of objects W such that C'=CNW and 7' = FNW. Let (C, FNW)
and (CN'W, F) be two complete compatible cotorsion pairs in a bicomplete abelian
category D with enough projective and injective objects, where the class W is thick.
Then, there exists a unique abelian model structure on D such that C is the class of
cofibrant objects, F is the class of fibrant objects and WV is the class of trivial objects
[23, Theorem 2.2].

2.3. Complexes. A (cochain) complex

51

X! X0 X!

of R-modules will be denoted by (X, §y) or simply X. The nth boundary (resp., cycle,
homology) module of X is defined as imé"~! (resp., kers”, kers”/imé"~!) and it is
denoted by B"(X) (resp., Z"(X), H"(X)). Let M be an R-module. We denote by M the
complex

except in the degrees —1 and 0, where we put M.
2.4. Gorenstein modules and complexes. An R-module X is Gorenstein projective
if there exists an exact sequence
-~-—>P1—>P0—>PO—>P1—>-~-

of projective modules which is Homg(—, P)-exact and such that X = Ker(P® — P").
Dually, X is Gorenstein injective if there exists an exact sequence

i —Ih— 1" I — ...

of injective modules which is Homg(Z, —)-exact and such that X = Ker(/° — I').
An R-module E is said to be Gorenstein flat if there exists an exact sequence of flat
modules

—F—F—F' —F' — ...
such that E = Ker(F® — F') and the sequence
oo —> I@rFI — I Qg Fy — I @ F* — I @z F' — ..

is exact, for every injective module /. We denote by GP, GZ and GF the classes of
Gorenstein projective, Gorenstein injective and Gorenstein flat modules, respectively.
It is known that a complex X €Ch(R) is Gorenstein projective (injective) [33] if
and only if every X is Gorenstein projective (injective). If R is right coherent, then a
complex X eCh(R) is Gorenstein flat [33] if and only if every X" is Gorenstein flat.

https://doi.org/10.1017/5S0017089516000483 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089516000483

GORENSTEIN MODULES AND GORENSTEIN MODEL STRUCTURES 689

2.5. Resolutions and dimension. Let D be an abelian category with enough
projective and injective objects, X’ a subcategory of D and M € D. An X-resolution of
M is an exact sequence

XtT=..5X,>Xy—> >Xo>M-—=>0

with X; € & for all i > 0. The X-projective dimension of M is defined as
X-pdr(M) = inf{sup{n > 0| X,, # 0} | X* is an X-resolution of M }.
An X-co-resolution and the X-injective dimension of M are defined dually. Define
resX = {M € D|X-pd (M) < c0}.

The Gorenstein projective, injective and flat dimensions of an R-module M are usually
denoted by Gpdgr(M), Gidg(M) and Gf dr(M), respectively. We use pdgr(M), fdr(M)
and idgr(M) to denote, respectively, projective, flat and injective dimension of M. In
[4], it is proved that for a ring R,

sup{Gpdr(M)|M is a left R-module}=sup{Gidr(M)|M is a left R-module}.

The common value of the terms of this equality is called, the left Gorenstein global
dimension of R, and denoted by [.Ggldim(R). Also, the left Gorenstein weak global
dimension of a ring R,

L wGgdim(R)=sup{Gfdr(M)|M is a left R-module},

is investigated. If X € Ch(R), then the Gorenstein projective ( injective) dimension of
X [32, Proposition 4.8] is

Gpdr(X) =sup{Gpdr(X")|i € Z}( Gidr(X) = sup{Gidr(X')|i € Z}).

If R is right coherent, then the Gorenstein flat dimension of X [34, Theorems 3.11,
3.13]is

Gfdp(X) =sup{Gfdr(X')|i € Z}.

3. Stability of (X', X N Y )-Gorenstein projective modules. Throughout this paper,
(X, Y) denotes a complete hereditary cotorsion pair in Mod(R). We begin with the
following

DEFINITION 3.1. [26] Let X and ) be two classes of R-modules such that P C X.
An R-module M is called (X, Y )-Gorenstein projective if there exists an Homg(—, V)-
exact acyclic complex

-~-—>A1—>A0—>A0—>A1—>~-~

in Mod(R) with each 4;, A" € X such that M = im(4y — A°). Dually, one can define
the (X, YV )-Gorenstein injective module.

We denote by GP v xny)(GZ(xny,y)) theclass of (X, X N Y )-Gorenstein projective
((X NnY, Y)-Gorenstein injective) R-modules.

EXAMPLE 3.2.

(1) (P, PN Mod(R))-Gorenstein projective modules are exactly the Gorenstein
projective modules [12].
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(2) (F, F N F*)-Gorenstein projective modules are exactly the F-Gorenstein flat
modules [1].

By the above definition and [30, Lemma 2.9(a)],we get the following.

LEMMA 3.3. Let M be an R-module and (X, Y ) be a complete hereditary cotorsion
pair in Mod(R). Then, the following conditions are equivalent.

(1) M isan (X, X N Y)-Gorenstein projective projective R-module;
Q) M e H(XNY) and there exists a Hompg(—, X N Y)-exact acyclic sequence in
Mod(R)

0>M—->A"> 4" - ...
with each A' € X.

LEMMA 3.4. Let 0 > X — Y — Z — 0 be an exact sequence of R-modules and
(X, Y) be acomplete hereditary cotorsion pair in Mod(R). If X € GPx xnyyandZ € X,
then Y € g'P(X’me).

Proof. Since X € GP(x xny), then there exists an exact sequence 0 — X — A —
L% — 0 of R-modules with 4° € X and L° € GP(x,xny)- By Snake Lemma, we have
the following commutative diagram with exact rows and columns:

0 0

b

0—X—Y—>Z—0

R

0—>A—>U—>Z—>0

Liojo
L

Note that U € X since 4° € X and Z € X. Then, the exact sequence 0 — ¥ — U —
L° — 0 of R-modules is Homg(—, X N Y)-exact. So Y € GPx.xny) by Lemma 3.3. (]

LEMMA 3.5. Let (X, V) be a complete hereditary cotorsion pair in Mod(R). If
M € GPx xny), then there exists a Homg(—, X N YV)-exact acyclic complex in Mod(R)

0>M—>A"—> 4" - ...
witheach A e X N Y.
Proof. Note that M € GPx xny). Then, there exists an exact sequence 0 - M —
F® — L' — 0 of R-modules with F* € X and L! € GPx vny). Since (X, )) is a

complete hereditary cotorsion pair, there exists an exact sequence 0 — F* — 4° —
K' — 0 of R-modules with 4° e X N Y and K! € X. By Snake Lemma, we have the
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following commutative diagram with exact rows and columns:

0 0

oo

0—M-—F'— 11 —0

|

0—M-—>4"— Tl —0

i

Kl:

i

0

1

_O<—N<—

Note that L' € GP(x xny) and K! € X, it follows that 7! € GP(x xny) by Lemma 3.4.
So T' € H(X NY) and the exact sequence 0 - M — 4% — T! — 0 of R-modules is
Hompg(—, X N Y)-exact. We proceed in this manner to get a Homg(—, X N ))-exact
acyclic complex

0>M—>A"—> 4" - ...

in Mod(R) with each 4’ ¢ X N Y. O

PROPOSITION 3.6. If (X, )) is a complete hereditary cotorsion pair in Mod(R), then
GPx.xny) =GP ifandonly if P =X N Y.

Proof If P = X N Y, then, by Lemma 3.5 and Lemma 3.3, we get that GP v, xny) =
GP. Assume that GPx xny) = GP. We first prove the containment P € X N Y. Let
X € P C GP(x,xny). Then, there exists by Lemma 3.5 an exact sequence 0 — X —
B — L — 0 of R-modules with Be XNY and L € GPx xny). However, L € G(P)
by assumption, so the exact sequence above splits and X € X N ). For the reverse
containment, let X € X N ). Note that X € GP by assumption. Then, there exists an
exact sequence 0 - X — P — K — 0 of R-modules with P € P and K € GP. Since
K € GP(x,xny) by assumption, the exact sequence above splits by Lemma 3.3. So
X € P. This completes the proof. ]

Let X be a class of R-modules. We call X projectively resolving [22] if P C X
and for every exact sequence 0 - X’ — X — X” — 0 of R-modules with X" € X the
conditions X’ € X and X € X are equivalent.

ProPOSITION 3.7. If (X, Y) is a complete hereditary cotorsion pair in Mod(R),
then the class GPx xny) is projectively resolving, closed under arbitrary direct sums and
direct summands.

Proof. By definitions, we easily check that GP(x xny) is closed under arbitrary direct
sums, since X =11 ) To prove that GP(x xny) is projectively resolving, we consider
any exact sequence 0 > X — ¥ — Z — 0 of R-modules with Z € GP(x xny). First
assume that X' € GPx xny). By Lemma 3.5, there exist Homg(—, X N ))-exact acyclic
complexes:

0>X—->A">4'->... and 0Z—>C">C' > ...
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in Mod(R) with all 4/, C' € X N'Y. Dualising the proof of [12, Lemma 8.2.1], we can
construct a Homg(—, X N Y) -exact acyclic complex

0>Y—>B —>B ...

in Mod(R) with all B € X N'Y. By assumption, X € H(X NY) and Z € H(X N D).
Thus, Y € 1(X NY) by [30, Lemma 2.7(a)], and hence Y € GPx vny) by Lemma 3.3.
Next, we assume that Y € GPx xny). Then, there exists a short exact sequence
0— Y — F*— L% — 0 of R-modules with F° € X and L° € GPx vny). By Snake
Lemma, we have the following commutative diagram with exact rows and columns:

0 0

b

0—X—Y—>Z—0

I

0—X—F0—T7T1—0

b

b

Since 10 € GPx.xny) and Z € GPx xny), we get that T! € GP(x,xny) by the proof
above. Thus, there exists a Homg(—, X N ))-exact acyclic complex

0> T'->F' - F? > ...

in Mod(R) with all F € X. Assembling the sequence above and 0 — X — F* —
T' — 0, we get a Homg(—, X N Y)-exact acyclic complex

0> X—>F 5> F' 5 F ...

in Mod(R) with all F € X, as desired.

Finally, we have to show that the class GP(x xny) is closed under direct summands.
Since GP(x,xny) is projectively resolving and closed under arbitrary direct sums,
GP(x,xny) 1s closed under direct summands by [22, Proposition 1.4]. O

In what follows, we shall consider the following class of objects in M € Mod(R),
for any pair (X, V) of classes of R-modules

2 .
gP(X,Xﬂy) = gP(gP(x,xm}'),Xﬁy)'
The following is the main result of this section.

THEOREM 3.8. If (X, Y) is a complete hereditary cotorsion pair in Mod(R), then

2
gP(X,Xﬂy) = gp()(,zmy)-

Proof. The containment GPx xny) C ngX, xXny) 1s clear. For the reverse
containment, let M € QP%XV XnY)- Then, there exists a Homg(—, X N })-exact acyclic
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complex
>G> G >G> G >

in Mod(R) with all G; and G’ in GPx vny) and M = im(Gy — G°). By [30, Lemma
2.9(a)], we get that M € L(FNC). Put L' = im(G' — G'*') for any i > 0. One easily
checks that L' € H(X NY) for each i > 0. Since G € GP(x xny), there exists a
Hompg(—, X N Y)-exact acyclic complex 0 — G* - F' - K! — 0 of R-modules with
F° € X and K! € GP(x xny). Consider the following pushout diagram:

0 0

oo

0—M-—>G'—]0—0

U

0—M-—F0— 70—

!

Kl:

|

0

1

SN <

Since K!' e H(XNY) and L’ e L(X NY), we get that T € L(X NY). By Snake
Lemma, we have the following commutative diagram with exact rows and columns:

0 0

b

0—J0—gGl —11—0

ooy

0—70—ypyl—p11—0

!

Kl 1
.
0

S N <

Since G', K' € GP(x xny), by Proposition 3.7, we get that U' € GP(x xny). Then, there
is an acyclic complex

0T U SGF >G> ...

in Mod(R) which is Homg(—, X N Y)-exact with U' € GP(x xny) and G' € GPx xny)
for i > 2. We proceed in this manner to get a Homg(—, X N ))-exact acyclic complex

0>M-—>F > F' - F > ...

in Mod(R) with all F' € X. So M € GP(x.xny) by Lemma 3.3. This completes the
proof. U
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4. Weak AB-Contexts and Gorenstein model structures on Mod(R). In this
section, we get a weak AB-Context induced by GP v xny) and some new Gorenstein
model structures.

LEMMA 4.1. Let (X, Y) be a complete hereditary cotorsion pair in Mod(R), M an
R-module and n > 0. Then,

() xXnYy= resmﬂgp(;(,;my) and X NY is an injective cogenerator for
GPx,xny)-

2) XNY —pdM)<n if and only if M€Y and X —pd(M) <n, and hence,
res@ =)ynN resX.

(3) resX NY is closed under cokernels of monomorphisms, extensions and summands
and resm - resgmy).

4) X =resX N g'P(X’me).

(5) XNY =GPw.xw) NGPG vry) -

Proof.

(1) The containment X NY C resm NGPx,xny) 18 straightforward. For

the reverse containment, let M € resm N GPx,xny), then there exists an
exact sequence 0 > K > X > M with X eXNYand X NY — pd(K) <
00. We have Ext}z(M, K) =0 by Lemma 3.3 and [30, Lemma 2.8], so this
sequence splits. Hence, M is a summand of X. But X N ) is closed under
summands, so M € X N ).

By Lemma 3.5, we know that for any M € GP(x xny), M has an injective X' N
Y-preenvelope f : M — X with coker(f) € GPx xny). Moreover, we get
GPx.xny) L X NY by Lemma 3.3 which implies that X N Y is an injective
cogenerator for GPx xny).

(2) f X NY — pd(M) < n, then there exists an exact sequence

S~

0O—-X,—» > Xi>Xo>M-—>0

with every X; € X N ), and hence M € Y and X — pd(M) < nsince ) is a
co-resolving subcategory. Conversely, Let M € Y and X — pd(M) < n, we
get an exact sequence

0—-Y, — =Y —>Yy>M-—>0

with every Y; € X such that each L; = im(Y; — Y;_;) € Y which implies
that each Y; € X N Y. And hence, ¥ N Y — pd(M) < n.

(3) By (2) and [36, Proposition 3.5], we know that resm is closed under
cokernels of monomorphisms and extensions since ) is co-resolving. Now, it
is sufficient to show that resX is closed under summands. Assume that M =
X @ Y € resX, then, by [36, Proposition 2.3], there exists a non-negative
integer n such that Q"(M) € X =11 ), it follows that M e+ Y, and hence
X et Y. So we get that Q"(X) € X =11 ) which implies X ¢ resX since
(X, ) is a complete hereditary cotorsion pair.

(4) First, the containment X C resX N GP(x.xny) is clear. For the reverse
containment, let M € resX N GPwx.xnyyand X —pd(M) =n. Ifn=0,M €
X is clear. By induction, it is enough to show that M € X when X —
pd(M) = 1. In this case, there exists an exact sequence 0 > K — X —
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M — Owith X, K € X. Since (X, )) is a complete hereditary cotorsion pair,
there exists an exists an exact sequence 0 > K - G — Y — 0 with G €
X NY, Y e X. By pushout, we have the following commutative diagram
with exact rows and columns:

(=]

-~

]

(e
)

!
l
<
!

[

l—>M—0

S<—~=<—

Since X, Y € X, we getthat U' € X. Notethat G € X N Y, M € GP(x.xny),
hence the middle row in the above diagram splits. So M € X.

(5) By Lemma 3.3, we first get the containment X NY C GPw xny) N
QP(L)},XW). For the reverse containment, let M € GPx xny) N Q”P(L)}’)my).
Then, by Lemma 3.5, there exists an exact sequence) - M — X — N — 0
with X e ¥ NY, N € GPwx xny), the above exact sequence splits since
Exth(N,M)=0.SoM e xn)Y. n

THEOREM 4.2. Let (X, Y) be a complete hereditary cotorsion pair in Mod(R).
Then,

(1) The triple (GPx xny), resz”f/ﬂ\y, X NY) is a weak AB-context.

2) If resg%y) = Mod(R), that is, (GP, xny) resm, XNY) is an AB-
context, then there is a model structure on Mod(R) in which the cofibrant objects are
the (X, Y)-Gorenstein projective R-modules, the fibrant objects are the R-modules in
Y and the trivial objects are the R-modules with finite X -projective dimension.

Proof.

(1) It follows from Lemma 4.1 and Proposition 3.7.

2) It iufﬁces to show that (QP(X,me)ﬂres:\f\, Y) and (GPx,xny), YN
resX) are complete cotorsion pairs. By Lemma 4.1(4), we know that
(GPw,xny) NresX,)) =(X,Y) is complete. By Lemma 3.3, Lemma

4.1 and [30, Lemma 2.8], we know that QP(;(,me)J_(resmz
yﬂres)/(\). Since resGPx xny) = Mod(R) by hypothesis, we have
GPx.xny) =1 resX NY and resXﬂyng(L)}’)my) by [21, Theorem

1.12.10 4,5]. Thus, (GPx,xny). Y N resﬁ(&) is a complete cotorsion pair by
[21, Theorem 1.12.10 3]. 0

The following lemma is useful. We recall that F is the class of flat R-modules and
C := F1 is the class of cotorsion R-modules.
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LEMMA 4.3. Let M be an R-module and R be right coherent. Then, the following
conditions are equivalent:

(1) M isan (F, F N C)-Gorenstein projective;
(2) M is Gorenstein flat.
(3) M is an (GF, F N C)-Gorenstein projective.

Proof.
(1) = (2) By (1), there is an exact sequence

F: - ->F,>F—>F > F - ..

of flat R-modules with M = im(Fy — F°) such that Homg(F, X) is exact for each
X € FNC. Let I be an injective right R-module. Then, (I ® g F)™ = Homg(F, I').
Since [ is an injective right R-module, It € FNC. Thus, Homg(F, I'") is exact by
hypothesis, and hence I ® F is exact. So M is Gorenstein flat.

(2) = (1) By (2), there is an exact sequence

F:-~-—>F1—>F0—>F0—>Fl—>~~

of flat R-modules with M = im(Fy — F°) such that I ®x F is exact for every injective
right R-module /. Let X € FNC. Then, we have a pure exact sequence 0 - X —
Xt — Xt/ X — 0of R-modules by [35, Proposition 2.3.5]. Note that X € F implies
Xt e F. Thus, X™+/X € F, and hence the above pure exact sequence splits. Note
that Hompz(F, X*t7) = (X @z F)". Since X+ ®z F is exact by hypothesis, the complex
Homp(F, X*1) is exact. So Hompg(F, X) is exact.

(1) & (3) It follows from Theorem 3.8 and the equivalence (1) < (2), since (F, C)
is a complete hereditary cotorsion pair. O

A ring R is called an n-FC ring [9,10] if it is both left and right coherent and FP-
id(gR) = FP-id(RRg) = n. We say Ris a Ding-Chen ring if itis an n-FC ring for some n > 0.
If R is a Ding-Chen ring, then a right (left) R-module N has finite flat dimension if and
only if it has finite FP-injective dimension. Let GF, = {M € Mod(R)|Gf dr(M) < n}
and F, = {M € Mod(R)|fdr(M) < n} for any n > 0. By [31, Lemmal.5], we know
that (F,, F;-') is a hereditary cotorsion pair cogenerated by a set. The following result
extends [25, Theorem 5.4] which was proved for Gorenstein rings.

LEMMA 4.4. Let R be a right coherent ring. Then, for any non-negative integer n,
(GFnGFLYyis a hereditary cotorsion pair cogenerated by a set.

Proof. 1t follows from [13, Theorems 2.11, 2.12] and [8, Theorem 2.2, Corollary
2.3, Corollary 2.7]. ]

The following result extends [16, Theorem 4.10], [19, Theorem 3.12] and [18,
Theorem 3.3]

THEOREM 4.5. Let R be a right coherent ring and n a non-negative integer. Then

(1) There is an injective model structure on Mod(R) in which any R-module is cofibrant,
the fibrant objects are the Gorenstein cotorsion R-modules and the trivially cofibrant
objects are the Gorenstein flat R-modules.

(2) There is a cofibrantly generated model structure on Mod(R) in which the cofibrant
objects are the R-modules in GF,, the fibrant objects are the R-modules in F;- and
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the trivial objects are the R-modules in the class
{N|3 an exact sequence 0 - C - F - N - OwithF € F,,C € g]—‘j}.
Proof.

(1) Notes that (GF, GF1)isacomplete hereditary cotorsion pair, and moreover, by
Lemma 4.1(5) and 4.3, we have 7 N C = GF N GF*. Since R is right coherent,
F is covariantly finite by [12, Proposition 6.5.1]. Thus, FNC = GF N GF* is
covariantly finite by [2, Corollary 3.11, p. 93]. Then, the result follows from [2,
Theorem 4.7, p. 150].

(2) By [23, Lemma 6.7, Corollary 6.8], Lemma 4.4 and [15, Theorem 1.1 and
Theorem 1.2], it is sufficient to show that F, N .7-} =GgF,N g}',f. Let X €
gF j N GF,, then there exists an exact sequence 0 —> X — T — N — 0, where
N is Gorenstein flat and 7 € F, by [7, Lemma 2.19]. Therefore, this exact
sequence splits and so X € F, N F-. Then, we get X N F, 2 GF, NGF+.
Conversely, let X € F, N ]—'HL, Y € GF,, then we get an exact sequence 0 —
Y - T — N — 0, where N is Gorenstein flat and 7" € F,, by [7, Lemma 2.19].
On the other hand, we have an exact sequence Exth(7, X) — Exth(Y, X) —
Exth(N, X), where Exth(T, X) = Osince T € F,. Since X € F, N F;-, we have
that X is a cotorsion module and thus there exists an exact sequence

O—-F,—>F,_1—->F,—> - —>Fl—>F—>X-=0

with every F; flat cotorsion. On the other hand, By Lemma 4.1 (5) and Lemma
4.3, weknow that F N C = GF N GF*. Therefore, X € GF* and Ext3(N, X)
0, this implies Exth(Y, X) = 0. Therefore, X € GF, N GF} and F- N F,
GF,NGF j This completes the proof.

O Nl

By Theorem 4.2 and Lemma 4.3, we get the following
COROLLARY 4.6. Let R be a ring. Then, the following hold:

(1) If R has finite left Gorenstein global dimension, then there is a model structure
on Mod(R) in which the cofibrant objects are Gorenstein projective R-modules, the
fibrant objects are the R-modules and the trivial objects are the R-modules with finite
projective dimension.

(2) If R has finite left Gorenstein global dimension, then there is a model structure
on Mod(R) in which the cofibrant objects are Gorenstein projective R-modules, the
fibrant objects are the R-modules with finite projective dimension and the trivial
objects are the R-modules.

(3) If R is right coherent with finite left Gorenstein weak global dimension, then there
is a model structure on Mod(R) in which the cofibrant objects are Gorenstein flat
R-modules, the fibrant objects are the cotorsion R-modules and the trivial objects are
the R-modules with finite flat dimension.

(4) If R is right coherent with finite left Gorenstein weak global dimension, then there
is a model structure on Mod(R) in which the cofibrant objects are Gorenstein flat
R-modules, the fibrant objects are the Gorenstein cotorsion R-modules and the trivial
objects are the R-modules.
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Proof.

(1) It follows from Theorem 4.2 (2), by using the cotorsion pair (P, Mod(R)).

(2) We first set (X, V)= (P, Mod(R)). Let R be of finite left Gorenstein global
dimension. Then, by the proof of Theorem 4.2, we get that (GP, GP1')
is a complete hereditary cotorsion pair with GP N GPL =P and GP
is the class of R-modules with finite projective dimension. Now consider
(X, V)= (GP, GP1). Then, the item (2) follows from Proposition 3.6 and
Theorem 4.2.

(3) It follows from Theorem 4.2 and Lemma 4.3.

(4) Set (X, V)= (GF, GF?1), then it follows from Theorem 4.2 and Lemma 4.3.

g

A left R-module M is said to be of type F P, [6] if M has a projective resolution by
finitely generated projectives. A left R-module N is called level [6] if Tork(M, N) =0
for all right R-modules M of type FP. Let GP, = {M € Mod(R)|Gpdr(M) < n}
and P, = {M € Mod(R)|pdr(M) < n} for any n > 0. If every level R-module has
finite projective dimension, then, by [6, Theorem 8.5, Lemma 8.6, Proposition 8.10],
(GP, GP1)isahereditary cotorsion pair cogenerated by a set and hence, by [8, Theorem
2.2, Corollary 2.3, Corollary 2.7] we have that (GP,, ng) is a hereditary cotorsion
pair cogenerated by a set. The following result extends [25, Theorem 4.1] and [23,
Theorem 8.6]

THEOREM 4.7. Let R be a ring which every level left R-module has finite projective
dimension and n a non-negative integer. Then, there is a cofibrantly generated model
structure on Mod(R) in which the cofibrant objects are the R-modules in GP,, the fibrant
objects are the R-modules in P;- and the trivial objects are the R-modules in the class
{N|3 an exact sequence 0 - C — F —- N — OwithF € P,, C € QP#}.

Proof. By [23, Lemma 6.7, Corollary 6.8] and [15, Theorem 1.1], it is sufficient
to show that Py NP, = GP, N ng. Let X € anL N GP,, then there exists an exact
sequence 0 > X — T — N — 0, where N is Gorenstein projective and 7 € P, by
[7, Lemma 2.17]. Then, the above exact sequence splits, and so X € P, N P:-. Thus,
PLNP,2GP,NGP;.

Conversely, let X € P, N P,,L, Y € GP,, then we get an exact sequence 0 — Y —
T — N — 0, where N is Gorenstein projective and 7 € P, by [7, Lemma 2.17]. On
the other hand, we have an exact sequence Exth(7T, X) — ExtL(Y, X) — Ext}(N, X),
where Exth(7, X) = 0 since T € P,, and Exti(N, X) = 0 by [22, Theorem 2.20]. So
X € ng and 73,,L NP, =GP,N QPj. This completes the proof. O

Let (X, J) be a complete hereditary cotorsion pair in Mod(R) and B, =
{M|Ext’}{+1(X, M) =0 for any X € X}. Then, it is easy to see that X € 5, if and only
if there exists an exact sequence

0O X—->Xo—»X1— —=X,.1—>X,—>0

with each X; € X.

LEMMA 4.8. Let (X, V) be a hereditary cotorsion pair in Mod(R) cogenerated by
aset S, B, = {M|Ext5" (X, M) = 0 for any X € X)}. Then, (1'B,, B,) is a hereditary
cotorsion pair in Mod(R) cogenerated by a set.
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Proof. Note that B, = Q*(X)', it follows that (*'8,, B,) is a cotorsion pair.
Since (X, )) is a complete hereditary cotorsion pair, it is easy to see that B, is co-
resolving, so (*'13,, B,) is hereditary. Obviously, B, € Q"(S)*' since S € X. For any
X € Q"(S)™, we have Exth(Y, X) = 0 for every ¥ € Q(S), and so Ext3'(Z, X) =0
for any Z € S. Thus, Q7"(X) € S*' =Y and X e B,. Therefore, B, = Q*(S)*'. For
any X € S, choose an nth syzygy Ay, then {Ayx|X € S} = B,. [

If R is a left Noetherian ring and # is a non-negative integer, then, by [6, Lemma
5.6, Proposition 5.10], (*'GZ, GT) is a hereditary cotorsion pair cogenerated by a set.
LetGZ, = {M € Mod(R)|Gidg(M) < n}andZ, = {M € Mod(R)|idr(M) < n} for any
n > 0. Then, by Lemma 4.8, we have that (*'GZ,,, GZ,) is a hereditary cotorsion pair
cogenerated by a set. The following result extends [25, Theorem 4.4] and [23, Theorem
8.0]

THEOREM 4.9. Let R be a left Noetherian ring and n a non-negative integer. Then,
there is a cofibrantly generated model structure on Mod(R) in which the cofibrant objects
are the R-modules in 11T, the fibrant objects are the R-modules in GI, and the trivial
objects are the R-modules in the class {N|3 an exact sequence 0 - C - F - N — 0
with F et GZ,, C € T,}.

Proof. By [23, Lemma 6.7, Corollary 6.8] and [15, Theorem 1.1], it is sufficient
to show that “'7Z,N7Z, =% GZ,NGZ,. Let X €' GZ,, N GZ,, then there exists an
exact sequence 0 > N — T — X — 0, where N is Gorenstein injective and T € Z,
by [7, Lemma 2.18]. Then,the above exact sequence splits, and so X e'' 7, N Z,. Thus,
LGT, NGI, < T,NT,.

Conversely, let X e 7, N Z,, Y € GZ,, then we get an exact sequence 0 — N —
T — Y — 0, where N is Gorenstein injective and 7 € Z, by [7, Lemma 2.18]. On
the other hand, we have an exact sequence Ext}z(X ,T)— Ext}z(X ,Y)— Exti(X ,N),
where Ext}z(X, T)=0since T € Z,, and Exti(X, N) =0 by [22, Theorem 2.22]. So
X et GZ,and M7, N T, =" GI, N GZ,. This completes the proof. O

5. Gorenstein model structures on Ch(R). In this section, we use the methods
of Hovey in [23, Theorem 2.2] to provide some model structures on the category
of complexes. Let R be a ring with unit and the Z-graded ring 4 = R[x]/(x?), which
has a direct sum decomposition 4 =--- @0 (x) B RSO0 -- -, where the scalars
r € R are the elements of degree 0, and the elements in the ideal (x) form the terms of
degree —1. It is not hard to see that the categories Mod(A) and Ch(R) are isomorphic.
The isomorphism of categories between Mod(A4) and Ch(R) automatically preserves
injectives and projectives and takes flat A-modules to flat complexes [19, 25]. Therefore,
the isomorphism preserves Gorenstein injectives (resp. projectives, flats). These facts
shall allow us to prove the following.

LEMMA 5.1. Let R be a ring and A = R[x]/(x?). Then, the following statements hold:

(1) R has finite left Gorenstein global dimension if and only if A is so;

(2) R is right coherent if and only if A is so;

(3) Let R be right coherent. Then, R has finite left Gorenstein weak global dimension if
and only if A is so;

(4) R is a Ding-Chen ring if and only if A is so;

(5) Ris aleft Noetherian if and only if A is so;
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(6) R is a ring in which every level left R-module has finite projective dimension if and
only if A is so.

Proof.

(1) Note that the isomorphism of categories between Mod(A4) and Ch(R)
automatically preserves injectives and projectives. Then, the item (1) follows
from [32, Proposition 4.8] and [11, Theorem 2.28].

(2) It follows from the fact that the isomorphism of categories between Mod(A)
and Ch(R) preserves products and takes flat 4-modules to flat complexes.

(3) It follows from (2) and [34, Theorems 3.11, 3.13].

(4) It follows from (3) and [3, Theorems 2.8, 2.16].

(5) It follows from the fact that the isomorphism of categories between Mod(A)
and Ch(R) preserves co-products and takes injective 4-modules to injective
complexes.

(6) Let R be a ring in which every level left R-module has finite projective
dimension. Then, there exists a positive integer » such that every level left
R-module has finite projective dimension < n since the class of level left R-
modules is closed under direct sums. Let X be a level 4-module, then as an
R-complex, it is exact and every Z/(X) is a level R-module by [5, Proposition
4.6]. Let

0 K—>P,_1—>--—>Py—>X—0
be an exact sequence of complexes with each P; projective, then K and
0 — Z(K) —> Z'(P,_1) > --- — Z'(Py) > Z'(X) = 0

are exact for each i € Z, and hence Z/(K) is projective, this implies that K is
projective. Conversely, let K be a level left R-module, then X = K is a level
left A-module and its projective dimension is finite. And hence K has finite
projective dimension. ]

By Lemma 5.1 and Corollary 4.6, we get the following.
COROLLARY 5.2. Let R be a ring. Then, the following statements hold.

(1) If R has finite left Gorenstein global dimension, then there is a model structure on
Ch(R) in which the cofibrations are the monomorphisms with Gorenstein projective
cokernel, the fibrations are the epimorphisms and the trivial objects are the exact
complexes with cycles of finite projective dimension.

(2) If R has finite left Gorenstein global dimension, then there is a model structure on
Ch(R) in which the cofibrations are the monomorphisms with Gorenstein projective
cokernel, the fibrations are the epimorphisms with kernel in {X € Ch(R)| X is exact
with cycles of finite projective dimension} and the trivial objects are the complexes in
Ch(R).

(3) If R is right coherent with finite left Gorenstein weak global dimension, then there
is a model structure on Ch(R) in which the cofibrations are the monomorphisms
with Gorenstein flat cokernels, the fibrations are the epimorphisms with cotorsion
kernels and the trivial objects are the exact complexes with cycles of finite flat
dimension.
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(4) If R is right coherent with finite left Gorenstein weak global dimension, then there
is a model structure on Ch(R) in which the cofibrations are the monomorphisms
with Gorenstein flat cokernels, the fibrations are the epimorphisms with Gorenstein
cotorsion kernels and the trivial objects are the complexes in Ch(R).

Let P, (resp. F. I, x) be the class of complexes in Ch(R) with projective (resp. flat ,
injective) dimension < 7 and GP, (resp. GF. GI, ) be the class of complexes in Ch(R)
with Gorenstein projective (resp. flat , injective) dimension < n for any non-negative
integer n. By Theorems 4.5, 4.7, 4.9 and Lemma 5.1 and the isomorphic relations
between Mod(A) and Ch(R), we get the following.

THEOREM 5.3. Let R be a right coherent ring. Then, there is an injective model
structure on Ch(R) in which any complex is cofibrant, the fibrant objects are the complexes

=1 . . .
in GFo ' and the trivially cofibrant objects are the Gorenstein flat complexes.

THEOREM 5.4. Let R be a ring and n a non-negative integer. Then, the following
statements hold.

(1) If Risleft Noetherian, then there is a cofibrantly generated model structure on Ch(R)
in which the cofibrant objects are the complexes in 117, the fibrant objects are the
complexes in GZ, and the trivial objects are the complexes in the class

{N € Ch(R)|3 an exact sequence0 - C — F — N — Owith F eh Q/I\n Ce j;}

(2) If R is a left coherent ring in which all flat left R-modules have finite projective
dimension, then there is a cofibrantly generated model structure on Ch(R) in which
the cofibrant objects are the complexes in GP,, the fibrant objects are the complexes

=1 o ) .
in P, and the trivial objects are the complexes in the class

{N € Ch(R)|3 an exact sequence0 — C — F —- N — Owith F € 73; Ce Q/ﬁnj'}

(3) If R is a right coherent, there is a cofibrantly generated model structure on Ch(R)
in which the cofibrant objects are the complexes in GF,, the fibrant objects are the

o=~ . . .
complexes in F,,” and the trivial objects are the complexes in the class

{N € Ch(R)|3 an exact sequence 0 - C — F — N — 0 with
F e .7-'; Ce g’;?,f}.
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